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m Consider the class of formal power series R[[x]]5 C R[[x]]
which admit an asymptotic expansion of the form,

_ B a @
fn=a F(n+6)<co+n+n(n_1)+...>

including power series with

fy
lim ——— =
A G (n s B)

= ¢, =0 for all kK > 0.

m These power series appear in

m Graph and permutation counting problems in combinatorics.
m Perturbation expansions in physics.

m Subclass of gevrey-1-power series.

M. Borinsky (HU Berlin) Generating functions’ asymptotics’ generating functions



m Consider a power series f(x) € R[[x]]3:

— o8 a €
fo=a r(n+5)<co+n+n(n_l)+...>

m ldea: Interpret the coefficients ¢, of the asymptotic
expansion as a new power series.

Definition

A maps a power series to its asymptotic expansion:

A : RI[x]13 - R{[x]]

f(x) — v(x) = Z crxk
k=0
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Theorem 1
Ais a derivation on R[[x]]3:

(Af - g)(x) = F(x)(Ag)(x) + (Af)(x)g(x)

m Follows from the log-convexity of T.
= R[[x]]3 is a subring of R[[x]].

Proof sketch
With h(x) = f(x)g(x),

R—-1 n—R
hn = fnfkgk + Z fkgnfk + Z fkgnfk
k=0 k=0 i(:R

/

High order times low order O(aT(n+p—R))
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Example

m Set F(x) =Yo7 nlx",

FeR[x]]} and (AF)(x)=1
= F(x)? € R[[x]l1
(AF(x)?)(x) = F(x)(AF)(x) + (AF)(x)F(x) = 2F(x)

m Asymptotic expansion of F(x)? given by 2F(x).
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m What happens for composition of power series € R[[x]]37

(] Theorem 2 Bender [1975]

If |fs] < C" then, for g € R[[x]]3 with go = 0:

fogeR[[x]]3
(Af o g)(x) = f'(g(x))(Ag)(x)

m Bender considered much more general power series, but this is
a direct corollary of his theorem in 1975.
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Theorem 3 MB [2016]

More general for f € R{y1,...,y;} and g!,... gt € R[[X]]g:

(A(f(g'(x),- ... g (x)))(x) =

L
of
3 5y 09| gy (436)04)
—il vme{1,...,L}
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Example

m Set F(x) =Y 724 nlx",

FeR[x]i and (AF)(x)=1
= cos(F(x)) € R[[x]]}
(Acos(F(x)))(x) = —sin(F(x))(AF)(x) = —sin(F(x))

m Asymptotic expansion of cos(F(x)) given by —sin(F(x)).
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m What happens if f ¢ ker A7

m A fulfills a general ‘chain rule’:

Theorem 4 MB [2016]

If f,g € R[[x]] with go =0 and g1 = 1:

fog e R[[x]]3

p X B g(x)=x
(AF 0 )(x) = F(g())(Ag)(x) + (M) 555 (AF) ((x))

= We can solve for asymptotics of implicitly defined power series.
£0)—x _
m The factor e ¢ generates typical prefactors of the form

82
e «

in asymptotic expansions.
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Example: Chord diagrams

m Let /(x) be the ordinary generating function of all chord
diagrams and

m C(x) the ordinary generating function of connected chord
diagrams.

m They are related by /(x) = 1+ C(xI(x)?).
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(AR — ACOIP
(A1) = 2ACCIRIANG) + (55 ) €0 (ACHAI(x))

I(x) is given by
I(x) = (2n = 1)lIx"
n=0
oo 2n+%
= —I(n+
nZ:% V27 (

m Using the chain rule for A, we can solve for (AC)(x):

1 n
X" e RINE

1 X 1 2
AC)(x) = XA+ C(x)
A= oz et

M. Borinsky (HU Berlin) Generating functions' asymptotics’ generating functions 11



X = £ 2C()+C(?)

1
~ V21 C(x)

=- Generating function of the full asymptotic expansion of

(AC)(x)

5 1 43 1

Co=(2n—1)lle? <1— 22n—1 8 (2n—1)(2n—3)
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Differential equations

m For a nonlinear ODE with F € R{x, yp,...,y.} an analytic
function and f € R[x]]§,

0= F(x, f(x), f'(x), f"(x), ..., fB(x)).

[] Theorem 5 MB [2016]

(Af)(x) fulfills the linear ODE,

L oF
0=> —-(x,y0,... ,yL)‘ym:ﬂm)(x)(Af(/))(X),
=0 Y me{0,...,L}

where (Af)(x) = (=15 — £ + 0,)/(Af)(x).
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Example

Let f € R[[x]]§ fulfill the ODE,
Xfl(x) =ef™) —14x
m then

(0! = xB + x20,) (AF)(x) = e" ™) (AF)(x).

This only has a non-trivial solution if « =1 and 5 = 1.

We obtain (Af)(x) up to an overall constant.
(Af)(x) will depend on initial data of f(x)!
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Conclusions

R[[x]]§ forms a subring of R[[x]] closed under
mutliplication, composition, differentiation and
integration.

A'is a derivation on R[[x]]3 which can be used to obtain

asymptotic expansions of implicitly defined power series.

Nice closure properties under asymptotic derivative A.
Generalizations possible to multiple ag,...,a; € C with
lai] = .

Suitable for resummation of perturbation series

= applications in QFT and QM!

There are probably many connections to the theory of
resurgence.
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