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We present analytic results for mean capture time and energy expended by a pack of deterministic
hounds actively chasing a randomly diffusing prey. Depending on the number of chasers, the mean capture
time as a function of the prey’s diffusion coefficient can be monotonically increasing, decreasing, or attain a
minimum at a finite value. Optimal speed and number of chasing hounds exist and depend on each chaser’s
baseline power consumption. The model can serve as an analytically tractable basis for further studies with
bearing on the growing field of smart microswimmers and autonomous robots.

DOI: 10.1103/PhysRevLett.128.040601

A classic textbook problem in differential calculus is
finding the trajectory of a dog that runs at a constant speed
in the direction of a hare moving in a straight trajectory.
Bouguer’s solution in 1732 is considered to mark the origin
of pursuit theory [1], and mathematical chase-and-escape
models have a long tradition in game theory, which has
typically focused on optimal evade or pursuit strategies
[2-8]. What if, however, the hare’s motion is stochastic?
Erratic motion could serve as an evasion tactic or, in the
microscopic world, it would naturally arise from stochastic
interactions with the environment, a case that is particularly
interesting since progress in nanotechnology foreshadows
the realization of self-propelled particles capable of target
pursuit [9-17].

Stochastic elements have been included in optimal-
search models on graphs or abstract sets [18-21]; some-
what more realistic yet parsimonious dynamical models
that mimic interactions between hunter packs and prey
flocks have been proposed [22-29]. Although some of
these models include noise terms, they can be studied only
through numerical simulations. Considerable analytic
efforts were recently devoted to the problem of searching
for a fixed target by using stochastic agents or with
stochastic resetting [30-43]. Some analytic results exist
for models in which a prey that is randomly diffusing on a
line [44-46], on grids [47], along graphs [48], or one that
adopts a minimal escape strategy [49,50] can bump into
random walkers (the “predators”). However, an analytically
tractable model in which the predators are actually chasing
a target that moves randomly in space is missing.

Here, we consider a pack of hounds that pursue a
Brownian prey in a d-dimensional space. We first obtain
exact solutions for the mean capture time in special cases,
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which we leverage to derive an analytic approximation that
captures the full system’s behavior for d = 2. In particular,
we show that increasing the randomness (the diffusion
constant) of the target’s trajectory is not necessarily
beneficial to escape, unless only one hound is chasing.
Furthermore, we find the energetically optimal speed and
number of chasers that the hunter should employ:
Depending on each chaser’s baseline power consumption,
the most favorable combination shifts from many slow
hounds to fewer and faster hounds.

Model—The N deterministic hounds move with con-
stant velocity v, directly pointing toward the hare, which
follows Brownian diffusion. The system obeys

ax dy X-v
a VPR Sr=vmey e W

where X(7) and Y, (¢) indicate the positions of the hare and
the nth hound, respectively (n =1,...,N), D sets the
diffusion coefficient of the prey, and ||-|| is the Euclidean
distance. The d components of the noise vector &(¢) are
Gaussian white noise processes &; with

) =0, (&) =66t =7), (2
where angular brackets indicate averaging, J;; is a
Kronecker delta, and §(¢f — ') is a Dirac delta function.
At t = 0, the hounds are equidistant from each other and
[|X(0) = Y,(0)|] = ¢. The hunt terminates whenever any
hound comes closer than a prescribed distance RZ to the
target. The capture time (CT) T, y is a stochastic variable
that depends on d and N; it is defined as

© 2022 American Physical Society


https://orcid.org/0000-0002-7043-6606
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevLett.128.040601&domain=pdf&date_stamp=2022-01-26
https://doi.org/10.1103/PhysRevLett.128.040601
https://doi.org/10.1103/PhysRevLett.128.040601
https://doi.org/10.1103/PhysRevLett.128.040601
https://doi.org/10.1103/PhysRevLett.128.040601

PHYSICAL REVIEW LETTERS 128, 040601 (2022)

We rescale space and time as follows: x(7) = X(¢)/¢,
y.(t) =Y,(t)/¢, and 7 = vyt/¢. By doing so, Eq. (1)

becomes [note that £(1) = /vy/¢&(7)]

dx o A . dyn XY,
A T

where D = D/(£v;), and ||x(0) —y,(0)|| = 1. In this way,
the system is determined by three parameters: the diffusion
constant D, the number of hounds N, and the rescaled
capture distance 0 < R < 1. The rescaled CT will be
indicated as Td‘N. In the following, we set R = 0.1 and
systematically vary D and N. Simulation results rely on 10°
realizations of Eq. (4) per condition using an Euler scheme
(time step Az = 1079).

One-dimensional case.—In the case d = 1, the number
of hounds can be at most 2. When N = 1, the CT is the
first-passage time of a diffusion process with drift across a
boundary, a classic problem [51]. In this case, the CT
distribution p; (7) is the so-called inverse Gaussian [52]. If
N =2, the hounds are represented by two absorbing
boundaries closing in on the target [Fig. 1(a)]. The
distribution of the hare’s position can be constructed from
a combination of solutions to the free-diffusion equation,
chosen such that the moving absorbing boundary condi-
tions are fulfilled [53]. The CT density p,(z) is the
probability flux through the boundaries [54].
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FIG. 1. Hunting a stochastic target on a line. (a) Example
trajectories of target and hounds for weak (D = 0.1, blue lines)
and strong (b =10, green) noise. (b)—(d) Capture time distri-
butions p;(z) (black line, theory; gray histogram, simulations)
and p,(7) (red line, theory; orange histograms, simulations) at
three noise levels: (b) D = 0.001, (c) D = 0.064, (d) D = 1.024.
(e) Mean CT vs D (symbols, simulations; lines, theory).

The CT distributions p; and p, are shown in Fig. 1(b) for
weak noise intensity; p; is nearly symmetric, whereas p, is
asymmetric and sharply drops to zero at 711,2 =1—-R, the
time at which the distance between the two hounds falls
below 2R, and thus capture is certain. Increasing the noise
level shifts the maximum toward lower values in both cases
[Fig. 1(c)]. However, while for N = 1 the spread increases,
for N =2 a larger noise decreases the spread and the
distribution takes on a peculiar tilted shape. For strong
noise [Fig. 1(d)], p; is long tailed, while p, becomes
sharply peaked around the maximum, which shifts toward
zero. The mean CT when N = 1 does not depend on the
noise intensity (p;) =1—R [Fig. 1(e), black line and
circles], whereas averaging over p, yields
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which decreases from 1 — R (the deterministic limit) to zero
as D - o [Fig. 1(e), red line and squares]. The intuitive
picture behind these observations is that when N =1 a
stronger noise can drive the prey toward the hound or away
from it. When N = 2, the noise can only move the prey
toward either chaser and, therefore, accelerate the capture.
Two-dimensional case.—Moving on to a 2D space, we
discuss first the case N = 1, which can be solved exactly.
To this end, we center the reference frame onto the hound’s
position y;(¢) and switch to polar coordinates,
r(z) cos ¢(7)
) -n(0) = ( N ) (©)
In this way, the system’s description is determined by the
distance between hound and hare r(z) = ||x(z) —y,(7)||
and the polar angle ¢ (7). Combining Egs. (4) and (6) with
Itd’s lemma yields the following Langevin equations:

d - d D -
d—f:@@(rﬁ T+ +V2DE (). (7)

in which the noise terms £, and &, obey Eq. (2). The linear
term in the equation for r is due to the hound’s motion,
while the nonlinear term is the Stratonovich drift. The
capture condition (3) reduces to r = R, which is indepen-
dent of ¢. Hence, the CT is the first-passage time through
the barrier r = R of a particle starting at r(0) = 7 = 1 and
diffusing in the potential (r) = r — D In(r). The known
quadrature formula [55] yields the exact elementary sol-
ution for the mean CT
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FIG. 2. Hunting a stochastic target in 2D, seen from the target’s
perspective. (a) Mean CT as a function of D for different values of
N [symbols, simulations as in the legend; black solid line, theory
(8); orange dashed line, theory (5); dash-dotted lines, theory (9)
with Eq. (5) as lower bound, see text]. Inset: close-up of
small D range. (b) Two realizations for N = 3 and weak noise
(D = 0.01). (¢) Same for strong noise (D = 1). Exit angle ¢ and
initial pursuit distance r,, of the escaped trajectory are indicated.
For this trajectory, capture occurs outside the shown area.
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where a generic starting distance 7 is kept for later
convenience. Figure 2(a) shows Eq. (8) with 7 = 1 (solid
black line) together with simulations (black circles).
Because the potential 2/(r) has a minimum at » = D, only
the linear part matters if D < R. In this case, the CT
distribution is similar to the inverse Gaussian p; (); indeed,
(T5.1(D)) is nearly constant in the left part of Fig. 2(a).
For larger noise (D > R), the potential creates an
escape barrier AU = D1In(D/R) 4 R — D, which is an
increasing function of D, thus causing (7, (D)) to
increase monotonically.

When N > 2, the hounds start at evenly spaced angles on
the unit circle [dotted line in Figs. 2(b) and 2(c)]. During
the hunt, however, the target diffuses away from the origin
so that the circular symmetry is lost (the hounds are
effectively coupled through the target). In the weak-noise
limit, however, the hare’s typical displacement from the
origin is small when it is reached by the hounds, which act
as a tightening noose [Fig. 2(b)]. Hence, the mean CT
depends weakly on N for N >2 and small D, as simu-
lations demonstrate [circles and diamonds in Fig. 2(a),
close-up in the inset]. Considering the distance to the

nearest hound and neglecting the angular diffusion suggests
that (T, ys2(D)) ~ (T, ,(D)). Figure 2(a) shows that
Eq. (5), the theory for d = 1, N = 2 (orange dashed line),
is indeed close to simulations for small D.

In the strong-noise limit, the hare’s diffusive motion
rapidly covers much longer distances than the hounds,
which barely move from their starting position as the hare
typically reaches the unit circle for the first time. We
distinguish two cases: (i) “ensnared” trajectories, if the hare
hits a hound inside the unit circle [Fig. 2(c), blue trajectory]
and (ii) “escaped” trajectories, along which the hare slips
through and diffuses away [Fig. 2(c), red trajectory], chased
by the hounds [Fig. 2(c), orange trajectories]. If the
Stratonovich drift is ignored, the mean CT of the ensnared
ensemble can be approximated by Eq. (5). The actual mean
CT is slightly smaller because the neglected term drives the
prey mostly toward the hounds. If the prey exits the ring,
the hounds tend to group together during the pursuit, and
we can argue that the closest hound matters the most.
Hence, we approximate the mean CT by using Eq. (8) with
initial distance 7 = r,, = \/R> +2(1 + R)(1 — cos ¢), the
distance from a point on the circle of radius 1 + R to the
nearest hound, which depends on the hare’s exit angle ¢
[Fig. 2(c)]. Because a large noise fluctuation can shove the
target toward a different hound, except for the closest upon
exit from the unit circle, this approximation tends to
overestimate the CT. Averaging over ensnared and escaped
trajectories yields

N

(Ton (D))~ p{T21(r,. D)), + (1= pu)(T12(D)). (9)

where py is the fraction of escaped trajectories, and we
assume a uniform distribution in the interval (0,z/N) to
average over ¢ [56]. To estimate py, we first note that in the
limit D — oo the hounds do not move, and that py is the
fraction of trajectories that start from the origin and reach
the ring of radius 1+ R without hitting one of the
motionless hounds beforehand. Suppose p; is known. If
the N hounds are sufficiently spaced, we make the rough
approximation that the probability of going from one
hound to another one before hitting the exit boundary is
1 — p,, which leads to py ~ p’lv . Computing p; exactly is
hard due to the lack of circular symmetry. If, however, the
exit boundary is replaced by a circle of radius 2 + R
centered on the static hound, the exact solution py, =
In(R)/In[R/(2 + R)] is known [57]. Since the new boun-
dary encompasses the original one, py, is a lower bound for
p;. Taking p; = py, and combining with the above argu-
ment gives py ~ {In(R)/In[R/(2+ R)]}". We remark
that this approximation is only valid for strong noise,
and it also fails when N becomes large. In particular, when
N approaches the value N, = [x/ arcsin R], the spacing
between the hounds’ starting positions is so small that the
ring is effectively inescapable (pysy, = 0). As a way to
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make Eq. (9) work also for the weak-noise range, we set
pn = 0 whenever the right-hand side of Eq. (9) falls below
(T1,(D)). Note that when py = 0, Eq. (9) reduces to the
weak-noise approximation (5). With this choice, the quali-
tative picture is well captured by the theory over the entire
range of D, and even the quantitative agreement is
satisfactory, as seen in Fig. 2(a).

Remarkably, the mean CT attains a minimum at a finite
D for every N except N=1 and N = N, = 32.
Therefore, increasing the prey’s diffusion constant is, on
average, beneficial to escape only above some “critical”
noise level. When N =1 or N = N_,,, a stronger noise
always delays or accelerates the capture, respectively.
These two monotonic courses, which are analogous to
escaped and ensnared trajectories, respectively, are
weighted according to Eq. (9) when 1 <N < N,.
Hence, a minimum comes about. Adding more chasers
changes the weighting factor py and thus shifts the
minimum’s position toward higher D.

The hunter’s perspective.—We now switch the view-
point, reintroduce the hounds’ speed v,, and revert to the
original time units 7 = 7£v;"'. The mean CT as a function of
vo is (T, (vg)) =¢v5" (Ton[D/(€v0)]), shown in Fig. 3(a)
(here, D = ¢ = 1). Intuitively, the mean CT is a decreasing
function of v, for all N—faster hounds capture the target
more rapidly. At large vy, all curves converge to the
deterministic limit (7, ) ~£(1 — R)/vg. When vy — 0,
only trapped trajectories give a finite contribution to the
mean CT; the mean CT of escaped trajectories is infinite, so
that the mean CT always diverges, except for N = N .

From the hunter’s perspective, possibly more relevant
than the mean CT is the energy spent by the hounds to
capture the prey. Assuming that dissipation is due to a drag
force F = —ydY, /dt, the expended energy is

(En) = & [av. y"dit> — Npd(Ton),  (10)

which is shown in Fig. 3(b) (here y = 1). For all values of
N, (Ey) is an increasing function of »,. Remarkably, all
curves roughly intersect at vy & D = 1, which means that
the expended energy is essentially independent of the
number of employed hounds (although capture is faster
for larger N). At greater v, (Ey) grows with the number of
hounds and for vy — oo it is proportional to the speed and
number of hounds (Ey) ~ N£vy(1 — R); because the mean
CT does not depend much on N, it is more efficient to
employ one hound. The situation is reversed when hounds
are slow. In the limit vy — 0, the consumed energy is
(E\) = DIn(1/R) for a single hound. For 2 < N < N,
(Ey) ~ NpYD(In(r,/R)),. which is a decreasing function
of N (note that the average over ¢ drops with N).
Finally, Ey_ (vg — 0) — 0.
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FIG. 3. Hunter’s perspective. (a) Mean CT as a function of »,
persp 0

for different N (see legend). (b) Mean dissipated energy with
purely linear drag, see Eq. (10). (c) Same as (b), with additional
“metabolic” penalty, see Eq. (11). Line, symbol, and color coding
as in Fig. 2(a).

Altogether, Fig. 3(b) suggests that the most energy
efficient way is to employ many slow hounds. Except
for the somewhat forced case of N = N,,, however, the
mean CT diverges for vy — 0, which makes this limit
theoretically curious, but of little practical relevance. It is
natural to introduce a constant power consumption 3 that is
independent of the hound’s motion and that models the
baseline metabolism or power drain necessary to keep each
hound functional. With this additional term, Eq. (10)
becomes

(En) = N(yvg + B)(Tow). (11)

Figure 3(c) shows how the results of Fig. 3(b) are
changed by the additional term (here f = 0.2). The
energetic cost of a slow CT is increased, so that for each
N a minimum (an optimal v,) appears. Furthermore, the
global minimum is now at a finite value of v,. The optimal
vy and N depend on f (increasing S shifts v, toward larger
values and pushes N toward smaller numbers).

Conclusion.—In this Letter, we proposed a stochastic
extension of the problem that originated pursuit theory.
This model is simple enough to make an analytic charac-
terization possible, but shows a rich collection of phenom-
ena. For instance, the behavior of the mean CT as a function
of the prey’s diffusivity can be, depending on the number of
chasers, strictly increasing, decreasing, or nonmonotonic.
In this last case, a critical noise level could be defined,
above which the mean CT becomes larger than in the
deterministic case. From the hunter’s perspective, we found
how the most efficient speed and number of hounds
depends on each hound’s “baseline metabolism.”
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Concerning the only parameter that was not systemati-
cally varied, the system’s behavior for other values of R is
qualitatively similar, provided that D and N are scaled
accordingly (not shown). Equation (9) still applies,
although the approximation for ppy discussed above
becomes less accurate for values of R that are close to
either O or 1, which describe the less interesting situation of
exceedingly small or large targets.

The pursuit model analyzed here is idealized, but it could
portray, for instance, a situation in which a randomly
moving target is chased by autonomous or remote-con-
trolled robots [58—-62]. A further scenario the model could
represent is that of microswimmers that exhibit chemo-
tacticlike behavior [63—66], if chemical signals travel fast
and chasers are subject to a much weaker noise than the
target. We envision many possible model variations that
should describe more elaborate situations, while preserving
mathematical tractability, such as a random starting posi-
tion for the chasers, the case d = 3, an external field, a drift
term for the prey, or a stochastic term for the chasers’
velocity.
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