PNAS

Supporting Information for

A Universal Description of Stochastic Oscillators
Alberto Pérez-Cervera, Boris Gutkin, Peter J. Thomas and Benjamin Lindner
Alberto Pérez-Cervera & Benjamin Lindner.

E-mail: albert.prz.crv@gmail.com benjamin.lindner@physik.hu-berlin.de

This PDF file includes:

Supporting text
Fig. S1
SI References

Alberto Pérez-Cervera, Boris Gutkin, Peter J. Thomas and Benjamin Lindner

10f13



20
21
22

23

24

25

26

27

28
29

30

32

33

34

35

36

37

38
39

40

42

43

44

45

46

47

Supporting Information Text
1. Theoretical derivations

Preliminary details about the derivations. To make this document self-contained, we briefly summarize the most important
properties of the mathematical objects dealt with in the paper. Throughout the document we make the following assumptions:

1. We assume our stochastic oscillator can be described by a Langevin equation

B 00 +g(E(), xR, Q)

where f is a is an n-dimensional vector, g is an n X n matrix, and ¢ is n-dimensional white noise with uncorrelated
components, so it satisfies, (£;(¢)&;(t")) = d(t —¢')d;,;. Moreover, we interpret Eq. (1) in the It6 sense for its mathematical
convenience. We remark that choosing between the It6 or the Stratonovich interpretation will not change our framework,
which is based on the uniquely defined Kolmogorov’s forward and backward operator (1) that we introduce next.

The process described by Eq. (1) is a n-dimensional Markov process, that is uniquely determined by the transition probability
density P(x,t|xo0,s) (for t > s). This central statistics satisfies both the forward Kolmogorov (or “Fokker-Planck”)
equation (1, 2)

oP
Sp = LIPl= Vs )+ Z Goz, DuGIP), 2]

where D = %ggT. Here the functional £ acts with respect to the x coordinates. P(x,t|Xo,s) also obeys the backward
Kolmogorov equation (1, 2)

OP 9*P
- = Pl=f x Dij(
55 = L[] = f(x0) Vo (P +Z §(x0) g 3

where the operator £ acts with respect to the x¢ coordinates. We note that £7, which is also known as the generator of
the Markov process, is the formal adjoint of the forward operator £. Generally speaking, the domain of L is restricted to
integrable (L;) functions, while the domain of £ is restricted to bounded (Lo.) functions.”

2. We assume a discrete set of eigenvalues A = py + iwx with corresponding forward (£) and backwards (ET) eigenfunctions
LR =APy,  LTQ3] = AQ3, [4]

where the smallest eigenvalue is Ao, corresponds to the stationary state, which we denote Py(x) and assume to be unique.

Under the natural inner product we have the biorthogonality condition

(@ | Pr) = / dx Q% () Pr () = Ga, 5]

where we remark that here, (Qys | Px) refers to the inner product of the backward and forward eigenfunctions @,/ and Pk,
respective. This notation should not be confused with the ensemble average notation (-) used later.

3. We assume that there is a pair of complex eigenvalues, referred to as A\1 = p1 + w1, \] = p1 — w1, with least negative real
part g1 (cf. main text for how this eigenvalue is related to the definition of a robustly oscillatory system); the corresponding
eigenfunctions are denoted compactly by Q7(x) and Q1(x), respectively.

The Eq. (5) implies a vanishing stationary mean value for Q3 (x) with A # 0:

@6 =[x QiR =0, (1 £0), 0
and also allows us to write the probability density as
P(x,t|x0,5) = )+ Z M=) py (%) Q3 (%0), for t > s. [7]
A#£0

Furthermore, we normalize the nontrivial backwards eigenfunctions Q3 (x) such that they satisfy

(@3 ()[?) = / dx | Q5.0 P Po(x) = 1, (A £ 0). 8

We note that in the trivial case A = 0, we have Q3(x) = 1 and thus a non-vanishing mean value of one and a vanishing variance.

*In the paper we focus on the case of stochastic processes of diffusion type, in which £ and £ are second-order differential operators; in this case we further restrict their domain of action to

twice-differentiable functions.
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Specifically, if we perform the nonlinear transformation of the system’s variable x(¢) to our new variable, Q3 (x(¢)), then,
this new variable has zero mean and a variance of one.

Another property of the eigenfunctions that will be repeatedly used here is the effect of the evolution operator on the
forward eigenfunction (cf. (2), Eq. (6.30)):

2,2

+} Py(x), = [I+m+ AQT

£2(x)72
2

TPy (x) = |1+ L(x)T + + .| PA(x), = €M Pr(x). (9]

In this document we will use the following convention for the finite-time-window Fourier transform of a time (generally
complex-valued) series z(t)

Z(w) :/ dt z(t)e " [10]

The power spectrum of z(t) and cross-spectra between two time series z1(t) and z2(¢t) are then given by

I () o (aEm)
S = i T Se@ = T

[11]

In simulations, we cannot take the limit 7' — oo but have to use a sufficiently long time window such that a further enlargement
of it does not change the spectral densities anymore.

Derivation of the cross-correlation functions and cross-spectra of the backward eigenfunctions Q3 (x). Let us consider two
eigenfunctions Q3 (x(t + 7)), Q@ (x(¢)) for 7 > 0 in the stationary state. The correlation function depends only on the time
difference 7 and can be expressed by

Cax (1) = (QA(x(7))Qx (x(0))) = /dX/dXO QA(X) @ (x0) P(x, T|x0,0) P(x0), [12]
where (-) denotes the ensemble average under stationary conditions. If we express in the conditional density as in Eq. (7), we
find (for 7 > 0)

Co() = [ ax [ %o Q3@ (x0) Pl 7o, 0) o)
=[x [ ax0 @300 (3 @3 x0)Pu 0™ ) o)
=0 [13]
- Zeif/dx Qi(X)Px(X)/dXO @5 (%0)Qx (x0) Po(x0)
A=0

= (Q3(%0)Qx (x0)) M.

Note that in the third equality we have used the biorthogonality condition (Qxs | Px) = dx,x in Eq. (5) to get rid of the sum
and then we simply express the second integral as (Q3(x0)@x/ (X0)), thus showing it corresponds exactly with the co-variance
between Q) and Q). For negative times, 7 < 0, we can use the following expression

O (1) = (QA(x(7) @ (x(0))) = /dX/dXo QA (x0)Qx (x) P(x, 0]x0, ) P(x0)- [14]

After performing similar computations, we obtain
Cox () = /dx/dxo Q;(Xo)Q)\/(x)(ZQ;(Xo)P;(x)e_;\T)PO(XO)
x=0

- AT dx Qx (x)Px(x) [ dxo Q3 (x0)QA(x0)Po(x0) -
R A

= (Q1(%0)Qx (x0)) ™™,

where in the second equality we used @y = Q3/«. For the autocorrelation function, we obtain due to the unit variance of the
eigenfunctions (cf. Eq. (8)), a simple exponential function; specifically, for the eigenfunction Q7 (x(t)) the above formulas yield
the correlation function, Eq. [13] in the main text.

With the expressions for the cross-correlation, we use the Wiener-Khinchin theorem to obtain the cross-spectrum

o 0 o
—iwT * —(\*+iw)T A—iw)T * 1 1
Sx,ww):/_dr Cax (M)e™™7 = (QiQw) (/ dr e +/0dr e ) = —{@3Qw) <X*+iw+)\z‘w>' [16]

oo — 00
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Fig. S1. Eigenvalue spectra (left panels) and cross-spectra (middle and right panels) of the backwards eigenfunctions S, s (w) for the noisy SNIC system (Egs.[11] in the
main text). a: Parameters m = 1.216, n = 1.014, D; = D2 = 0.0119 (deterministic model would be in the oscillatory limit-cycle regime) leading to the eigenvalues (see
also left panel) Ay = —0.048 + 0.697%, Ao = —0.182 + 1.42¢, A3 = —0.383 + 2.17¢ and the covariances (Q; Q2) = —0.106 + 0.114, (Q7Q3) = 0.022 — 0.034.
Cross-spectrum between the first and the second slowest decaying eigenfunctions (middle panel) and between the first and the third slowest decaying eigenfunctions
(right panel). b: Parameters m = 0.99, n = 1, D1y = D2 = 0.01125 (excitable regime with noise-induced oscillations) resulting in eigenvalues (see also left panel)
A1 = —0.168 + 0.241i, Ay = —0.423 + 0.6384, A3 = —0.728 + 1.109¢ and co-variances (Q] Q2) = —0.416 + 0.35¢, (Q} Q3) = 0.07 — 0.234. Cross-spectrum
between the first and the second slowest decaying eigenfunctions (middle panel) and the cross-spectrum between the first and the third slowest decaying eigenfunctions (right
panel). In all middle and right panels, stochastic simulation results in red (blue) correspond to the real (imaginary) part of S - (w); theory is indicated by black lines.

Fig. S1 illustrates this result by means of the cross-spectra between the first and the second (middle panel) and the first and the
third (right panel) backward eigenfunction for one of our example systems, the noisy SNIC system, for two different parameter
sets (top and bottom rows). As can be expected, the exact result, Eq. (16), is in excellent agreement with the simulation
results.

From Eq. (16) which we can straightforwardly obtain the power spectrum

2
S)\(w) _ ‘:U’)\l

A+ (w—wa)? .

For the special case A = A1 (with ux = p1 and wx = w1), we obtain the Lorentzian power spectrum (Eq.[14] in the main text)
of the new variable Q7 (x(t)).

Derivation of the linear response and susceptibility functions. Lets consider now the case in which an external time dependent

input is applied to the system
dx

T
because of the input, the Fokker-Planck equation is now modified and reads

f(x) +ep(t)e + g(x)&(1), x,e € R", [18]

0P =—Vx - ([f(x) +ep(t)e]P) + 03, o, (Dij(x)P) = =Vx - (F(x)P) + 0, ,, (Dij(x)P) — ep(t)e - V<P [19]
= L(x)[P] + ep(t) Le(x)[P],

where Le(x) is given by
Le(x)=—e€-V. [20]

Since the input is weak (|e] < 1), we can make the usual linear-response ansatz (cf. (2)) and linearise the density
P(x,t) = Po(x) + ePo(x,t) + O(e%). [21]
Upon inserting this ansatz in the Fokker-Planck Eq. (19), we find that, to first order in &, the density has to satisfy
01 Po(x,1) = L) [Pe(x, )] + p(t) La(x)[Po(x)], [22]

the (formal) solution of which is given by

Pu(x,t) = / dt’ p(¢')eteIE=t) [ce(x)[Po(x)]] 23]

—o0
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Here the operator LIt acts on the product within the square brackets. We can now use this general result to calculate

the time-dependent mean value of the eigenfunction Q3 (x(¢)) in response to the perturbation and obtain for A # 0

t
<mew»=/ﬁxmwanxriﬁmU%@>+d%@¢anm=4wam+g/w&u&waxr={/ﬁwwﬂaAa—ﬂx

- [24]
where in the last step we have used Eq. (6) and also introduced the linear response function Ke x(t —t') as

Ko(t —t) = / dx Q% (x)eEet=t) {ﬁe(x)[Po(x)]}. [25]

Note that, because of causality, the linear response function satisfies Ko x(t —t') = 0 for ¢ > t. Often, the susceptibility, i.e.
the Fourier transform of Ke x(t), is considered:

Xe (W) = /Oo dt Keyx(t)e_i“’t. [26]

[e')

Eq. (24) reads then in the Fourier domain by a simple multiplication instead of a convolution:

(@3 () = Xea (W)B(w). [27]

Finally, by expanding Le(x)[Po(x)] in the basis of forward eigenfunctions

Lo(x)[Po(x)] =Y _ Box Pr (%), [28]
>\/
we can simplify both the response function Ke x(t)

Kex(7) = / ax Q3 ()7 [ La(IP (0] | = D o / ax Q3 ()7 [Pu(x)| = 3 Bowe” / dx Q(x)Py (x) = fore™,
IY Y

(29]
and the susceptibility

_ Be)\
T —w’ [30]

t %) [ee]
Xe,)\(w) :/ dt’ Ke,)\(t _ t/)efiw(tft ) — ﬁe)\/ dr e(A*iw)T _ &e(k—iw)f

A —iw
0

—o00 0

where the coefficient e x can be obtained by multiplying Eq. (28) with Q3, integrating over x and using the biorthogonality
relation Eq. (5) to obtain

5m:/wm®@®%®y 31)

A better interpretation for the role of e, x can be given for the cases in which the stationary density Py(x) and also its products
with the backward eigenfunctions, Q3 (x)Po(x), vanish at too. In this case, because

/wwmwmw:/wme%w+/wmwmmm:m

we find
Ber = —/dx QA (x)[e- VPy(x)] = /dx Py(x)le- VO (x)] = e (VQX(x)), (32]

that is, the response of a given eigenfunction is proportional to the mean change of Q3 (x) in the direction of the perturbation.
As a final remark, notice that since Qj(x) = 1, then, fe,0 = 0.

Fluctuation-dissipation theorem for the backwards eigenfunctions Q3 (x). From the already found expressions for the response
function Ke 2 (7) in Eq. (29) and the autocorrelation function Cx(7) (Eq. [11] in the main manuscript) it is easy to derive the
following fluctuation-dissipation relationships for the backwards eigenfunctions @3 (x)

Ke,)\(‘l') = ﬁe’ACA(T), 7> 0. [33]

Moreover, using the expressions for the power spectrum S (w) in Eq. (17) and the susceptibility xe,x(w) in Eq. (30) we can
write this result in the frequency domain as follows:

2|pa|
Be Al + R[Be ] (w — w)

Siw) = 5 Slxer (@) 34]
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This result is not equal but resembles somewhat the classical result for a system in thermodynamic equilibrium (3)

 2kpT
- w

Sz Sxz, F(W)], [35]

where kp is the Boltzmann constant, 1" is absolute temperature and x.,r is the susceptibility with respect to a mechanical
perturbation by a weak force F'(t). Note that one of our example systems, the harmonic oscillator, can be regarded as a system
at thermodynamic equilibrium. Still, even for this system, the two equations above are not equivalent, because the new variable
Q7 (x) constitutes a linear combination of position and velocity variables, whereas Eq. (35) applies to the position variable only.

We would like to emphasize that our general FDT does not require thermodynamic equilibrium nor Markovian dynamics
for Q7 (x(t)) [only the full system x(¢) is supposed to follow a Markovian dynamics]; this observation holds true also for the
classical generalizations of FDT.

Derivation of the spectral density equations in the coupled case. As we state in the main document, we denote the two
oscillator dynamics with x and y, couple them with scalar functions of particular forms, Hx(x,y) = Hxx(x) + Hyx(y) and
Hy(x,y) = Hxy(x) + Hyy(y) along the directions ex and ey, and scale the coupling terms by a small parameter . The
equations for the coupled system read

% = £ (X) + gex[Hxx (X) + Hyx (¥)] + 8x(X)Ex(2),
v =fy(y) + cey[Hxy(x) + Hyy (¥)] + 8y (¥)&y (1)

Here, &x(t) and & (t) are independent vectors of white Gaussian noise. We note that the particular shape of the coupling
function includes a simple diffusive coupling between the oscillators, e.g. a weak spring coupling between two harmonic
oscillators of the form (y — x). Formally, it would be possible in Eq. (36) to lump the terms eex Hxx(x) and eey Hyy (y) into
the respective drift terms fx(x) and fy (y), leaving only perturbations of the respective other variables in the two equations.
This kind of ansatz will be presented below as an alternative perturbation calculation. The disadvantage of the procedure is
that a change in the drift terms implies a (e-dependent) change of the @7 functions of the single systems. For the calculation
in the following, we regard all terms proportional to € as perturbations of the isolated oscillator dynamics.

The new system of coupled oscillators is much more complicated than the dynamics of the single systems, and it is not
obvious how we can describe it in terms of the eigenfunctions of the isolated oscillators, i.e. by the functions that have been so
helpful in simplifying the description of the single oscillator’s spontaneous and externally perturbed activity. We can, however,
achieve a likewise striking simplification of the correlation statistics of weakly coupled oscillators in terms of the Q] functions
by a particular ansatz for the coupled system. To this end, we use the response functions Eq. (25) in a realisation-wise version

[36]

t

Qi = Qo +< / 08 Koy r (t — 1) [ Ho (x(£')) + Hyx (y(t'))],

[37]

t
Qy = Qg0 + 5/ At Key sy (t — 1) [Hy (x(t')) + Hyy (y(t))],
— 00
where we have introduced the notation Q3, = Q3 (x), identifying the eigenfunctions of the x-unit in Eq. (36) (similarly,
we introduce Q;y = Q1 (y)). The functions Q3 _ o and Qiy,o in Eq. (37) denote the spontaneous activity of the uncoupled
oscillator, respectively. By making the above ansatz, we implicitly assume that the effect of the coupling and the intrinsic
noise can be subdivided into independent parts, which does not appear very plausible when the dynamics of the system is
strongly nonlinear (as for our example systems of the noisy Stuart-Landau model and SNIC model). Nevertheless, in all tested
cases (linear and nonlinear systems, more coherent and less coherent cases, identical oscillators and detuned oscillators), the
cross-spectra and cross-correlation functions that can be analytically calculated using the ansatz Eq. (37) agree excellently
with numerical simulation results. Indeed, as pointed out in the main text, this approximation, using the response function for
the time-dependent mean value to approximate the realization-wise response of the system, was also successfully applied in the
past to stochastic models in neuroscience (4, 5).
We expand the coupling functions into the backward eigenfunctions as follows

Hiex(x) + Hyx(y) = Z%\;QK; + Z ax, Qs
X, X,

[38]

Hyy(x) + Hyy(y) = Z 04,\§Qf\; + Z X, Q;gﬂ

Al X,
which, upon insertion into Eq. (37), leads to
t t
Q3 = Qote| D / At Koy n (=) Q3 (x()) + > any / dt' Koy (t = )Q3, (v(£)) |,
A il X, —o0

[39]

t

Qi = Qigote| Dy / dt' Koy (t = )Q3 (x()) + ) / dt' Koy (t =) Q3 (¥(t))
Ay

t
)\;( —oo —o0
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The coeflicients ay; , QAL Yagr YA, are given by

oy = / dx Py () Hay (x), iy, = / dy Py (V) Hyx(y), 7y = / dx Py () Hax(x), g = / dy Pyy (v) Hyy (3).

Eq. (39) attains a simpler form in the Fourier domain, where convolutions turn into multiplications with the respective
susceptibilities:

Q5 () = Q0w + EXonrn (@ (Zw Gy @)+ o, @5y @)
Ay

[40]
G5, @) = @y 0(@) + EXeyry (@) 0 ang G @) + > 1, B3y @)
AL A,
Multiplying both equations by Q ay and averaging yields
(@3 Q) = (@ia0@a) + Xowne (301 (@3 @ag) + D g (@3, @),
A I
o B 3 o o [41]
(@3, @) = (@3,.0@0) + Xeyry ( D e (@3, Q) + >y <Q§;ng>),
A X,
and, similarly, multiplying with Q Al and averaging gives
(Qixéx’ﬁ <QAX,0QA“ T EXex.Ax ( Z’h’ Q)J >\“ Z any Qw x”))
[42]

<Q§\yQ>\g> <QAy OQ/\”> + €Xey,Ay(Z (e5VA Q)J Q/\” + Z%’ (Qx QA”))

’
)\ y

Next, we study the e-dependence of the terms in Eq. (41). For the term <Q§x,0Q)\;(’>7 we can use Q)\;/ in Eq. (40) to obtain
<Q~§x,oQ~>\;’> = <Q~§x,0 (QA;(’,O + EXZX,/\;/ (Z ’Y;;( QA; + Z a:;@x;) >>
A A,
= (Q3,.0Qx7.0) + €Xe, ay (Z Yo (@3n0@rr0) + Z ay, <Q§\x,OQ>\§,0>) + 0(?) 3]
A A,

= <Q~§\x,OQ~/\Q,O> + EXZX,A;' ZV;;(Q?X,OQM‘,O> + 0(52)~
Ak

Here we have used in the last step, that the eigenfunctions of independent oscillators will be uncorrelated: <Q§x,oQA§,,o> =

<Q§x,0><Q,\§,,o> = 0. For the remaining terms in Eq. (41) and Eq. (42), we expand in a similar way to take only the leading
linear order of ¢ into account, which results in the following expression:

<QKXQA;;> = <Q§X,OC~2AQ,0> + E(X:x,/\;f Z 71;(@%,0@&,0) + Xex,Ax Z’h; <Q§;,0QA;;,0>) + 0(52)~ [44]

Ak Ax

If we divide both sides by the time window 7" and take the limit T' — oo, we arrive via Eq. (11) at spectral densities. Neglecting
furthermore the higher-order terms in €, we obtain for the cross-spectra of the eigenfunctions of the x oscillator in the presence
of coupling (indicated here and below by a superscript c):

C * *
Sheny =Sy + E(Xex,)\g E Tl nenle T XesAx E WA;SA;(,A;;)- 45]
Ak Ak

These functions are to lowest (zeroth) order in e simply given by the cross-spectra for the uncoupled oscillator, and, in first
order of ¢ only affected by the self-coupling terms Hyx(x) and the related coefficient ~3, .

More interesting than the statistics of the single oscillator are the cross-spectra between the two oscillators. From previous
calculations, one obtains by the expansion in e:

<Q§yQ>\Q> = 5<XZX,A;’ Z 0&; <Qf\y,0Q,\§,,o> + Xey Ay Z Q. <Q;;‘,0Q>\Q,o>> + 0(52)- [46]

X, N,
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Again, by dividing by the time window T, letting T — oo, and neglecting higher-order terms in €, we obtain expressions for
spectral densities. Specifically, the cross-spectrum between eigenfunctions of the two coupled oscillators reads

C * *
Sxg Ay = 6<Xex,)\;(’ E xSy \y T Xey Ay E O‘A;S/\;,)\Q)- [47]
v .

This result gives us the cross-spectrum of the two oscillators in terms of the susceptibilities of the two oscillators in the direction
of the coupling force and in terms of the cross-spectra between the different modes in the single (uncoupled) stochastic oscillator.
If we specifically choose the two eigenvalues Ay and Ay to be the one with the least negative eigenvalue for the respective system
(denoted by A1, and A1,), we obtain the key result, Eq. [32] in the main text, for the cross-spectrum of the new observables

Q1,,(x(1)) and Q1 (y(t))-

Similar calculations for the second pair of equations in Eq. (42) yield
(@3 Gg) = 2 (X2 ng D0 03 (@300 + e D, (Big 0@r0) ) + O,
Al Xl

<Q§yQ~Ag> = <Q~§y,oQ~Ag,o> + E(X:y,x’y/ Z ’Yi;(@f\y,oQ,\;,()) + Xey. Ay Z %;(Q:’y,oéxg,o)) + 0(52)-
Y Y,

Yy Yy

[48]

The first equation, upon renaming the eigenvalues appropriately, is just the complex conjugated of Eq. (46), while the second
equation captures the linear corrections to the cross- and power spectra for the different eigenfunctions of the y oscillator

c _ * *
Sxy,xyf = SAy,Ag +€(Xey,xg g %\;SAy,)\; + Xey, Ay E 'YAS,S)\S,,AS,’)a [49]
A Y
Yy Yy

which, we note, is the counterpart to Eq. (45).

Alternative treatment of the coupling equations. As we have stated in the beginning of the section, there is an alternative
treatment for this problem consisting in lumping the diagonal terms Hxx(x) and Hyy(y) into the drift terms fx(x) and fy (y),
respectively. More precisely, one can compute the backwards eigenfunctions @3, (x) of the following system

% = F (%) + gx (X)€x (1),  Fx(X) = i (X) + c€x Hxxc (%), [50]
and similarly obtain and Qi; (y) from
= Ay(Y) + 8y (¥)&y (1), f‘y(X) =fy(y) +cey Hyy(y). [51]

y
In this situation, the ansatz in Eq. (37) becomes

¢
Q;x = Q.0+ 5/ dt' Ko, a, (t — t) Hyx (y(t)),

e [52]

0%, = O, 0 +2 / 0t oy a, (t — ) oy (x(')).

—o0

Put differently, the perturbation ansatz is now done only with respect to the true interaction between the oscillators. We note
that, of course, also the response functions will now be modified (because they are calculated for the modified eigenfunctions
QAf\yVO) and are thus endowed with a hat.

We can now repeat the entire calculations as above, leading to cross-spectra between the eigenfunctions of one oscillator that
are no longer affected by ¢ (because we have taken the effect of the self-coupling terms already into account). More importantly,
similarly to Eq. (46) we find,

1.0) F Xey .y Z Ay, <QA§;,0Q>\;,0>>7 (53]

and hence, the cross-spectra of the eigenfunctions of the two oscillators are now given by
85y = £ (Ko D 43y Sy, + Reyry D g Sagng ) 54]
AL AL

The hat on top of all parameters and functions is a reminder that these quantities have to be calculated for the modified drift
terms fx and fy. A comparison between the original and the alternative theories for the spectral measures of the coupled
oscillators will be done somewhere else.
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2. Computations for the damped stochastic oscillator

Eigenvalue, eigenfunction, and susceptibility of the single oscillator. A one-dimensional harmonic oscillator with unit mass?’
which is subject to Stokes friction and white Gaussian noise obeys the following equations

T =w, O = —yv —wix + V2DE(t). [55]
For an oscillator in thermodynamic equilibrium, the noise intensity would be related to the dissipation strength via D = vkpT
with kp being the Boltzmann constant and 1" absolute temperature; we will, however, use only the noise intensity in the
following.
The associated Fokker-Planck equation

O P(z,v,t) = —v0y P(x,v,t) + Oy (71} +wiz + Dav) P(z,v,t), [56]

has the well-known Maxwell-Boltzmann distribution as its stationary solution

_wor” + ”2} [57]

~
Po(z,v) = monD exp [ 5D/

We will assume an oscillator in the underdamped regime (v < 2wp); in the absence of noise, the time evolution is then described
by two complex conjugated eigenvalues:

v A/ AwE -2
2

Alzul + w1 = — +Zf7 )\T:ul—iwl. [58]

As our notation suggests, A1 happens to be the eigenvalue with the least negative real part for the Fokker-Planck equation (2).

The linear change of variables

0-(, =)0

transforms Eq. (55) to another two-dimensional Ornstein-Uhlenbeck process

z 1 —wi) [z 1 0
(“) B (Zl pa > <“> 2wy (Ep(t) + @g(t)) ’ [60]

that has the same eigenvalues in the deterministic case and the same eigenvalue spectrum in the stochastic case. According to
(6), the slowest decaying complex eigenfunction attains the simple form:

Qi(z,u) =1/ %(z + iu), [61]

(where the prefactor ensures the condition <|Q”{ (x(t))|2> =1 is met). Inverting the change of variables in Eq. (59), we recover
an expression for Q7 in the x,v variables (see also chap. 10.2.2 in the textbook by Risken (2))

Qi(z,v) = % (wiz +i(pz —v)). [62]

The complex argument of this function is easily computed

Y(z,v) = arctan (m) , [63]

w1

and has been plotted in Fig. 1a and Fig. 2a of the main text.
As we now know Qj(z,v) and Ay, it is simple to find the expression for the susceptibility in the v-direction with e = (0,1)7

using Eq. (30) and Eq. (32)
__i/[ml|/D

T The dependence on the mass could be easily restored by using parameters 4 = ~ /M and D= D/M2 in place of v and D, respectively.
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Two weakly coupled damped stochastic oscillators. We now consider the case of two identical harmonic oscillators that are
weakly coupled (|e] < 1) by a spring
&+ v + wor = e(y — x) + V2DE, (1),
i 479 + woy = e(z — y) + V2DE, (¢).
First, we compute for this linear system the cross-spectrum between the position variables x and y. To this end, if we consider
a single unit (¢ = 0, which is equivalent to considering Eq. (55)) and take the Fourier transform; we obtain

[65]

B (@ PR ()

and similarly for §. For this linear system, the response to an external perturbation is similar to the response to the noise and

we can identify the susceptibility x(w) from the above relation (in nonlinear stochastic systems, the susceptibility will also

depend on the level of background noise and has to be calculated by a perturbation calculation of the Fokker-Planck equation).
Considering now the coupled system, we may write

7 = x(w) (5(~ - )+ \/ﬁfz), -
= x(w)(e(& - 9) + V2DE,).

This linear system can be easily solved by Rice method for the matrix of cross-spectra (see (2)); however, because for weak
coupling we are only interested in the lowest order term in &, we use the above equations recursively and omit high order terms.
By doing so, we obtain

[68]

from which we can calculate the cross-spectrum (using that the noise sources in x and y are uncorrelated, <£x§~;> JTw = ba,y):

Suy(@) = L 2 9 Delu? (x4 x°) = 4DER(xx"). 69

It is instructive to compare this cross-spectrum of the original variables to the one for the transformed variables that we are
going to calculate now.

In order to obtain the cross spectrum S ., of system Eq. (65) for the eigenfunctions Q7, , Q7,, we first notice that we can
take advantage of the analytical expression for Q7 (x) (see Eq. (62)), to find that the coupling function is exactly given by a
linear combination of @7 (x) and Q1(x). Indeed,

D . D .
HXY(X) =T = W (le + le)7 ny(y) =Yy= 4|IJ/1|UJ% (Qly + Qly)’ [70}

and, in consequence the a coefficients of the expansion Eq. (38) (those which are relevant for the cross-spectrum between the
oscillators, Eq. (47)) are known:

D I *
= =4 | —= ;=0 A A1, A 71
ar = ax \/4“&1‘“}%, N or A # {\1, A1}, [71]

and in consequence, from Eq. (47) we obtain that the cross-spectrum can be expressed as

* * D *
Styie = E(Xex E ay, S1y.0, T Xey E aA;Sx;,lx) =&/ W%(Xe[& + 51@*])
1
A, Ao

2e i |1 A A1
- w1§R<,u1| + (w1 —w) Lﬁ + (w1 —w)? (@iQ1) (1 + i(w1 + w)) (1 + i(wr — w))] )

Finally we state how to obtain the covariance (Q]Q7) of a single unit (which is needed to compute the cross-spectrum Si,1+ in
the above formula):

Q100 :w%% <<x+z(/‘121_”)> <x+l(/‘1il_”)>> :wf% <<x2> (1+i%)2 B <:’j2>> _ % (Z; (1+i%>2 _1)

where we have used (zv) = 0 and read off the variances <a:2> = D/(ywd) and <v2> = D/~ from the stationary distribution
Eq. (57).
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3. Computations for the coupled Stuart-Landau model

Next, we consider two different noisy Stuart-Landau oscillators diffusively coupled by their first coordinates z; and y1

T1 = azT1 — To — az(:r? —l—:rg) 1 + byxa) + \/ﬁ&zl t) +e(yr — z1),
) T2 — ble) + @512 t),

(Y1 + byy2) + V2DEy, (1) + e(z1 — y1),
(

t)
Y2 — byy1) + V2DE,, (t).

( (
By = apz + 21 — ag(xF + 23)( ( 73]
U1 = ayyr — Y2 — ay (Y7 +y3)
)

U2 = ayyz +y1 — ay(yi + 5

As we state in the main text, we study two cases to inspect how inhomogeneities of the oscillators affect the cross-spectrum:

we set parameters in case (i) az = 1,b, = —0.3,ay = 1,b, = —0.25,D = 0.04, so both oscillators are slightly detuned
(A1, = —0.048 4+ 0.698i, A1, = —0.047 4 0.748i) and in case (ii) az = 1,bx = —0.3,ay = 1,b, = —0.1, D = 0.04, so the two
oscillators are more strongly detuned (A1, = —0.048 + 0.698i, A1, = —0.045 + 0.9, note that the frequencies wi, = 0.698 and
w1, = 0.9 differ more than in case (i)).

As all quality factors in this example are small and the system is rotationally symmetric, we expect very few modes to
contribute. We check this hypothesis comparing the output of numerical simulations with the reduction of SY yx to the mere
power spectrum contribution

Styx = E(szojlfysly + Xey @1, S1x). [74]

To test this prediction, we first obtain numerically the necessary forward and backward eigenfunctions (see Section 4B for full
details of the procedure). We then use the forward eigenfunctions Py, (x), P1,(y) to compute the expansion coefficients

ai, = /dx P, (x)z1, oy, = /dy Py (y)y1, [75]

for the given parameters, this leads to the values ai1, ~ 0.497, a1, = 0.4965 for the slightly detuned case (i) and o, ~
0.497, a1, ~ 0.4956 for the more strongly detuned case (ii).
Next, we use the numerically obtained backwards eigenfunctons Q1, (x), Q1, (y) to compute the susceptibility coefficients

B, = —/dx Q1, (x)0z, Po(x), B, = —/dy Q1 (¥)0y, Po(y), [76]

finding the values f1, ~ 0.55 — 0.153i, 31, ~ 0.55 — 0.128i for the slightly detuned case (i) and f1, ~ 0.55 — 0.153i, 51, ~
0.55 — 0.05¢ for the more strongly detuned case (ii).

Once we have the necessary coefficients, we can compare Eq. (74) with numerical simulations. As we showed in the main
text, Eq. (74) agrees very well with numerical simulations for both cases.

4. Computations for the coupled SNIC system

We consider two identical SNIC systems diffusively coupled by their first coordinates x1 and y:
2
. x
I1 = nxT1 — Mo — xl(xf +x§) + 272 + V2D, (t) + e(y1 — x1),

\/ T3+ 3
To = mx1 + nxe — wg(:ﬁ +w§) - % + V2D&,, (t),
\x] + 15 o
2 [77]
g1 =nyn = myz — Y1 (Y1 +93) + — s + V2DEy, (1) + (@1 — 1),

1 +y§
U2 = my1 + nys — y2(y7 +y3) — % + V2DEy, (t).
1T Y3

We test our theory here for the cases of two rather coherent oscillators with high quality factor (referred to as the coherent
case) and for two less coherent oscillators with a smaller quality factor, set in the excitable regime (the less coherent case). In
contrast to the previous subsection, here, the two coupled oscillators have each the same parameters.

A. The coherent case. First, we set parameters as follows: m = 1.216,n = 1.014, D = 0.01125 so the system is in the oscillatory
regime and the quality factor is high. In this case, the slowest decaying eigenvalue is given by A1 = —0.048 + 0.698:. Similarly

to the previously studied Stuart-Landau case, we also expect very few modes to contribute and hence we start by comparing
the output of numerical simulations with the reduction of S7 yx to the power spectrum contribution

Slyx = 25§R<Xea15’1), [78]

where for symmetry reasons, we drop the x,y indices and obtain a purely real-valued cross-spectrum.
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In line with the procedure in Section 3, we just need to compute numerically the following integrals

ar = /dx Pi(x)z1, B = —/dx Q7 (x)8s, Po(x), [79]

finding the values a; & 0.24 — 0.2844, 31 = 0.562 + 0.68i, to compare Eq. (78) with numerical simulations. As we showed in the
main manuscript, Eq. (78) agrees very well with numerical simulations.

B. The less coherent (excitable) case. If we set the parameters as follows m = 0.99,n = 1, D = 0.01125, the system is in the
excitable regime and produces less coherent oscillation with a low quality factor. In this case, the slowest decaying eigenvalue
is given by A1 = —0.168 + 0.241i. As we discuss in the main text, if we were using just the power spectrum approximation
in Eq. (78) with the coefficients from Eq. (79) thus obtaining a1 & 0.158 — 0.214, 81 ~ 1.38 + 1.3i, this provides us with a
quantitatively inaccurate approximation of the simulations output. It turns out that in this less coherent case we need to add
more modes to the approximation

S5 yx = QER(X;az‘Sl +xe Y O&SL)\/), for A = {A}, A2, A, Aa}. [80]
AeA
Further inspection reveals that we need to take into account the following set of eigenvalues A = {A\] = —0.168 — 0.241i, Ao =

—0.423 4 0.638i, A3 = —0.728 + 1.108i, \s = —1.074 + 1.637} and thus compute for each of them the following integrals

oy = /dx P\(x)z1, (Q1Qx) = /dx Po(x)Qx (x)Q7 (%), [81]

in order to achieve a good agreement between simulations and theory. The numerical values that enter the theory are as follows:
a1+ = 0.158 + 0.214, ap = 0.218 — 0.2144, s = 0.285 — 0.193¢, ey = 0.343 — 0.1417¢ and (Q1Q7) = —0.08 + 0.068%, (Q1Q2) =
—0.416 + 0.355¢, (Q1Qs) = 0.07 — 0.23¢, (Q1Q4) = 0.023 4 0.114.

5. Numerical computations

A. Stochastic simulations. The stochastic simulations yielding the results in this manuscript were performed using the stochastic
Heun method (7) with a time step h such that 1072 < h < 1073,

B. Determination and normalization of the forward and backward eigenfunctions. To generate the numerical results in the
main text, we followed the procedure in (8) (see also (9) and (10)). All our examples are two-dimensional n = 2. Given the
eigenvalue equations in Eq. (5) for a function T'(x1,x2) (which can be Q3 (x1,x2) or Px(x1,x2)) with the operators as implicitly
defined in Eq. (2) and Eq. (3), we first chose a (finite) rectangular domain

X = [z, 2] X [23,23]. [82]

Since the phase space for all the systems that we consider in this manuscript is unbounded, we consider a truncated domain X’
whose size is chosen large enough so that the probability for individual trajectories x(t) to reach the boundaries is very low*.
Then, we just need to discretise the domain X in N and M points such that Az; = (2} —2])/N and Azs = (zf — 25 )/M, to
build £' (and/or £) by using a standard finite-difference scheme. In general, we used centered finite differences, for instance

Tivr,; — 2T+ Tinj

Tiv1; — Tic1,
(0, T)ij = wv (0212, T)ij = (Az1)2 »

2ACL‘1

and, as for boundary conditions, we used adjoint reflecting boundary conditions

Z n; Z Djkaka(xl,xz) =0, [84]

j=1,2 k=12

[83]

where n is the local unit normal vector at X boundaries and D = 1gg" (see Eq. (2)).

After diagonalizing the resulting (N - M, N - M) matrix, we obtain the eigenvalues and the associated eigenfunctions of £
(£). We recall that we are not interested in the complete spectrum of £ (£). For £ we just consider (and hence present in
main text) the part of the spectrum which is relevant for our analysis. That is, we consider mainly the eigenvalue associated
with the slowest decaying complex eigenfunction Q7(x) and a few higher backward modes (and its corresponding forward
eigenmodes) to study the coupled case. For £ we mainly consider the eigenmode associated with the eigenvalue A = 0 which
gives the stationary probability distribution Py and a few forward eigenmodes for the coupled case.

We finally state that we normalised each pair of eigenfunctions Q3 (x) and Px(x) such that they satisfy the previously
mentioned conditions Eq. (5) and Eq. (8))

/dx |Qx(x)|*Po(x) =1, /dx QN (X)Px(x) = Sxrx, [85]

so, while the left integral fixes the normalisation of Q3 (x) up to an arbitrary complex factor, the second integral fixes the norm
and phase of Pj(x).

*see (8—10) for examples of application of this methodology in systems, as the noisy heteroclinic oscillator, in which the phase is not bounded.
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C. Computing the susceptibility functions. If we consider the effect of a weak external perturbation ep(t)e (with |e] < 1) on
the SDE (1),

dx n

7 = fx) +ep(te +g(x)e(t),  x,eeRY, [86]
we can follow the well established linear response theory (see Eq. (18) to Eq. (27) and Risken Ch. 7 (2)). Specifically, the
evolution of the time-dependent mean value of a given observable Z(x(t)) is given by a convolution of the linear response
function with the perturbation (see e.g. eq.(19) in the main text). This convolution relation turns into a simple multiplication
in the Fourier domain

(2) = x=(w)p, [87]
where p is the Fourier transform of the perturbation and x.(w) is the susceptibility, i.e. the Fourier transform of the linear
response function. Considering a stochastic perturbation (that is unrelated to the intrinsic noise in the driven system), Eq. (87)
leads after mulitiplication with p and averaging over both ensembles of intrinsic noise and stochastic perturbation to the
well-known relation between susceptibility and cross- and power spectra:

Szp(w)
Spp(w)”

In order to estimate the susceptibility numerically, we generated many trials of a bandpass-limited white Gaussian noise
process p(t) (11) (also explained in detail in (12)), apply it to the Langevin dynamics that is in each trial run with independent
realizations of intrinsic white noise, and measure the cross-spectra of the @7 function and the weak perturbation. From Eq. (88)
we can then obtain the complex-valued susceptibility function. By repeating the whole procedure for different values of the
perturbation-amplitude, €, we ensure that we are indeed in the linear-response regime, i.e. for sufficiently small values of the
amplitude there is no systematic dependence of the resulting susceptibility on e.

X=(w) = [88]
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