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We consider a dynamic system that is driven by an intensity-modulated Poisson process with intensity
A(t) = A(t) + ev(r). We derive an exact relation between the input-output cross-correlation in the
spontaneous state (¢ = 0) and the linear response to the modulation (¢ > 0). If ¢ is sufficiently small,
linear-response theory captures the full response. The relation can be regarded as a variant of the Furutsu-
Novikov theorem for the case of shot noise. As we show, the relation is still valid in the presence
of additional independent noise. Furthermore, we derive an extension to Cox-process input, which provides
an instance of colored shot noise. We discuss applications to particle detection and to neuroscience. Using
the new relation, we obtain a fluctuation-response relation for a leaky integrate-and-fire neuron. We also
show how the new relation can be used in a remote control problem in a recurrent neural network. The
relations are numerically tested for both stationary and nonstationary dynamics. Lastly, extensions to

marked Poisson processes and to higher-order statistics are presented.
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I. INTRODUCTION

Numerous systems in nature generate random sequences
of events, which, in turn, drive other systems. For instance,
the photocurrent in a detector [1], the spontaneous vacuum
current in an electrode [2], neural firing driven by other
neurons’ spikes [3], and an economy subject to the effect of
seismic events [4] are all examples for systems driven by
random point processes.

A first approach to quantify the relation of a driving
process and an observable of the system is to compute the
cross-correlation function. Cross-correlations quantify the
similarity of fluctuations in the drive and the observable,
yet they cannot be straightforwardly used to predict the
response to systematic perturbations of the drive. The latter
can be quantified by linear-response functions.

If the driving process is colored Gaussian noise, the
two important statistics, cross-correlation functions and
linear-response functions, are linearly related by the
Furutsu-Novikov theorem (FNT) [5,6], also known as
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Gaussian integration by parts [7]. The relation has been
frequently applied to study wave propagation in random
media [8], turbulent flow [7,9,10], neural systems [11-13],
and general stochastic processes [14—17]. In the neural
context, the FNT is particularly interesting: In the absence
of an external stimulus, neurons in the cortex are not silent
but spike spontaneously [18,19]; when a weak stimulus is
applied, the neurons respond linearly [19-23]. As one of us
showed [11] using the FNT, spontaneous fluctuations and
linear response can be connected in a fluctuation-response
relation (FRR). Yet, since the FNT relies on Gaussian noise,
shot-noise-driven systems such as the systems mentioned
above are not captured by this approach.

Modeling shot noise as Gaussian noise, known as the
diffusion approximation [3], is justified due to the central
limit theorem only if the intensity of events is high and their
amplitude is low. However, for pyramidal neurons, as few
as two input spikes can be sufficient to trigger an output
spike [24,25], which renders results based on the diffusion
approximation inaccurate [26]. Also for the broad problem
of particle detection, the shot-noise character of the input
cannot be neglected in many cases of interest. To extend the
theory of stochastic processes from a Gaussian description
to a true shot-noise description, an important stepping
stone is to find an analog of the FNT for shot-noise-driven
systems. Such an analog must attribute input-output
cross-correlations of a shot-noise-driven black box to the
response functions of the black box.
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In this paper, we first consider an arbitrary system driven
by an inhomogeneous Poisson process and derive a relation
between its spontaneous input-output cross-correlation and
its response to a time-dependent modulation of the input
intensity. This cross-correlation-response relation (CRR)
can be regarded as a shot-noise analog of the original FNT.
Although all necessary tools to do so are known [27], such
a relation has to our knowledge not been reported yet. We
then discuss the impact of additional noise and derive an
extension to the case where the input is correlated shot
noise. Next, we test the CRR for a minimal model of a
particle detector and for a leaky integrate-and-fire neuron.
For the leaky integrate-and-fire neuron, we leverage the
CRR and the method of Ref. [11] to derive an FRR
between the spontaneous output fluctuations of a shot-
noise-driven neuron and its systematic response to a time-
dependent intensity modulation. We numerically test the
CRR and the FRR in the commonly studied stationary
case but demonstrate that the validity of the CRR extends
to a nonstationary scenario. Furthermore, we show how
the CRR can be applied to the problem of remote control
in a recurrent neural network. Lastly, we present exten-
sions to Poissonian input with random amplitudes and to
nonlinear response functions.

II. CROSS-CORRELATION-RESPONSE
RELATION

We denote a system’s observable x[n(c);7] by a
functional of the entire input process 7(c). Both the
intrinsic time argument o and the functional dependence
on 5 are hidden, whenever not explicitly required, to ease
the notation. The additional scalar dependence on the
observation time ¢ must reflect causality. A simple example
is linearly filtered shot noise, x (1) = [*di'k(t —t')n(?');
however, the following applies to general functionals.

We consider inhomogeneous Poissonian input

n(0) =t - 1), (1)

where #; are Poisson events with intensity A(z) = A(r) +
ev(t), A(t) is the baseline, and ev(r) is a modulation. We
denote the observable’s average over spontaneous (& = 0)
realizations of the input by (x(7)),; thus, the cross-
correlation function between the input events and the
output without modulation is

Coy(1,7) = (x(D)n(t'))o = x(O))o(n(t))o-  (2)
If we switch on the modulation, the average effect on the

observable can be represented perturbatively by a linear-
response function K:

(x(1))e = (x(1))o + 8/ drK(t.0)u(r) + O(&). (3)

The O(e*) corrections can be omitted for a sufficiently
weak modulation, and the linear-response function is given
by a functional derivative [28]

; (4)

where

1)

——glf]

6f(t) [f(o) + hé(t - o)]

(5)

_d
~an? o
captures the infinitesimal change of a functional due to an
infinitesimal perturbation at time ¢.

In the following, we express both the response- and the
cross-correlation functions by the characteristic functional
of the input process which leads us to the CRR.
Specifically, we represent x[i7;¢] by its functional Fourier
transform with respect to #:

*rs ] = / Duylus e, (6)

where u'n = [ dtu(t)n(r) and [Du =limy,_, [*, du...
Jo, duy, with u; = u(t;) and {t,....1y} is an equi-
distant discretization of the interval [0,7]. For in-
stance, an exponentiated linear filter x4y 1] =
exp (["di'B(t—7)n(r')) has the functional Fourier trans-
form y[u; t] = Sliu(o) — p(t — 0)O(t — o)] with the func-
tional Dirac delta 5[f(o)] = limy_, [[M, 8[f(#;)] and the
Heaviside function ©(¢). Thus, in general, the functional
Fourier transform dissects functional maps # +— x[n; ] into
a linear combination of exponentiated linear filters. This is
useful, as it establishes a link to characteristic functionals,
as used below. The formal limit M — co assumes con-
vergence of x upon decreasing the time step 7/ M, which is
also a requirement for Euler integration. For finite M,
Eq. (6) is the usual M-dimensional Fourier transform. For a
formal classification of the existence of the Fourier trans-
form of functionals of Poisson processes, see Lemma 18.4
in Ref. [27].
Plugging Eq. (6) into Eq. (4) yields

- / Duyu e Z[u] — (x(1))y.  (7)

where the characteristic functional of a Poisson process of
intensity A(r) is [29]

_ [\ _ [0 O-1)ar
Zlu) = (') = e . (8)
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The cross-correlation Eq. (2) can be expressed by a
functional derivative of Z[u] as well:

Colt.0) = [ Dyl ] 20 = 1) (0
=103L/1%WhuﬂZka“>—<XU»o- )

Comparing this result with Eq. (7), we infer for arbitrary
systems driven by Poisson noise a CRR

Cy(t.7) = A()K(1,1). (10)

Thus, irrespective of the details of the system, the input-
output cross-correlation, a measure of the spontaneous
fluctuations, can be fully attributed to the linear-response
function, which determines the leading-order deviations
away from the spontaneous mean. In particular, the cross-
correlation is unaffected by nonlinear response functions.
Equation (10) should be put in context with the original
FNT for Gaussian noise & [5,6]:

Celtt) = [drcur Ok (er). ()

where C; is the noise autocorrelation function and K is
the response of (x) to a modulation of the input mean
m(t) = (é(t)). Remarkably, for white Gaussian noise
Ce(t,1") = A(')6(t = 1') [recall that Poissonian noise is
white, C,(1,1') =A(')6(t—1")], Eq. (11) looks like Eq. (10),
if we naively identify K with K,.. However, there are
important differences between the two response functions.
K, is the response function of the time-dependent mean
output, (x()), with respect to a modulation of the mean
input in the presence of Gaussian noise. The response
function K considers the same output statistics (x(z)) but
with respect to a modulation of the intensity (the rate) of
the driving Poisson process, a modulation that affects not
only the mean value, but all higher cuamulants of the driving
noise and, in particular, the noise intensity. An additional
difference is that K is also shaped by the type of back-
ground noise, which is here a Poisson process and not
Gaussian noise. Hence, there are two differences, and,
in general, Egs. (10) and (11) constitute relations between
input-output cross-correlations and response functions for
two distinct settings (different background noise) and two
different types of response functions. Nevertheless, as we
show in Appendix B, the two relations become equivalent
in a diffusion limit.

Returning to the CRR Eq. (10), for a constant baseline
intensity A(z) =1, and stationary dynamics of the
driven system, we may define C,,(7) = C,,(t + 7.t) and
K(7) = K(t + 7, 1) such that in frequency space we have

Say(@) = Aoy (@), (12)

where the cross-spectrum S,,(w) = F|[C,,](w) and sus-
ceptibility y(w) = F[K|(w) are the Fourier transforms
Flfl(w) = [dte™'f(t) of C,, and K, respectively.

For the linearly filtered shot noise x, introduced above,
Eq. (10) can be checked directly: Using the statistics
of Poisson processes [29], one gets C, (¢, 1) = A(f')x(t —
)0(t—1) and K(t,¢') =«(t—1)0O(¢t — '), which con-
firms the CRR. In Sec. III, we demonstrate the validity of
Eq. (10) for systems for which the explicit computation of
the statistics of interest is not feasible. Next, we present two
useful extensions of the CRR.

A. Extension: Additional noise

Here, we consider the prevalent situation in which the
shot-noise-driven system receives additional noise, for
instance, thermal noise or the input of other random forces.
The system’s output at observation time ¢ may be an
arbitrary functional %[, & 7] of both the Poissonian input 7
and the additional random force £. Assuming statistical
independence of 7 and &, the £-averaged cross-correlation
between the Poissonian drive 7 and the output X is

(Coy(2.1)) ;= (&l & A0 (1)), — &, & 1)), (n(2)),)
(. & )en(r)), = (Xln. & 1)) ), (7)),
C(@gﬂ(t’ l/). (13)

This is equal to the cross-correlation between the
Poissonian drive # and the &-averaged output (%)..
Furthermore, we may interchange the order of & averaging
and applying a linear differential operator; thus, the
£-averaged response of X to modulations of the intensity
of 5 is

5. 5
(6] ) =g o0, - 09

When defining x[n; 1] = (%[, &; 7]) ., we are back at the case
without additional noise discussed above. Thus, for addi-
tional noise sources that are independent of the drive 7, the
CRR Egq. (10) is still valid. For an experimenter, this means
that, for instance, uncontrolled thermal fluctuations are not
detrimental for the CRR and simply average out. This fact
is exploited in Sec. III A.

B. Extension: Shot noise with temporal correlations

The Poisson process considered so far is white noise
C,(t,7) x6(t—1'), and we assume knowledge of A(t).
Both assumptions can, for instance, be problematic when
studying neural networks. A useful noise model solving
both problems is the Cox process, or doubly stochastic
Poisson process, where events are conditionally Poissonian
with intensity A(z), but A(¢) is itself a random process. Here,
we choose the intensity A(¢) = ®[¢(1)]p(¢), where ¢(t) is a
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Gaussian process and we assume that the mean m(r) and
autocorrelation C, (1, ¢') are chosen such that ¢() < 0 only
rarely and we may set A(7) = ¢(¢). The limits of validity of
this choice are discussed in Appendix C. The cumulants of
the Cox process are

(n(2)) = m(1),

the latter reflecting the law of total variance; thus, the
process is indeed temporally correlated (colored) noise.
Next, we derive a somewhat involved extension of the
CRR for this case. However, as we show afterward, the
involved expression can be simplified under reasonable
assumptions.

C,(t.1)=Cy(t.0) +m(t)o(t—1), (15)

1. Exact CRR for systems driven
by a Gaussian Cox process

The characteristic functional of a Cox process
with a Gaussian-process intensity is given by Z,, ¢, [u] =

<Z¢[u]>¢~/\f(m,€¢) [30], where Z,[u] = exp ([ ¢(1)[e™) -
1]dt) is the characteristic functional of the Poisson process
and the average is taken over the ensemble of Gaussian
processes with mean m and autocorrelation Cy; thus,

Zync,lu] = e DHAE-TEED | (16)

where

g = [ drriogto.
217 = [ dndts3 fe)Clr o). (7)

To decompose the cross-correlation into linear-response
functions, we need to consider the linear response

me(t’ tl) = (18)

SM(7) (e, -

=m

to mean modulations where the subscripts of the expect-
ation value denote the noise parameters. Additionally, we
need to take into account the linear response K ¢, (.1, 1")

to autocorrelation modulations
Cy(t',1") = Cy(r.1") + Dy (1, 1"). (19)
This response function can be defined by
&) mcyren, = XDme,
+ s/ drdr"D,(t, z”)Kxc¢(t, 71"

+ O(?), (20)

and K¢, (t,7,1") = [5/5C(z",t”)](x(t))m,c|cch can be

computed using the two-point functional derivative

fld = flg+ hofer — 032 =1)]| . 1)

where o, , denote the two intrinsic time arguments of g.
Proceeding analogously to the case of Poissonian input
leads to a CRR for Cox-process-driven systems

Cot.t) =m(O)Kn(1.0) + [ d'Cy(¢ 2K, (1.8
Ko (1), (22)

which may alternatively be written as [see Eq. (15)]

Coltt) = [ APy 2K , (1.0.)

+ C, (7. 1)K (2. 17)]. (23)

This formulation reveals a more complicated relation
between the input-output cross-correlation and the response
statistics than in the simpler Poissonian and Gaussian cases,
Egs. (10) and (11), respectively, because here the right-
hand side involves different statistics of the input noise as
well as response functions to modulations of different
parameters. Note that in the limit Cy(z,7) — 0, in which
the intensity becomes deterministic {[A(f) — m()]?) = 0,
Eq. (10) is recovered with m(¢) =A(t) and K, =K. For the
linear filter, Eq. (22) can be checked directly, here K xCp = 0
(see Appendix C).

To compute the correlation response K ) numerically,
one must modulate the autocorrelation function of a
Gaussian process. To illustrate a way to do this, consider
the Langevin equation

Tpp =m— P+ \/26%c,[1 + es(1)|E(1). (24)

where £ is centered Gaussian white noise. The autocorre-
lation of ¢ is then, for 7 > 0,

Cylt+1,1)=c%e""/%

267 o0 oA
te——e T | dAeTs(t—A).  (25)
T¢ 0

If the spontaneous autocorrelation takes the form c2e %,
one can, thus, generate the modulated process by tuning s
such that the second line in Eq. (25) is
eD,(t+ 7,1) = ee™"/" f(t), where f can be chosen freely.
More general situations can be achieved analogously by
higher-dimensional Markovian embedding.
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2. Weakly correlation-responsive regime for systems
driven by a Gaussian Cox process

For systems that respond weakly to systematic changes
in the input autocorrelation (while leaving the mean input
untouched) or for which the input is only weakly auto-
correlated, Eq. (22) can be simplified. Specifically, when

/dt”C¢(t’,t”)KxC¢(t, 71" <</dt”C,7(t’,t”)me(t, "),
(26)

we find the useful relation

Coplt.) / drC,(f Kt ?)  (27)
or, for stationary processes in the frequency domain,

S(@) = S, (o), (@). (28)

The approximate CRR for colored shot noise Eq. (27) takes
the same form as the Gaussian FNT Eq. (11), but note the
differences between controlling the mean of Gaussian noise
and controlling the intensity of shot noise, as mentioned
below Eq. (11).

The approximation is exact for linear systems, for
which always Ky, = 0. In Sec. III B, we discuss a non-
linear system for which the approximation also holds
(see Fig. 5), and, in Sec. Il C, we show that Eq. (27) is
an improvement over Eq. (10) even in a situation where the
colored shot-noise input is not a Cox process.

III. APPLICATIONS OF THE CRR
A. Particle detector

Detectors resolving single particles in a beam, like
electrons or photons, are of unquestionable importance:
from the early Geiger Miiller counters [31], used to quantify
radioactive decay, to the newest superconducting-nanowire
single-photon detectors [32], key elements for optical
quantum computing, to name only two prominent examples.
These single-particle detectors have the following issues in
common [33,34]: (i) After detecting one particle, there is a
nonvanishing dead time within which subsequent particle
detection is unreliable, and (ii) they are subject to thermal
noise, which is problematic at the low energies correspond-
ing to single particles. Here, we consider a generic detector
model describing an observable current

1(2) = [ax (S[mln)l(2) + £(1) (29)

which generates a pulse

a(t—1;) = O(1 — ti)t— } (30)

upon particle arrival at ¢;, provided the detector is not
in a refractory state (dead) due to a preceding event.
Specifically, we consider a nonparalyzable detector [31],
which means that the switch 9 attains the values 9[i7; 1] = 0
it [,  OmIn(f)d’ =1 and ;7] =1 else. The
initial value of the switch, e.g., 9[n;0] = 1 corresponding
to an initially susceptible detector, is forgotten after
RTgead (Taeado) (1 + Taeaado)- We also take into account
thermal fluctuations in the form of an Ornstein-Uhlenbeck
process

7:{=-C+ 20(2:1{5(0 (31)
[here, £(7) is standard Gaussian white noise].

Particle emission is often considered a Poisson process,
matching the key assumption in the derivation of the
CRR. For instance, in the case of coherent laser light, the
photon absorption statistics is exactly Poissonian [35].
Thus, we may use Eq. (12) to relate the cross-spectrum
Sy, between the incoming particles and the elicited
current to the susceptibility y;, with respect to modulat-
ing the beam intensity A, + ev(t), namely, S;, = Aoy,
We note that the independent thermal noise {(r) does
not affect the relation according to what we discuss
in Sec. IT A.

In Fig. 2, we show the left- and right-hand sides
of Eq. (12) for three different values of the detector’s
dead time, where the statistics are measured in stochastic
simulations, on which we elaborate in Appendix A. For
Tdgead = 0, we have the simple example of linearly low-pass
filtered shot noise, for which both, the input-output cross-
spectrum and the susceptibility drop monotonically with
frequency. The system becomes nonlinear for nonvanishing
dead times. As we see in Figs. 2(c) and 2(d), the detector is
less susceptible in this regime; i.e., we observe an overall
reduction of both the susceptibility and the cross-spectrum,
and, for long dead times [Fig. 2(d)], we even see maxima
forming in the spectral measures. In all cases, the CRR
is excellently confirmed by the simulation results. As
sketched in Fig. 2(a), in an experiment, the accessible
manipulation of the beam intensity and the observable
mean response to it thus permit one to determine the exact
cross-correlation between the actual particle arrivals and
the detector signal.

B. Leaky integrate-and-fire neuron

Integrate-and-fire neurons are an abstraction of neural
dynamics that is excellent at predicting neural spike trains
[25,36-39] and frequently used in simulations and in
theory of spiking neural networks [40—46]. Such models
exhibit a multitude of biologically observed network states
(see Refs. [41,43], and references therein).

Here, we consider a leaky integrate-and-fire (LIF)
neuron. In this model, the neuron maps the Poissonian

041047-5
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(a) Noisy photodetector with dead times

2 7 = OQutput
I t
0 —“ﬁl;&“npu _\&\‘_\-——Lﬁ , z[n]
1 1 1 1 1 1 1 [ 1
T T T T T

1
0 2 4 6 8 10 12

(b) Integrate-and-fire neuron driven by spikes

vT T
VR

[ [
T T T T T

0 2 4 6 8 10 12
t

FIG. 1. Examples of trajectories of shot-noise-driven systems.
(a) Output (purple line) of a nonparalyzable photodetector with
dead times (black bars) driven by shot noise (green lines).
(b) Voltage trace (black), output spikes (purple), and input spikes
(green) for a leaky integrate-and-fire neuron [Eq. (32)].

input spikes 7(¢) = >, 8(¢ — 1;) to its output by integrating
the equation

(1) = =v(2) + p + (@ n)(1) (32)

until the membrane voltage v() hits a threshold v(7lF) =
vy at which the neuron spikes and is reset v(#IF) — vg;
see Fig. 1(b). Time is counted in multiples of the membrane
time constant z,,, which, to ease the notation, we set
to one. The neuron receives a constant current u, and
the input spikes are convolved with a synaptic filter
a(t) = A®(t)texp(—t/t,)/72, where A is the synaptic
amplitude and 7, < 1 is the synaptic timescale. The output
spike train x[n;7] = >, 8(r — £F), where £ are the fire-
and-reset times, is communicated to other neurons and is,
thus, the observable we are interested in.

1. Test of the CRR and limitations
Jfor non-Poissonian input spikes

In Fig. 3, we present simulation results for the cross-
spectrum S, () using spontaneous input (¢ = 0) and the
susceptibility y(w) using modulated input (e > 0).
Both simulations are done for two distinct parameter sets
[Figs. 3(a) and 3(b)]. For once, we test the case of a low
input intensity with high amplitude; here, two input spikes
in short succession are sufficient to trigger an output spike.
The susceptibility in this case is rather high and decays with
increasing frequency. Second, we use a high input intensity
with low amplitude of the input spikes [Fig. 3(b)], such that
the mean input is the same as in Fig. 3(a) but we are close to
a diffusion limit [47,48]. In this setting, we observe a much
lower susceptibility (by a factor of approximately 7 for low
frequencies), which is due to the reduced synaptic ampli-
tude A (this is similar to the findings in Ref. [26]). In
addition, the high-intensity case features a peak around the
firing rate that is caused by the reduction in the effective
noise level. Most importantly in the context here, in both of

(a) Modulation response
— n(t) !
Ul 7 detector }I(t)
1

Absorption-detection cross-correlation

argSen

T T T 11T

argSzy

T T T TTTTTT T T T TTTTTT T TVTTTTTT

argSzy

T T T

x - xwuux
1071 10° 10" 102
w

FIG. 2. Test of the cross-correlation—response relation Eq. (12)
for a particle detector without (b) and with dead time (c),(d) as
described in Sec. III A and sketched in (a). Both the cross-
spectrum Sy, (red, absolute value; blue, argument) and the
susceptibility Aoy, (black circles) are determined from stochastic
simulations (Appendix A) and averaged over 1000 trials—their
agreement corroborates Eq. (12). (b)—(d) test this agreement for
increasing values of the detector dead time, making the system
increasingly nonlinear, yet Eq. (12) is respected in that colored
lines and black circles agree. The gray dashed lines show the
exact cross-spectrum for 74,4 = 0, that is, the absolute value and
argument of yF[a](w), where Fla](w) = (1 —iw7,)™? is the
Fourier transform of Eq. (30). Parameters: 4y =1, 7, = 0.2,
1, =1, 07 =001, At =107*, T = 200, and T\, = 50.

these opposite cases, Eq. (12) is excellently confirmed;
i.e., the cross-correlation between input and output spikes
in the spontaneous case fully agrees with the linear
response to an intensity modulation.

A common approximation of shot-noise-driven systems,
the diffusion approximation [I], replaces an inhomo-
geneous Poisson process #7(7) with intensity A(z) + es(r)
by white Gaussian noise z(7) with matched first- and
second-order statistics, i.e.,

n(t) = z(1) = A1) + es(t) + /(1) + es(1)E(r),  (33)

where &(¢) is white Gaussian noise with (£(¢)) = 0 and
(E()é(F')) = 8(r—1'). This replacement becomes exact
only in a very specific scaling limit (see Appendix B)
but is often trusted to be a good approximation. If one seeks
to estimate the linear response of (x[n;?]) to modulations
of the intensity of the Poisson process using the diffusion
approximation, it becomes apparent from Eq. (33) that
one has to compute the linear response of (x[z;7]) to
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(a) Low intensity, high amplitude
e H - 27
0.7 ~—
. >
= &0
f{—e——c—sc¢c 9-0-0%¢ o - 0
00 TTTTT] T T T TTTTT] T T T TTTTTT T T T TTTTT]
(b) High intensity, low amplitude
- 27
- 0.1 : . >
Ras =Spontaneous input-output cross-spectra /)\0 %0
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FIG. 3. LIF neuron model: Test of the cross-correlation—

response relation Eq. (12) for a constant baseline intensity A,
and the two cases of low intensity 4, and high amplitude A (a) and
high intensity and low amplitude (b). Both, the spontaneous
input-output cross-spectra Sy, /4, (red lines: absolute value, blue
lines and right axis: argument), and the susceptibility y (@) (black
circles, absolute value and argument respectively) are determined
from numerical simulations (Appendix A); for the susceptibility
the intensity is explicitly modulated (¢ > 0). The agreement of
colored lines and black circles corroborates Eq. (12). Suscep-
tibility based on the diffusion approximation Eq. (34) (gray
dashed line). Output firing rate (black dotted vertical lines).
Eq. (32) is integrated by Euler’s method with time step At = 107*
and integration length 7 = 100. Furthermore, vy = 1, vp = 0.5,
u=0.5,and 7, = 0.02. In (a), 4o =2, A = 0.4, in (b) 4y = 16,
A =0.05. The stimulus used to compute the susceptibility
(circles) is € cos(w,t) with e = 0.1 (a) and ¢ = 0.16 (b).

simultaneous modulation of both the mean and the noise
intensity of the Gaussian process z(f). We present this
diffusion-approximation-based linear response

0
sy (-

K%(1,1) = (34)

alongside the true response to intensity modulations in
Fig. 3. To this end, we simulate Eq. (32) but with the
Gaussian process above replacing # and simultaneously
modulate both the mean and the noise intensity (results
shown in Fig. 3 as gray dashed lines). For the parameters
that we have chosen, the diffusion approximation turns
out to be a reasonable description of the susceptibility,
although, in the case of low input intensity and high
amplitudes [Fig. 3(a)], somewhat stronger deviations
become apparent.

The validity of Eq. (10) and thereby Eq. (12) relies on the
Poissonianity of the input. To exemplify this, we generate
non-Poissonian input processes with intensity Ay + ev(1),
by first sampling a Poisson process with intensity
n[do + ev()] and then keeping only every nth spike. As
shown in Fig. 4(a), this procedure, in the absence of
modulation ¢ = 0, decreases the coefficient of variation
C? = (I?)/{I)> = 1/n (where { - ) denotes a cumulant,

(a) Non-Poissonian input
1.0 o o " [ rom ] o
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FIG. 4. LIF neuron model: Violation of the CRR Eq. (12) for
non-Poissonian input. (a) Samples of a Poissonian process (dark
blue) and non-Poissonian processes (C,, < 1). (b) Absolute value
of the relative error of Eq. (10) |[y(®@) — S, (@)/A]/x(@)| where
(@) is the response to a modulation and S, (w) is the sponta-
neous cross-spectrum. As in Fig. 3, both the susceptibility y and
the input-output cross-spectrum S, are obtained from numerical
simulations, see Appendix A. For all but the lowest line, the input
is non-Poisson with colors corresponding to (a). The dotted line
indicates the input intensity 27z,. (c) Absolute value of the error
[lx (@) = Sy, (0)/S,(@)]/x(w)|, which quantifies the mismatch of
Eq. (28), for the same setting as in (b). The vanishing error at
small @ indicates that here Eq. (28) is a successful color-
correction of Eq. (10) whereas the remaining error about the
input intensity @ = 2z, indicates that here the naive color-
correction fails. Parameters as in Fig. 3(a).

i.e., here the variance) of the interspike interval / such that
the so-generated processes (for n =2,3,...) are more
regular than a Poisson process (C,, = 1). For these proc-
esses, Eq. (12) is violated, as shown in Fig. 4(b). Moreover,
no frequency-independent linear relation between S, and y
can be found. The violation is most severe in a frequency
band about the input intensity (black dotted line).

The deviation in Fig. 4(b) can be cured at low frequen-
cies by using naively the color-correction Eq. (28) but
remains at frequencies @ 2 274, [see Fig. 4(c)]. However,
if the input process is truly a Cox process, as required in
Sec. II B, the color-correction Eq. (28) seems to be a good
approximation; see Fig. 5. Thus, the correlation response
K seems to be negligible for the model Eq. (32). In
Sec. I C, we find a situation in which Eq. (28) works for
non-Cox noise, too.

2. Fluctuation-response relation

Next, we leverage Eq. (12) and follow the approach of
Ref. [11], to derive a relation between the spontaneous
output fluctuations of the model Eq. (32) and the output’s
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FIG. 5. Test of the approximate CRR [Eq. (28)] for a Cox-

process-driven LIF neuron. (a) Power spectrum S, of a Cox
process, in which the intensity is bandpass Gaussian noise with
mean m(t) =my =16 and power spectrum S,(w) =10-0(w—2)-
©(20—w). (b) Absolute value (red line) and argument (blue line)
of S,,/S, and respective susceptibility of the model Eq. (32)
(black circles), obtained by stochastic simulations (Appendix A)
using the stimulus e cos(w,t) with € = 0.2. The gray line is the
absolute value of S, /m, probing Eq. (12). Parameters: time step
At = 1073, integration time 7 = 100, v; = 1, vg = 0.5, u = 0,
7, =0, and A = 0.05.

response to modulations of the input intensity. To this end,
we formally incorporate the reset mechanism into Eq. (32):

v=—v+u+ (axn)— (vy —vg)x(1). (35)

Note that if the input would not be smoothed by «, the reset
term would have to be —[v(f) —vg)]x(?), as, e.g., in
Ref. [45], to account for overshooting. The product
v(#)x(r) would be inconvenient, because it would lead to
third-order statistics in the following expressions (a similar
problem emerges when an absolute refractory period is
taken into account [13]), which we avoid by using the
synaptic filter, which is biophysically more plausible any-
way. Following Ref. [11], we assume stationary statistics
[i.e., A() = Ao), apply Rice’s method to Eq. (35), and get
for w #0

§oy(@) = (vr — vR)Sc(@) + (1 + iw)S,, () (36)

& (o)

where &(w) = A(1 — iwz,)~2, the (cross-)power spectra
Sre(w) = {F(w)G*(w))/T with the finite-time-window
Fourier transform G(w) = [I dte'G(t), and the asterisk
denotes the complex conjugate.

Plugging Eq. (12) into Eq. (36) then yields an FRR

(UT - UR)Sx(a)) + (1 + iw)va(w)

x(w) = (37)

Thus, the susceptibility can be computed using exclu-
sively output fluctuations, quantified by S, and S,,, and

(a) Low intensity, high amplitude
0.7 -2
i <
Rad o0
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(b) High intensity, low amplitude
- 27
- 0.1 4 <
Rad = Spontaneous output fluctuations %c
O Susceptibility -
0.0 —T T T

TTTTT] T T T TTTTTT T T T TTTTTT
1071 10° 10! 102
w

FIG. 6. Test of the fluctuation-response relation [Eq. (37)] for a
constant baseline intensity A,. (a),(b) Susceptibility computed
from spontaneous output fluctuations [right-hand side of
Eq. (37)], absolute value (red line), and argument (blue line,
right axis), and susceptibility computed by explicitly modulating
the intensity (black circles, absolute value and argument, re-
spectively). The agreement of colored lines and black circles
corroborates Eq. (37). The susceptibility computed by explicit
modulations (black circles) is the same as in Fig. 3, but the
colored lines here are exclusively output statistics. All statistics
are measured in stochastic simulations; see Appendix A. Param-
eters as in Fig. 3, except for the spontaneous case in (b), where
At = 107 is necessary to achieve agreement.

without knowing the input spike times (although 4, and a
must still be known). Equation (37) is tested and con-
firmed in Fig. 6.

3. A nonstationary case

While many tools for stochastic systems are tailored to
stationary situations, in a number of areas, such as climate
research or biology, nonstationary behavior cannot be
ignored without losing key features of the dynamics. For
instance, the model Eq. (32) does not approach stationarity
if the baseline rate A(7) is not constant. If A(z) varies
sufficiently slowly, one would not expect strong differences
from a stationary setting. Indeed, as we show in Fig. 7,
when incorporating a slow Gaussian pulse A(¢) = 4g; +
Ao exp[—(t — t,,)?/(26?)] into the baseline intensity, the
system’s output rate adapts adiabatically to the changing
input intensity. This is reflected by the scale invariance of
the output rate with respect to the pulse width o; see the
overlapping gray lines in Fig. 7(a). Thus, nonsurprisingly,
the nonstationary CRR Eq. (10) is fulfilled for the adiabatic
case [the yellow line and gray circles agree in Fig. 7(b)].
Truly interesting nonstationary behavior is achieved, when
the pulse is too short to be responded to adiabatically;
see the purple line in Fig. 7(a), which breaks the scale
invariance (and also the symmetry with respect to the pulse
center t,,). However, as we confirm for ¢ = 0.1, Eq. (10) is
still valid in this nonadiabatic case [the orange line and
black circles agree in Fig. 7(b)].

041047-8



FURUTSU-NOVIKOV-LIKE CROSS-CORRELATION-RESPONSE ...

PHYS. REV. X 14, 041047 (2024)

(a) Firing rate (b) Cross-correlation
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FIG. 7. LIF neuron model: test of the Eq. (10) for nonstationary

dynamics. (a) Output firing rate (gray and purple lines) of Eq. (32)
for a time-dependent input intensity A(¢) = 2 + 4 exp[—(t — t,,)?/
(26?)] (green line) for 6 = 10,6 = 5, and ¢ = 1 (overlapping gray
lines) and 6 = 0.1 (purple line). (b) Cross-correlation C,, (4 7¢.7)
with 7y = 0.05 for ¢ = 5 (yellow line) and ¢ = 0.1 (orange line)
and response function A(7)K (¢ + 7, t) for 6 = 5 (gray circles) and
o = 0.1 (black circles). Furthermore, vy =1, vg = 0.5, u =0,
and 7, = 0.02.

C. Recurrent neural network

Here, we discuss the problem of stimulating a “control”
neuron in a network to achieve a desired time-dependent
firing rate in a “target” neuron. If the susceptibility of the
control neuron y; to a current injection /(¢) is known and
spontaneous measurements of pairwise cross-correlations
have been conducted, one can apply the approximate CRR
for colored shot noise Eq. (28) to estimate the remote
susceptibility

X11(@) % Se(0) 7' Sre (@) e (@), (38)

where S, is the power spectrum of the control neuron and
S, 1s the cross-spectrum between the target and the control
neuron. Knowledge of y,; then allows one to make the
target fire with a desired rate r,(¢) by applying the current

1(t) = F_I[F[rt]/)(tl](t> (39)

to the control neuron. Note that, beside the assumptions for
Eq. (28), one also needs to assume that the control and the
target neuron receive independent noise from the rest of
the network (see Sec. IT A). This can be violated in dense
networks, but, as we show next, for the biologically relevant
case of sparse neural networks the assumption is justified.

For concreteness, we consider a sparsely connected
random neural network [41]. This network model consists
of N excitatory and N; = N /4 inhibitory LIF neurons.
Each neuron has exactly Cr incoming excitatory synapses
with efficacy J and C; incoming inhibitory synapses with
efficacy —gJ. Thus, the evolution of the network is given by

Cg
vy =—v;+J Z xi(t) —gJ Z xj(t)—l—Jlem‘j,
) J=1

JE€Cg(i) JjeC (i
(40)
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FIG. 8. Remote control in recurrent neural networks. (a) Net-

work model Eq. (40). One random neuron is selected as control
neuron, and another random neuron is selected as target neuron,
constrained to be at one-synapse distance from control (green
arrow). The control neuron receives the current /(z) in Eq. (39) to
make the target fire with a desired rate r,(f). (b),(c) Real and
imaginary parts of the target’s response to control stimulation
measured by stimulation (black circles) and estimated from
Eq. (38) (red and blue lines). The gray line shows the estimate
based on Eq. (12), i.e. without the color correction Eq. (28).
(d) Desired rate r,(z) (turquoise line) and achieved rate
(purple line) of the target neuron after application of the current
Eq. (39) to the control neuron. The spontaneous rate of the target
neuron is ry ~ 0.68 (gray dashed line). Parameters: Ny = 10°,
N; =25x10* Cg =200, C; =50, g=4.2, J=0.01, and
Vext = 0.83/(JCg). The spectral measures in (b) and (c) are
averaged over 10* noise realizations, and the rate in (d) is
averaged over 103 noise realizations. In both cases, the network
realization is fixed. For a membrane time constant of
7,, = 10 ms, the y ticks in (d) are 7, 8, and 9 Hz, respectively.

with the additional fire-and-reset rule as in Eq. (32). Here,
xio ; are independent external Poisson processes with
intensity v, and Cg(i) [C;(i)] is the set of excitatory
[inhibitory] neurons that send spikes to neuron i.

In Fig. 8, we show simulation results for this network.
We select two neurons as control and target, respectively,
enforcing that the target is at one-synapse distance from the
control [highlighted by the green arrow in Fig. 8(a)]. The
susceptibilities y.; and y,; are obtained from simulations
in which the control neuron is directly stimulated with a
Gaussian white noise current. The cross-spectrum §,. and
the power spectrum S, are obtained from spontaneous
simulations. As shown in Figs. 8(b) and 8(c), the estimate
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Eq. (38) captures the susceptibility quite well. In Fig. 8(d),
we then demonstrate how y,; can be exploited to control the
target indirectly: Here, we generate a Gaussian broadband
stimulus r,(¢) (turquoise line) with cutoff frequency
w. = 2, feed the current Eq. (39) to the control neuron,
and observe the firing rate (purple line) of the target neuron.
Note that the parameters here are chosen such that, for a
reasonable membrane time constant 7,, = 10 ms, the
spontaneous rate in dimensional units is approximately
7 Hz, which is biologically reasonable.

IV. FURTHER VARIANTS OF THE CRR

Here, we discuss two further variants of the CRR: First, we
show how to include random amplitudes of the input spikes,
and then we show CRRs for higher-order input-output
cross-correlation functions and nonlinear response functions.
Given the characteristic functional Z,, [u] of the input process,
where p denotes the (time-dependent) parameters of the
noise model, CRRs can be found systematically by recog-
nizing that they correspond to relations between functional
derivatives of Z,, [u] with respect to u(¢) and functional Taylor
coefficients of Z,[u] with respect to parameters p;. This is
analogous to the derivations of Egs. (10) and (22) and is
exemplified for the two further cases below.

A. Random amplitudes of input spikes

As a first variant, we consider an input process with
random amplitudes #5(7) = > ; a;6(t —1;), where ¢
are Poisson events with intensity A, and a; are
independently sampled from an exponential distribution
p(a) = O(a)b~'exp(—a/b). Thus, we replace the
Poissonian input with a marked Poisson process. In the
example of the shot-noise-driven LIF neuron, random
amplitudes are a more faithful description of synaptic
inputs that display considerable variability [26,49-51].
One could ascribe the random amplitudes to an additional
random process as described in Sec. Il A, specifically
n(t) = &(t)ny(1), where 1 is the unmarked Poisson process
and &£(7) M O[£(1)]b~! exp[—£(r)/b] (independence refers
here to the time argument). Then, without additional effort,
we have a CRR Eq. (10) for the cross-correlation between
the output and 7,. In contrast, if we aim at a CRR for the
full marked input 7(¢), we deal with a more complicated
problem that we address next.

The mean of the input process is (1()) = bly; thus,
modulating 4, and b has a similar effect on the mean input.
In Ref. [26], the susceptibility y(w) of a LIF neuron to an
intensity modulation of such an input process has been
derived. To fully explain the input-output cross-spectrum
S,y (@), it turns out that y(w) is not sufficient. Specifically,
we show that one also needs the susceptibility y,(w) to
time-dependent modulations of b.

Our starting point is the characteristic functional of an
independently and identically marked Poisson process [52]

Zi,b[u] = effl(f/)[qﬁb(u(t’))_ud,d’ (41)

where ¢, (1) = (') is the characteristic function of the
marks (here, amplitudes). For exponentially distributed
amplitudes, ¢, (u) = 1/(1 —iub). Similarly to Eq. (9),
C,, can be expressed by a functional derivative
D, (1) = [6/6iu(t)|Z; [u], and, similarly to Eq. (7), the
two linear-response functions can be expressed by func-
tional Taylor coefficients T(t) = [5/5A(t)]|Z p[u]| ,_, and
T,(t) =[6/6B(t)|Z; plu]|p_,- Because of the identity
(easily checked by insertion)

) = bty ) + 02 2 (). (42)

the three functions D,, T, and T, are directly related:
Dy (1) = AbT (') + b*T, (), (43)

as follows by straightforward differentiation. If we integrate
Eq. (43) with f Duy|u, f]x and assume stationarity, we find
for w # 0 the CRR

Se(@) = doby(@) + by (). (44)

Thus, in the case of random amplitudes, the spontaneous
input-output cross-spectrum is connected to two mecha-
nistic properties of the system, the linear responses to
intensity and amplitude modulations, respectively.

The CRR [Eq. (44)] is verified and illustrated in
Fig. 9 for two opposite cases of the input process. The

Low intensity, high amplitude
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FIG. 9. LIF neuron model: test of the CRR for a LIF neuron
driven by a Poisson process input with random amplitudes
Eq. (44). Absolute value [(a),(c), red lines] and argument [(b),
(d), blue lines] of the cross-spectrum S, (). Right-hand side of
Eq. (44) (black circles) and single contributions 5%y, () (light
gray circles) and Aoby(w) (dark gray circles); for the latter, the
exact result [26] is shown (dark gray line); for all other lines and
symbols, the statistics are measured in stochastic simulations—
see Appendix A. Parameters: vy =1, vg =0.5, p =0, and
7, = 0. For (a) and (b), 40 =2 and b = 0.4; for (c), 4o =24
and b = 1/20.
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cross-spectrum decreases monotonically with frequency
and saturates at a nonvanishing level, corresponding to the
event that an input spike triggers immediately an output
spike; this is more likely for larger amplitudes [saturation
is larger in Fig. 9(a) than in Fig. 9(c)] and relies on our
choice of a vanishing filter time 7, = 0. We also illustrate in
Fig. 9 the relevance of the two contributions in Eq. (44),
which agree for small frequencies but deviate otherwise,
especially pronounced in the phase for large amplitudes and
intermediate frequencies [Fig. 9(b)].

B. Higher-order statistics and nonlinear response

Lastly, we demonstrate a higher-order CRR involving
nonlinear response functions and higher-order cross-
correlations. It has been recently suggested [53] that the
nonlinear response of sensory cells may be important in
certain detection problems [54]. Furthermore, taking into
account nonlinear response overcomes the limitations of
linear-response theory of neural activity [55] and may
exhibit surprising features already for simple neuron
models [56].

Considering again a fixed-amplitude inhomogeneous
Poisson process, the third input-output cumulant
Cop(t.1,1") = {x()n(f')n(¢"))) can be attributed to a
linear combination of the linear-response function K (¢, ¢')
and the second-order response function K,(t,7,1") =
[6%/8es(t')des(f"))(x[n; 1]),|.—o- Analogously to the above
derivation, expressing C,,,, K,, and K as path integrals
including the second functional derivative of the character-
istic functional of #n and its second and first functional
Taylor coefficients with respect to the intensity, respec-
tively, we find by comparing the integrands

Copy(1.8.17) =8(¢ = VA )K (1.) + AE VA" K (1.0 1").
(45)

This strikingly simple relation reveals that the third-order
cross-correlations are entirely determined by first-
and second-order response functions. Similarly, cross-
correlations of the order of n are given in terms of response
functions up to the order of n—1. Likewise, cross-
correlations including orders m > 2 of x are related to
response functions of [[”, x(z;).

V. SUMMARY AND OUTLOOK

In this paper, we derived a number of exact relations
between the input-output cross-correlations of a shot-noise-
driven system and its response functions. These CRRs can
be regarded as analogs of the famous Furutsu-Novikov
theorem for systems driven by Gaussian noise but are, as
we demonstrated, not the same. Our theorem, holding true
for the case of Poissonian shot noise (and in an extension
for Cox noise), applies to simple functionals such as a
linear filter but also to a more complicated system such as

an excitable neuron that itself generates spikes (i.e., another
shot-noise process). We tested the basic relation for a
particle detector and for a shot-noise-driven integrate-
and-fire neuron and demonstrated that it is nontrivial, as
it is not obeyed if the input shot noise deviates from
Poisson statistics. We used the CRR for this model class
to derive a novel FRR in the presence of shot noise. In a
recurrent network, we used the CRR to extract remote-
response functions from spontaneous cross-correlations.
Finally, we generalized the relation in two further
respects: (i) We replaced the common Poissonian input
noise by a marked Poisson process, for which ampli-
tudes are drawn from an exponential distribution; and
(i) we exemplified how higher-order cross-correlation
functions of shot-noise-driven systems can be related to
higher-order response functions.

The approaches developed here enable the derivation of
families of nontrivial input-output relations of systems
driven by random series of events. It is conceivable, for
instance, that the generalizations outlined above may be
combined; i.e., we could consider a marked and doubly
stochastic process as an input and also derive higher-order
relations in this setting. Another extension is the common
situation that a system is subject to several independent
shot-noise processes or to both shot noise and Gaussian
noise. In neurons, for instance, there are excitatory and
inhibitory synaptic inputs and, moreover, several compet-
ing types of noise, some of which can be approximated
by Gaussian noise, e.g., the channel noise from a large
population of independent ionic channels [57]. We expect
that, in such cases, families of relations between various
input-output cross-correlations and response functions
to various modulations (e.g., intensities of excitatory
and inhibitory input spike trains; mean and variance of
Gaussian input noise) can be found and may serve to
derive, for instance, corresponding families of FRRs.
Another interesting model class for neural activity is the
Hawkes process [55,58,59], which our study does not
cover due to its deviation from Poissonian input sta-
tistics. It is, thus, an open problem to derive CRRs for
this situation.

Regarding the specific application of the CRR to the
integrate-and-fire model, several remarks are in order. First
of all, analytical results for this model class are scarce, and
the CRRs may allow us to derive new exact results. For the
case of random amplitudes, the intensity response is known
(see Ref. [26]), and the response to modulations of the
amplitude might be obtained by the methods therein;
knowing both of these functions would provide us with
an explicit expression for the input-output cross-correlation
function of this model. Second, the CRR can also be
applied to more involved nonlinear models, such as
integrate-and-fire models with adaptation [60-63], with
synaptic short-term plasticity (see, e.g., Refs. [64—68]), or
with conductance-based input shot noise [69-73]. Beyond
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the integrate-and-fire framework, CRRs may be exploited
in detailed biophysical models such as Hodgkin-Huxley—
type neuron models with a true spike-generating mecha-
nism and spatially extended neuron models based on
cable theory with stochastic inputs distributed over the
neuron’s dendrite [74,75]. Third, at the network level,
input-output cross-correlations are particularly relevant,
because the input spikes for one neuron are another
neuron’s output spikes, and modern multielectrode arrays
allow for parallel recording of hundreds to thousands of
spike trains. Expanding on the approach worked out in
Sec. III C, we may use the CRR to determine an entire
matrix of pairwise response functions in heterogeneous
networks of spiking neurons. Furthermore, from a more
theoretical point of view, CRRs can be helpful by
constraining the constituents in the theory of neural
networks. For example, in a recent cavity-method
approach to rate-based neural networks [12] with
Gaussian statistics, the Gaussian FNT was used to
connect neural cross-correlations and response functions.
With the results presented here, such approaches can
likely be extended to recurrent networks of spiking
neurons. Last but not least, in the theory of neural
learning, the important paradigm of spike-timing-
dependent plasticity involves the cross-correlation of
pre- and postsynaptic spike trains. Relations such as the
CRR constrain the possible dynamics of the synaptic
weights during learning and may, thus, be instrumental to
understand this type of self-organization in the brain.
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APPENDIX A: NUMERICAL METHODS

The main results of this manuscript are links between
correlation functions and response functions, both of which
are, in general, hard to obtain analytically. Therefore, in
Figs. 2-9, we compute these statistics from stochastic
simulations. This involves sampling a large number of
realizations of the input processes, computing the respec-
tive output processes, and assuming that averages over the
ensemble of input processes may be approximated by
averages over the finite number of input realizations. In
this appendix, we lay out technical details.

1. Generation of Poisson processes

To sample Poisson processes with intensity A(f), we
discretize time into time steps At and perform a Bernoulli
trial in each time bin k with ¢, = kAt [52]. Specifically, we
draw uniform random numbers g, ~ U(0, 1) between 0
and 1. If g, < A(#;)At, we note an event at time #;; thus, the

so-sampled Poisson process may be represented by the
discrete-time spike train

M = Z (SAk—];

K such that g, <A(r,s)At

(A1)

Here, the ratio of the Kronecker delta and the time step is
the discrete-time approximation of the Dirac delta function
in the continuous-time spike train, 7(f) = > 6(r — ty).

2. Integration of Langevin equations

To sample the Ornstein-Uhlenbeck process Eq. (31), we
integrate the Langevin equation using the Euler-Maruyama
method. Specifically, we initialize the value of the process
at time #, as {y =0 and then iteratively compute the
subsequent values of the process

At At
S = (1 ——>Ck +1/20¢ — (A2)
4 4

where 7, ~LA(0,1). To get rid of transient behavior
due to the choice of {,;, we cut off a transient time
Tyam =50> 7, = 1.

The same type of integration is applied to simulate the
LIF dynamics Eq. (32) driven by white Gaussian noise z(7)
Eq. (33) in order to determine the diffusion approximation
of the response function Eq. (34). Here, we apply a
Markovian embedding to implement the filter a(¢) by
means of two additional auxiliary variables m; and m,:

(@ n) (1) & (ax2)(1) = Amy (1) /73

iy (1) = =75 my (1) + my (1)
iy (1) = =757 my (1) + 2(1).

(A3)

The last line describes again an Ornstein-Uhlenbeck
process that can in discrete time be simulated as in
Eq. (A2).

3. Sampling colored Gaussian noise

For the production of Fig. 5, we use a different method
(see Ref. [76] and references therein) to sample the
Gaussian input process. Namely, we generate the Gaussian
noise A(7) with given mean m and power spectrum S; (@) by
sampling the Fourier transform /(). Since we here consider
a stationary random process, that is, (A(z+7)A(7))) is
invariant to translations in time ¢, the correlations in
frequency space are diagonal: (A(w)1*(@')) x 6(w — o).
Thus, for a finite time window 7 and discrete frequency
bins w, = 27k/T, we may conveniently sample ReZ(wy),
ImZ(a)k)% [0,S;(w)/2] independently for each fre-
quency bin. Lastly, we add m, to the inverse Fourier
transform of Z to obtain A(z) = mq + z(1).
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4. Integrating LIF neurons

To integrate the LIF neuron Eq. (32), we first sample the
input as detailed above and then integrate Eq. (32) with a
simple forward scheme. Specifically, at each step k, the
membrane voltage is updated as

Uyt = O+ Atl—vp +Hp+ (axn)(n)],  (Ad)
and the convolution ax*# is computed in advance.

Alternatively, the Markovian embedding Eq. (A3) could
be used for shot noise #7(¢) instead of z(¢), too.

5. Spontaneous statistics

For spontaneous statistics, e.g., the left-hand sides in
Egs. (10), (22), (37), and (44), the simulations are com-
puted as outlined above for large numbers of input
realizations. Per realization, the correlation functions and
spectra correspond to simple products (of Fourier trans-
forms) of variables. The presented statistics are averages of
these per-realization products over all realizations.

6. Response functions

The susceptibility y of a variable (x) to modulations of a
parameter 4 is computed as follows. For each frequency w;
at which the susceptibility is sought, we simulate the
dynamics of x for many realizations of the input with
parameter Ay + £ cos(w,t). Assuming stationary dynamics
for € = 0, linear response theory states that, for w, > 0,

(¥(w)) = eny(@)d(w — w;) + O(e?).  (AS)
Thus, for each w; we may extract the susceptibility
x(w,) = [Aw/(en)](X(wy)), where the average is taken
over the realizations and the frequency step is given in
terms of the simulation window T as Aw = 2x/T.

APPENDIX B: CRR IMPLIES WHITE-NOISE
FNT IN THE DIFFUSION LIMIT

Here, we show that the CRR Eq. (10) implies the FNT
for white Gaussian noise. To this end, we follow an
approach put forward by Refs. [77,78] to recall that every
white Gaussian noise process can be regarded as the
diffusion limit of a scaled Poisson process with offset.
Thus, the CRR which applies to Poisson processes has a
corresponding property which applies to white Gaussian
noise; this property turns out to be the FNT.

The diffusion approximation in its common use refers to
replacing an inhomogeneous Poisson process by white
Gaussian noise with matched time-dependent mean and
noise intensity. This replacement neglects all cumulants of
the order of k > 3 of the Poisson process. However, the
scaled Poisson process with offset

2,(1) = (B1)

ann, (1) +y, (1),

where 7,(¢) is a Poisson process with intensity 4,(7),
becomes equivalent to white Gaussian noise

n—-oo

Xzp3 1] — x[&1], (B2)

in the sense specified in Refs. [77,78], in a specific limit. If

(1) = A(t)n + B(1)n?,
a, = a:/n,

walt) = —a;B(0)n, (B3)

with A, B, and a; independent of , then in the limit n — oo
the mean and autocorrelation of z, are (z,(t)) = a+A(r)
and ((z,(1)z,(¢'))) = a3B(t)5(1 = 1), yet all cumulant
functions of the order of k>3 vanish o 1/0(n*2).
Thus, in this limit, Eq. (B1) is statistically identical to a
white Gaussian process £ with mean m(t) = a+A(t) and
noise intensity D(t) = a3B(r)/2. Conversely, every white
Gaussian noise process can be represented as the diffusion
limit of a scaled Poisson process with offset.

Modulating the intensity of the Poisson process, specifi-
cally, replacing 4, (f) by 4,(t) +e&s,(t) with s, (1) = s+ (¢)n,
corresponds in the limit # — oo to modulating the mean of
the Gaussian process, i.e., replacing m(t) by m(t) + €5(1)
with $(¢) = ass4+(t), whereas the noise intensity is not
affected. Thus, the linear response K, of a functional
X[, 8] = X[z, = a,n, + W, t] to a modulation of 4,,(7),

(xlns 1)e = (xlus )0 + 8/ dr'K,(1.1)s,(t') + O(&),
(B4)

corresponds in the diffusion limit to the response of X to
modulating m(¢):

(K[& ). = lim (R]z,3 7)),

n—oo

= (%[& 1))y + lim i/ drK,(t,1)3(f) + O(e?),

n—oo d,

(B5)

where £ is the Gaussian noise introduced above. Thus,
the linear-response function to mean modulations of the
Gaussian process is K,: = lim,_,, K,,/a, in the diffusion
limit. Additionally, the cross-correlations C,,(t,7') =
(x(0)n, (1)) and Cse(r.1) = (X(1)6(r))) are related by
Ci: = a,C,, in the diffusion limit. Thus, Eq. (10) implies
the white-noise case of the Gaussian FNT Eq. (11):

Cie(t. 1) = apd, (1)K (1. 1)

=2D(7)K (1, 7), (B6)

since a2, (1)=(a}/n?)[A(t)n+B(1)n?)" =" a}B(1)=2D(t).
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APPENDIX C: IMPACT OF NON-NEGATIVITY

In Sec. II B, we discuss the Cox process, i.e., a condi-
tionally Poissonian point process #(¢) with intensity A(z),
and A(t) is itself a random process. Specifically, we choose
A(t) = O[p(1)]p(1), where (1) is a Gaussian process with
mean m(t) and autocorrelation function Cy(z,#'). In the
derivation of the extended form of the CRR for this Cox
process [Eq. (22)], we assume that ¢(z) is almost always
non-negative, i.e., that the positive mean value is much
larger than the standard deviation. We may, thus, set
A(t) = ¢(r). This allows us to achieve the closed-form
expression of the characteristic functional (exp [ [ A[¢(¢)]
(e —1)d1]) > see Eq. (16). Nonlinearities of A(¢) could
be captured systematically by expressing 4 as a polynomial
around m, taking the contributions up to and including
O[(¢ — m)?] into account by absorbing it into the Gaussian
problem, and treating higher-order nonlinearities of 4 using
Feynman diagrams. However, such a procedure is likely to
become cumbersome.

Setting A= ¢ is legitimate if the probability of
negative ¢,

(¢<0):1erfc[ 0/\2¢,00]. €

can be neglected (here, erfc is the complementary error
function). To estimate the impact of the non-negativity
constraint on the validity of the CRR Eq. (22), we first show
that Eq. (22) is fulfilled for a linear system if indeed A = ¢.
Second, we show how Eq. (22) is violated for a linear
system if P(¢ < 0) < 1 is violated.
Assuming ¢ = 4, the response functions of a linear filter
= [g°drk(t)n(t —7) can be computed explicitly.
Since, here, (n(1)) = (A(¢)) = m(¢), and, thus, (x(¢)) =
J&° drx(t)m(t — 7), the linear-response functions to mean-
and autocorrelation modulations are, respectively,

=0(t—-1)k(t—-7) (C2)

and

K, (t,1,1") =

(x(1)) =0.  (C3)

5C,(1.1")

The fact that K¢, =0 shows that, for P(¢ <0) <1, a

linear system does not respond to modulations of Cy.
The input-output cross-correlation can also be computed
explicitly:

- / " dee(e)nla = () = ()
()01 = )x(t = 1)
+ / dr'e(t —t")k(t —1")Cy(r', ")
= m(t') K (1,1)
—l—/dt”C¢(t’,t”)[2KxC¢(t, 7. 1") + K, (t1")],

(C4)

where in the last step we recast C,, into the form of the
right-hand side of Eq. (22), using the above expressions
for the response functions; Eq. (22) is, thus, explicitly
confirmed for the linear system.

If P[¢p(1) < 0] < 1is violated, the above calculations do
not provide a valid approximation anymore. The double-
average (f[n]), where first the conditional average over
Poisson processes 1 with intensity ©(¢)¢ and then the
average over Gaussian processes ¢» have to be carried out,
produces expectation values of a nonlinear function of
Gaussian random variables. Yet, the two response functions
can be computed explicitly from the mean output

x(0)) = [ drx(e =) u(e)
:/tdt’K(t—t’)ﬁ[m(t’),C¢(t’,t’)], (C5)
where

ﬁ(m’ C) = <®<¢)¢>¢~N(m,c)
1

=c——c¢
2rc

-m?/(2c)

+ %erfc (—m/\/ﬂ) (Co)

is the ensemble average of the input process. The linear
response to mean modulations follows from differentiating
Eq. (C5):

K1,

/) :ﬁ‘(ﬂ) / ' dsx( = $)ilm(s), C(5.5)]

t
=7 dsk(t—s)

xilim(s) + hé(s = 1), Cyls.9)]|

:®(t—t’)K(t—t’)%erfc[—m(t’)/ 2C,(1.1)].
(€7)

For Cjy — 0, this reproduces Eq. (C2), since

lim,_,_ erfc(x) = 2.
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Concerning modulations of Cy(t,1'), we first observe
that the mean output Eq. (C5) depends only on the variance
Vy(t) = Cy(t.t). Thus, the linear response to modulations
of Cy is given by the linear response to variance modu-
lations K¢ (¢.7.1") = 6(t' —1")Ky,(1.1'), as one can
see by Taylor expanding Eq. (C5) and identifying the
correlation response:

(x(1)),= /tdt’K(t— ?)i[m(t'),V 4 (') +eD(t,1')]

= (x(t))o—i—e/[dt’lc(t—t’)
d

V(1)

:<x(t)>0—|—€/tdt’/tdt”K(t—t’)

9
v,(7)

X

im(t),Vy()]D(1.1)

x 8(1 —1") Alm(#).V4(1))D(¢.1").  (C8)

As one may read off from this, the variance response
follows again by differentiating Eq. (C5):

Ky, (1,7) :% [ dsete=s)ilm().v,(s)

11
=0(t—1)k(t—1)= e 1(2Vy)

2,/2zV, '

Thus, as opposed to the case where P(¢ < 0) < 1, the
nonlinearity induces a nonvanishing response to variance
modulations. This response function vanishes for V; — 0,
the limit in which P(¢ < 0) — 0, provided that m > 0.

To test the violation of Eq. (22), we additionally need to
compute the input-output cross-correlation

(©9)

C,1.1) = / " dsx(t — ) (n(s)n(1)
- / " dx(t = ) (n(s)) n(1)
- / " dsk(t - ) [Ap())6(s = 1) + Cy(s. )]

=0O(t =1 )k(t—1)qm(t'), V4 (1')]

+/tdsK(t—S)C1(s7t,)' (CIO)

We are not aware of a closed-form expression for C; in
terms of C,, although a possible method is applied in
Ref. [79]. Here, we content ourselves with computing C,
numerically for the special case Cy(t,1') = coe =117 by
evaluating the double integral

Can(T)

FIG. 10. Violation of the CRR for Cox processes with non-
Gaussian intensity due to the non-negativity constraint. Input-
output cross-correlation Eq. (C10) of a linear filter driven by Cox
noise with Gaussian intensity that is clipped at zero (black line).
Right-hand side of Eq. (22) with the response functions Egs. (C7)
and (C9) (red dotted line). The disagreement between red and
black lines displays a violation of the CRR Eq. (22). Contribution
of the variance response to the right-hand side of Eq. (22),
2¢oKc,(7) (gray dashed line). Parameters: 7z, =4, 7, =2,
¢o = 0.1, and m is varied as indicated in the legend.

o= fanan | (3)]()- (20

X (A1) = 7i(m, co)l[A(h2) = 71(m, )], (C11)

where ¢, = C,(7), using Gauss-Hermite quadrature.

In Fig. 10, we show the input-output cross-correlation
Eq. (C10) as well as the right-hand side of Eq. (22) using
the response functions Eqs. (C7) and (C9) for x(7) = e~/
and different values of the coefficient of variation ,/co/m.
As expected, the CRR Eq. (22) is violated if /co/m is
not small enough, corresponding to P(¢ < 0) < 1 being
violated.
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