


Gluons, quarks, gluinos & strings:

Scattering amplitudes and hidden symmetries in
supersymmetric gauge theory

Plan:
@ Introduction: Elementary particle physics and quantum field theory
Symmetries

Supersymmetric gauge field theory

Scattering amplitudes and on-shell methods

(2]

o

@ String-gauge theory duality

o

@ Symmetries of scattering amplitudes
o

(Generalized unitarity)
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Elementary Particle Physics

@ Quantum Field Theory: Relativistic many particle quantum theory

@ Describes scattering processes in accelerators

(& &
= 92 . Photon 4 94 . + g6(...)+...
e e
Zeit
Perturbative description: Series expansion in ¢ < 1 g: Coupling constant

Feynman diagrams: Describe particle propagation & interactions

Symmetries play central role:

o Determine possible particles & their interactions
o Can severly constrain results for observables

Exact analytic methods beyond perturbation theory are sparse

Desirable to advance our fundamental understanding of quantum field theory
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The Standard Model of Particle Physics
Three fundamental forces described by | Gauge Field Theories I [1055,1071]

Forces: x SU(2) x U(1) = Gauge Field Theories

Electromagnetism (photons)
Weak Force (W & Z bosons)
Strong Force (gluons) = Quantum Chromodynamics (QCD)

+
SU(IN) Gauge Field Theory: Fields are N x N matrices: AEU(z)(.T) = (I/g ‘LVZ>

Leptons | Quarks || Vector bosons | Scalar
e, v u, d A Gravity is not
Spectrum: re ' ’ . y
2pectrum: Hy Yy s, ¢ W+, z Higgs contained!
T, Uy t, b AZ
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Symmetries




Symmetries lie at the heart of our understanding of physics. They constrain or even
determine physical theories and their observables.

@ Mathematically symmetry transformations form a group
GioGa=Gs  {Gi,1,G;'} € group

e Continous transf.: Lie group G(¢) = e'?" Ja J, : Generator ¢” € R

@ Group property entails commutation relations

[Ty Jp) = ifapC Je Lie algebra a,b,c=1,...,dim(g)
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Symmetries lie at the heart of our understanding of physics. They constrain or even
determine physical theories and their observables.

@ Mathematically symmetry transformations form a group
G10Gy =G;5 {Gi,]l,Gi_l}Egroup
e Continous transf.: Lie group G(¢) = e'?" Ja J, : Generator ¢” € R

@ Group property entails commutation relations

[Ty Jp) = ifapC Je Lie algebra a,b,c=1,...,dim(g)

@ Known from QM. Example: Rotations and translations

e

R(g) = T T(d) = ¢
L: Angular momentum P: Momentum
[Li, Lj] = iheijk Lk [PZ, Pj] =0 [Li, Pk] = Zh Eijk Pk
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Hidden symmetries: The Hydrogen atom

k

P>
@ Hamiltonian | H = — —
2m

o Rotational symmetry: [H,L;] =0 = H|n,l,m)= E, |n,l,m)

@ Hidden symmetry in H-atom: Pauli-Lenz vector

o Conserved quantity: [H,A;] =0
o Algebra:

2h , .
[Ai, Aj] = _ZE HLk s [Li, Aj] = Zhﬁijk Ak y [Lz‘, Lj] =1h Gijk Lk

@ Closes on eigenspace Hp of fixed energy eigenvalue E.
@ Operator algebra determines spectrum (= representation theory of SU(2))
mk? 1

En=—%m7 2

(degeneracy n?)
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Fundamental symmetries: The Poincaré group

@ Einstein: Physical laws are the same in all systems of inertia

4+ translations in

Poincare symmetry:  Lorentz transformations A
space & time

M, Py L K P,
rotations boosts
Li = %fijk Mjk Ki = M()i m,V,... = {0, 7,}
@ Representations
spin field example
scalar ¢(x) Higgs
1/2 left handed spinor x. () leptons, quarks
1/2 right handed spinor 14 () leptons, quarks
vector A, (z) photon, gauge bosons
3/2 i () gravitino (Rarita-Schwinger field)
2 hyw () graviton

—

@ Massless fields only have helicity h = % states h = +s
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Extension |I: Conformal symmetry

@ Physical theories without an intrinsic mass scale (= massless theories or at very
high energies) have an enlarged space-time symmetry: Conformal symmetry

@ Angle preserving transformations: Dilatations and inversions

Dilatation transf.: d: " > k2" kelR

M

Special conformal transf.:  k# =Toptol with I :Inversion xt — %

e Conformal group is s0(2,4) with algebra:
K, P, = 2i(nuD — M,,), [D,P)=iP,, [D K, =—iK,,
(K, M) = i(Mpp Iy — npuKK,) & Poincaré
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Extension |I: Conformal symmetry

@ Physical theories without an intrinsic mass scale (= massless theories or at very
high energies) have an enlarged space-time symmetry: Conformal symmetry

@ Angle preserving transformations: Dilatations and inversions

Dilatation transf.: d: " > k2" kelR

xH
x2

Special conformal transf.: k#* =Toptol with I : Inversion x* —

e Conformal group is s0(2,4) with algebra:
K, P, = 2i(nuD — M,,), [D,P)=iP,, [D K, =—iK,,
(K, M) = i(Mpp Iy — npuKK,) & Poincaré

@ Examples:
Maxwell’s theory L= %FWF‘“’, F, = 0,4, —0,A,
A theory L =1(9,0)* — A o*
Standard model L=—1F,F" +ip]py 4+ ;Yijeh; ¢
up to Higgs mass term + |Dudl* = Mo|* —m? |o|?
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Extension Il: Supersymmetry

Supersymmetry is a unique extension of space-time symmetries  [1971,1974]

“Square root” of the momentum: {Qa, Qa} =2 (")aa Py

o Graded Lie algebra: Generators Q. & Qd are fermionic.
Super-Poincaré algebra: {M,,, P; Qa, Qa}

@ Relates bosons and fermions:
Q¢ |spin = s) = |spin = s + 1/2)
o SUSY: Boson <+— Fermion
Gluon <+—  Gluino
Superpartners are degenerate in all quantum numbers (mass, charge, ...)
@ Extended supersymmetry: Can have more than one set of supercharges
— B|<—>F
— QA& Qaawith A=1,... N: <" Gluon «— A\ Gluinos
BQ<—>}«’2
e Maximal SUSY: [N =4 spin-range {—1,—1/2,0,1/2,1}
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Gauge field theory




Gauge Field Theory (or Yang-Mills-Theory)

Builds upon internal (non-space-time) symmetry
SU(N) Gauge theory: [10s4

A generalization of Maxwell’s theory of electromagnetism: F},, = 9,A, — 0, A,

Vector potential now N x N hermitian matrix:  (A,)aw(x) ap=1,..N

Local gauge symmetry: A,(z) > UA, U+ éUauUT O = 52

with U € SU(N), i.e. unitary N x N matrix, Uuf=1

Invariant action

Sym =1 / Az Te(Fu FY)  Fo,=0,A, —0,A, +ig[A, A

g: Coupling constant.

N = 1. Maxwell theory!
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N = 4 super Yang-Mills theory

Can we have everything?
@ Poincaré symmetry — relativistic QF T
@ Conformal symmetry — scale-invariant = N =4SYM '
e Maximal supersymmetry (N = 4)
@ SU(N) local gauge symmetry (with N — o0)

A, 1 Gluon spin=1 v (= same as in QCD)
YA 4 Gluinos spin=1/2 ——— (= cousin of the quarks)

[0}

o1 6 Scalars spin=0 -

Lsym =X Tr [{F2, + 5(Du®1)? — §[@1,94][@1, D] + L Db + P D ap + h.c.]

Interactions: :}"" PN >wvv :j:< > ......

All fields N x N matrices. In N — oo (planar) limit: One parameter A = g N
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The simplest gauge theory

N =4 SYM has remarkably rich properties:

@ Uniquely determined by gy s & N, exactly scale invariant at any coupling, no
UV divergences (19807

@ Dual to string theory — AdS/CFT correspondence. (1007
Strong coupling limit (A = g2 N2 — oo): Classical string on AdSs x S°.
@ Appears to be integrable in N — oo limit:  [since 2003

o Exact results for two-point correlation functions (O(z)O(y)) = (z — y)?2A+7™)
o Hidden symmetries beyond super-conformal group: Yangian algebra

o Deep mathematical understanding of scattering amplitudes

Renders model an ideal theoretical laboratory to study gauge theories (and string
theory)!

Could be the first exactly solvable interacting 4d QFT.

= Non-physical! But possible starting point for novel perturbative approach.
= Already now application to massless QCD exist.
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String Theory




Dual string theory in a nut-shell

o ldea: Replace particle by extended 1d object: string

o—»o bt

@ Quantum mechanics of a relativistic string in flat space-time:

o L O

Graviton Gauge boson Matter particle

@ Oscillation spectrum = spectrum of “elementary particles”
@ Quantum consistency: Strings must propagate in d=9-+1.

@ Yields theory of quantum gravity
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The String-Gauge Theory (or AdS/CFT) duality wmaacens, 1007

o Holographic duality: Strings move in a space-time with boundary
(Anti-de-Sitter Space):  AdS5 x M5

String theory in higher
dimensional space

Gauge field theory on 4d boundary

@ Two alternative mathematical descriptions of one physical object:

Gauge field theory = String theory in space-time with boundary|
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Scattering amplitudes




Scattering amplitudes

h vy _ Probability amplitude for
e . A ({pl’ h }) scattering process

Central quantum field theory prediction for collider
byt experiments

hy,

Computed via Feynman diagrams:

u k v
[ g%V VoWV ) ab
Propagator « b = 5k21‘;: (gluons)
Vertices _8f“bc ( = 1)uNvp +(r=p)yNpp

+(P—q)p nuv]

= —tg fabe f‘de (nup Nve — Nuc nvp)
+face fibe (Muo Mpv — NMuv NMpo)

+ fade fhee (Muv Mop — Mup ncv)]
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Feynman diagramatics

Task:

a) Draw all Feynman diagrams contributing to a given process

b) Integrate over all intermediate (off-shell) momenta [ d*~2¢ imposing momentum
conservation 6V (37, p;) at each vertex

c) An, =) all diagrams

Can rapidly get out of hand: (even at tree-level)

LGB G E)-
5 gluons: %_ Y e

4 gluons:

9 10

25 | 220 | 2485 | 34300 | 559405 | 10525900
[Mangano,Parke]
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@ |From Z. Bern's KITP Colloquium:

Result of a brute force calculation (actually only a small part of it):
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Simplicity of the result

When expressed in right variables the result is remarkably simple: [Parke, Taylor]

As(1%,27,37 47 57) =0

o e

As(17,27, 3547, 57) = o e a5y (31
o s

A (17,27, 8747, 57) = o oas (45 (31

(all others from cyclicity and parity)

Spinor helicity:  |[p# — p®® = A\*A% | (makes ptp, = 0 manifest)

o_ 1 P’ +p? 56 _ et iy — o yayB
¥ = i (ae) s O @) e
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Simplicity of the result

When expressed in right variables the result is remarkably simple: [Parke, Taylor]

As(1%,27,37 47 57) =0

o e

As(17,27, 3547, 57) = o e a5y (31
o s

A (17,27, 8747, 57) = o oas (45 (31

(all others from cyclicity and parity)

Spinor helicity:  [p* — p®® = A*X%|  (makes p#p,, = 0 manifest)

o_ 1 P’ +p? 56 _ et iy — o yayB
= G (e O =

What is the reason for this simplicity?
@ Hidden symmetries  (— hidden super-conformal invariance & more)

@ Analytic structure of the amplitude  (— factorization, soft & colinear limits)
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Basic problem of Feynman diagramatic approach

In Feynman graph techniques one sums and integrates over non-physical terms:

3 Internal states are off-
d’pdE S > .

/ (2m)* o~ — |ET—p~#m shell, violate mass-shell
condition

Similarly individual diagrams are gauge variant, but final result is gauge invariant!

On-shell approaches:

Since 2005 tremendous progress in our understanding of scattering amplitudes based
on on-shell formulations:

@ On-shell recursion relations v/
@ Hidden symmetries v’
o Generalized unitarity v’
o Twistors & the Grassmannian x
The N = 4 SYM theory has been instrumental in this progress!
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Britto-Cachazo-Feng-Witten (BCFW) recursion

o Idea: Complexify momenta but stay on-shell z € C

p1_>131:)\1(5\1_755\n) pn%ﬁn:()\n‘FZ)\l)S\n

il z
1+ ofe
Ap = An(2) R
n(z=0) ZResA i) . T .

@ Yields recursive relation for on-shell amplitudes

@ “Atoms” are the 3-point amplitudes:

@ No 4 point vertices needed!
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N = 4 SYM: Superamplitudes and Super-BCFW recursion

o Consider super momentum-space
using 4 anti-commuting coordinates n:

@ Define superamplitudes in this formal space: [Nair]
A AL m VIR
0 (i) 6 (3 a0) 5
ATL = L L n )‘iv )‘iv i
02 @23y U ni})

s Ay T YRRV A

Superamplitudes package all gluon-gluino-scalar amplitudes together.

o SUper-BCFW recursion eXiStS: [Arkani-Hamed,Cachazo,Cheung,Kaplan]
n—1 1
4 L4 - R 2 .
=3 7
@ Recursion may be solved completely!
= ‘AII tree-amplitudes in ' = 4 SYM known in analytic form. ‘ [Drummond,Henn]
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Application to massless QCD

Use gluon-gluino amplitudes from N = 4 superamplitudes to construct analytic
formulae for all n-point tree-level gluon-quark (¢"~%(qq)") amplitudes with [ < 4.

[Dixon,Henn,JP,Schuster]

(N-2) gluon 2 quark amplitudes

. . 10° g — T — T — T ——— E

Needs to suppress intermediate E] ‘ ]
. [ [o GGT:MHV o]

r GGT: NMHV A = ]

production of scalars ol | 2 ST R
% fF [ * BG s ® PR

E) [ a = P ]

2 r A P 1

eI a * * _

- - g 10°F IN * 3

g [ w " sooo®” : ]

=10°F & 5o ° 3

& L et ]

. o [ 1

Leads to numerically fast and & [, ~* =" 1
107 o 50000000000

stable results Fooooce0e®®? ]
[Badger,Biedermann,Hackl,JP,Schuster, Uwer] 107 L P S I SRS RS | ]

15 20 25
multiplicity N

Are being used for cross section computations of LHC processes today!

[BlackHat collaboration]
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Symmetries of scattering amplitudes

@ Superconformal symmetry of N’ = 4 SYM constrains superamplitudes

tree __ 6(4)(2117@) 5(8) (Z’L Qi) Y
An™ = (12) (23) ... (nl) Pu(dis dismi)

@ Obvious symmetries:

n n
pad:Z)\?S\? qu:ZA?n’LA = pAtreezoqutree
i=1 i=1
explains vanishing of A, (1%,2%,...,n")
@ Less obvious symmetries [Witten]

"9 9 "9 9
kao’z = - == = _— — = k,Atree =0= Atree
; o oxe A ; INE Ot s
explains form of A,(17,27,3% ... n™)

@ We have super-conformal invariance of tree-amplitudes (32432 generators):

JaAgee = 0 Wlth Ja e {p7 k? m? m? d7 r? Q7 Q‘/ 875767:}
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Hidden symmetries

Tree superamplitudes are invariant under additional hidden dual conformal or
Yangian Symmetry (aS in H-atom) [Drummond,Henn, Korchemsky, Sokatchev][Drummond,Henn,JP]

@ Dual coordinates: ‘pi =T —x; ¢ =0;11—0;

@ Has two copies of (super)-conformal symmetry generators
5}

0
(1) Acting in momentum space: kog = Z N i

. . 0 0
(2) Acting on dual coordinates: K, = Z}xfa—ﬂ — 225, @; - oz,

@ Origin: Duality between Scattering amplitudes and Wilson loops

P3|

o AdS/CFT T-duallty Of dual String theory [Alday,Maldacena][Beisert,Ricci, Tseytlin][Berkovits,Maldacena]
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Yangian symmetry

e Mathematical structure of hidden symmetries: Yangian algebra Y [psu(2,2|4)]

[Drinfeld]
Z T (level 0)  J@) = f% Y JP TS (level 1)
i<j
An oco-dim non-local symmetry algebra Jéln) n=20,1,2,...
[Ja7 Jb] — ,L-fabc J¢
[J%, 0] = i TG
[ T8y, Ty = i Ty + gan(J*, Tiy)

Jgn) A:{ee = 0 V?”L [Drummond,Henn,JP]

@ Signature of integrable field theory. Explains simplicity of Al'®® < Determines

fOI’m Of A;{ee [Bargheer,Beisert,McLoughlin,Loebbert, Galleas]
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Generalized unitarity

] On-She” methOdS a|SO COhStFUCtive at ].-|OOp (NLO-Order) [Bern,Dixon,Dunbar, Kosower]
@ General 1-loop amplitude may be decomposed in basis integrals

[Passarino,Veltman][Ossola,Papadopoulos, Pittau,][Giele, Kunszt, Melnikov]

L V4 L
K et S

@ In V=4 SYM: Only box integrals occur due to dual conformal symmetry.
Alloor — Z ciBox;

o Flnd C; by putt|ng internal prOpagatOI’S On—She“ [Bern, Dixon,Kosower,Smirnov]
2 52
E% -0
%
= B :. v ZAtree Atree(li) Agree(li)A;clree(li)
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State of the art

Known MHV amplitudes: A4, (17,27,3%,...,n") in N/ =4 SYM
# loops

o0 —4—

® 6 0 o o - AdS/CFT

[Alday,Maldacena]

Bern-Dixon-Smirnov ansatz & dual conformal symmetry
[Anastasiou,Bern,Dixon,Kosower][Drummond,Henn,Sokatchev,Korchemsky]

bootstrap [Drummond,Dixon,Duhr, Pennington,Hippel]
& integrability [Basso-Sever—Vieira]

integrands (loop level recursion)

[Arkani-Hamed et al]

unitarity

BCFW recursion

~0 6 6 0 o o -0

v-r® © & 0.0 0 -

o—® @ ® O O
~r—-0® @& O
o—-® @® O

O
[ J
[ J
I
9

# legs
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Field combines a multitude of areas in theoretical and mathematical physics:

Phenomenology of
elementary particles

Integrable systems

Fundamental aspects
of quantum field theory

Mathematics: Algebraic

geometry & number theory Sl U7

= Intellectually rich and fascinating research area with “real physics” applications!
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Thank you for your attention
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