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ERA OF GRAVITATIONAL WAVE PHYSICS: NEED FOR HIGH-PRECISION PREDICTIONS

Upcoming 3rd  generation of gravitational wave 
observatories with 102 sensitivity increase 

Einstein Telescope

2034

LISA

2037

LIGO

2015

Virgo

2017

Kagra

2020 2023 2026

Cosmic Explorer

O1 O2 O3 O4 O5

~2035

High-precision predictions necessary 
basis to study fundamental questions in 
physics:

‣ Is Einstein’s theory correct?

‣ Black hole formation & population?

‣ Neutron star properties?

‣ Physics beyond the standard model?

Need for accurate waveform predictions well 
beyond state-of-the art
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GRAVITATIONAL WAVES: A NEW OBSERVATIONAL ERA

To date O(200) binary mergers detected by LIGO-Virgo-Karga Collaboration

6

Discovery of gravitational waves

Quasi-circular binaries observed by LVK as of January 24

▪ 219 detections
▪ 100+ significant candidates in O4b so far!

GW200129

GW190814

GW250114



GRAVITATIONAL TWO-BODY PROBLEM/d

·

Black Hole 

mass, spin 

/d

·

Neutron Star

mass, spin, radius,

tidal deformability

Perturbation theory: good for inspiral (weak fields, long duration)
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Figure 1: The physical e↵ect of the GW polarizations h+ and h⇥. In the illustration, a sinusoidal GW travels through the z
axis or perpendicular to the page and the e↵ect over the ring of particle that lay in the xy plane or over the page is to stretch
and to squeeze the separation distance between them.

C. Gravitational Waves from Inspiral Binary Systems

The first two direct observations of GW signals recently reported by the LIGO team (GW150914 and GW151226)
were produced by the coalescence of two stellar-mass black holes [13, 14]. In these systems, the two objects gradually
spirals inwards while GW are emitted. In this process, the system evolves in three di↵erent phases, inspiral, merger
and ringdown (Figure 2).

In the inspiral phase the two objects are orbiting and approaching each other while the orbital frequency increases.
At this stage, post-Newtonian approximations to general relativity analytically model the evolution of the system
and thus, high accurate signals can be computed [22]. The resulting GW waveform is a chirp signal, i.e., a sinusoid
increasing in frequency and amplitude up to a limit. The merger phase initiates when the separation distance between
the two objects reaches the so-called innermost stable circular orbit (ISCO). In consequence, the objects collide and
plunge into one. The system is dynamically unstable which leads to a highly complex non-linear system of the Einstein
equations where no analytical solution exits. Therefore, numerical relativity is needed to compute the GW signal [23].
Finally, the ringdown phase stars after the collision and the resulting object, a black hole, relaxes to a stationary
state. In this process, the perturbation theory can used to analytically solve the Einstein equations. This leads to
the quasi-normal modes of the final Kerr black hole where the GW signal is described by well-modeled exponentially
damped sinusoidal oscillations [24]. These three stages in the life of a compact binary system are known as Compact
Binary Coalescence (CBC).

Inspiral Merger Ringdown 

Post െ Newtonian 
Theory 

Perturbation 
Theory 

Numerical 
Relativity 

Figure 2: The three phases in the temporal evolution of a binary system. In the inspiral phase the two object are orbiting and
approaching each other. In the merger phase the two objects fuse into one. In the ringdown phase the resulting object relaxes
to a stationary state.

This work focuses in the detection of GW from the inspiral phase using LIGO data. To accomplish this, we need
the analytical model of the GW. The masses of the two astrophysical objects are m1 and m2, they are separated
a distance a and are orbiting in their common center of mass. The reference frame of the source (Figure 3) is the
Cartesian coordinate system (x, y, z) where the origin is the center of the binary, and the GW is observed at point

inspiral merger
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Numerical relativity: good for merger (strong gravity, short duration) 
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Einstein’s eqs. cannot be solved exactly  approximation schemes⇒

 import Quantum Field Theory tools!⇔



(credit: Ana Carvalho)

PN

PM

SF
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PERTURBATIVE SCHEMES
Large-separation & slow-velocity  expansion




Good for quasi-circular bound orbits

ϵPN =
GM

r
∼ v2

Post-Newtonian (PN)

Large-separation expansion 


        exact in !


Good for scattering & eccentric orbits

ϵPM =
GM

r
v

Post-Minkowskian (PM)

Large-mass ratio expansion


       semi-analytic, exact in !


Good for extreme-mass ratios, scattering and bound orbits

ϵGSF =
m1

m2
G & v

Gravitational Self-Force (SF)



WORLDLINE EFFECTIVE FIELD THEORY OF COMPACT OBJECTS
During inspiral or scattering: Separation of scales:
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During inspiral or scattering: Separation of scales:
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• Solving non-linear Einstein field equations:

Waveform modeling techniques

Unbound SystemBound System
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• Solving non-linear Einstein field equations:

Waveform modeling techniques

Unbound SystemBound System
Far field waveform
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WORLDLINE EFFECTIVE FIELD THEORY OF COMPACT OBJECTS
During inspiral or scattering: Separation of scales:
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Effective Field Theory description:  BH?NS as spinning point particle moving on its worldline

EFT of Compact Bodies
Goldberger, Rothstein: [0409156], Levi, Steinhoff: [1506.05056], Porto: [1601.04914], Saketh, Steinhoff, Vines, Buonanno: [2212.13095]

Other effects: Absorption of mass and spin, Quadrupole moments…
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zµ(⌧)

<latexit sha1_base64="idTQQCbvWCgFOuZcNDgs4LRy904=">AAACCHicbZC7TsMwFIYdrqXcAowMWFRITFWCuI2VGOiEyqUXqYkix3Vbq7YT2Q6oijqy8CosDCDEyiOw8TY4bQZo+SVLn/5zjo7PH8aMKu0439bc/MLi0nJhpbi6tr6xaW9tN1SUSEzqOGKRbIVIEUYFqWuqGWnFkiAeMtIMBxdZvXlPpKKRuNPDmPgc9QTtUoy0sQJ7D0JPUQ45vAyuJngTpJ7k8Bb3H0bFwC45ZWcsOAtuDiWQqxbYX14nwgknQmOGlGq7Tqz9FElNMSOjopcoEiM8QD3SNigQJ8pPx4eM4IFxOrAbSfOEhmP390SKuFJDHppOjnRfTdcy879aO9Hdcz+lIk40EXiyqJswqCOYpQI7VBKs2dAAwpKav0LcRxJhbbLLQnCnT56FxlHZPS2fXB+XKtU8jgLYBfvgELjgDFRAFdRAHWDwCJ7BK3iznqwX6936mLTOWfnMDvgj6/MH01uX/w==</latexit>

⇠ mGN ⇠ RSchw

<latexit sha1_base64="2KLo3C9atcqvlZWlXm2kH27W9Sw=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiTia1lwYVdSwT6gCWEynaRDZyZhZiKW0F9x40IRt/6IO//GSZuFVg9cOJxzL/feE6aMKu04X1ZlZXVtfaO6Wdva3tnds/frPZVkEpMuTlgiByFShFFBuppqRgapJIiHjPTDyXXh9x+IVDQR93qaEp+jWNCIYqSNFNh1CD1FOQyhF8eQ3wS3tcBuOE1nDviXuCVpgBKdwP70RgnOOBEaM6TU0HVS7edIaooZmdW8TJEU4QmKydBQgThRfj6/fQaPjTKCUSJNCQ3n6s+JHHGlpjw0nRzpsVr2CvE/b5jp6MrPqUgzTQReLIoyBnUCiyDgiEqCNZsagrCk5laIx0girE1cRQju8st/Se+06V40z+/OGq12GUcVHIIjcAJccAlaoA06oAsweARP4AW8WjPr2Xqz3hetFaucOQC/YH18Az4lkqs=</latexit>

⇠ b � mGN

<latexit sha1_base64="E98iQvWQlsL/q17cG9KwOdaofAc=">AAAB8nicbVBNSwMxEM3Wr1q/qh69LBahXsquSPVY8NJjBfsBu2vJptk2NNksyUQopT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMizPONHjet1PY2Nza3inulvb2Dw6PyscnHS2NIrRNJJeqF2NNOUtpGxhw2ssUxSLmtBuP7+Z+94kqzWT6AJOMRgIPU5YwgsFKAX4MhamGgM1lv1zxat4C7jrxc1JBOVr98lc4kMQImgLhWOvA9zKIplgBI5zOSqHRNMNkjIc0sDTFgupoujh55l5YZeAmUtlKwV2ovyemWGg9EbHtFBhGetWbi/95gYHkNpqyNDNAU7JclBjugnTn/7sDpigBPrEEE8XsrS4ZYYUJ2JRKNgR/9eV10rmq+fVa/f660mjmcRTRGTpHVeSjG9RATdRCbUSQRM/oFb054Lw4787HsrXg5DOn6A+czx+5sJDt</latexit>

aµ(⌧)

<latexit sha1_base64="yA5R2GCBfWqoxgQBJZC7hGCl62I="></latexit>

L(1)
EFT ⇠ mGN

b
⇠ a @g

L(2)
EFT ⇠

✓
mGN

b

◆2

⇠ a2@2g

. . .

L(4)
EFT ⇠

✓
mGN

b

◆4

⇠ a4@4g + (mGN )4(@2g)2 + . . .

<latexit sha1_base64="QWckRifI2mC9FIfdfr8cy8YbAIQ="></latexit>

SEFT = �m

Z
d⌧

X

n

L(n)
EFT

L(0)
EFT = 1

Black holes:
<latexit sha1_base64="qfCMMh7W+O1YNQse3vaDASpoMtw=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KolI9VjwYE9SwX5AE8NmO22X7iZhd1Moaf+JFw+KePWfePPfuG1z0NYHA4/3ZpiZFyacKe0439ba+sbm1nZhp7i7t39waB8dN1WcSgoNGvNYtkOigLMIGpppDu1EAhEhh1Y4vJ35rRFIxeLoUY8T8AXpR6zHKNFGCmx7Qp48kU48Dljgu+A+sEtO2ZkDrxI3JyWUox7YX143pqmASFNOlOq4TqL9jEjNKIdp0UsVJIQOSR86hkZEgPKz+eVTfG6ULu7F0lSk8Vz9PZERodRYhKZTED1Qy95M/M/rpLp342csSlINEV0s6qUc6xjPYsBdJoFqPjaEUMnMrZgOiCRUm7CKJgR3+eVV0rwsu5Vy5eGqVK3lcRTQKTpDF8hF16iKaqiOGoiiEXpGr+jNyqwX6936WLSuWfnMCfoD6/MHwwSTHw==</latexit>

|aµ|  mGN

/d

·
Black Hole 

mass, spin 

/d

·

Neutron Star

mass, spin, radius,

tidal deformabilityBlack-hole spin :aμ

EFT of Compact Bodies
Goldberger, Rothstein: [0409156], Levi, Steinhoff: [1506.05056], Porto: [1601.04914], Saketh, Steinhoff, Vines, Buonanno: [2212.13095]

Other effects: Absorption of mass and spin, Quadrupole moments…

<latexit sha1_base64="WzEQlK6DcgbhqMneNTYwOnXUCdI=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoMQL2FXfB0DXnKMYB6wu4bZyWwyZHZnmekRQshnePGgiFe/xpt/4yTZgyYWNBRV3XR3RZngGlz32ymsrW9sbhW3Szu7e/sH5cOjtpZGUdaiUkjVjYhmgqesBRwE62aKkSQSrBON7mZ+54kpzWX6AOOMhQkZpDzmlICV/OwxSEw1AGLOe+WKW3PnwKvEy0kF5Wj2yl9BX1KTsBSoIFr7nptBOCEKOBVsWgqMZhmhIzJgvqUpSZgOJ/OTp/jMKn0cS2UrBTxXf09MSKL1OIlsZ0JgqJe9mfif5xuIb8MJTzMDLKWLRbERGCSe/Y/7XDEKYmwJoYrbWzEdEkUo2JRKNgRv+eVV0r6oede1q/vLSr2Rx1FEJ+gUVZGHblAdNVATtRBFEj2jV/TmgPPivDsfi9aCk88coz9wPn8A0LCQ+w==</latexit>

pµ(⌧)

<latexit sha1_base64="w10iV/SAlmLt5lnNcIaxZmjAkKU=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJeyKr2PAS44RzAN21zA7mU2GzOwsM71CDPkMLx4U8erXePNvnCR70MSChqKqm+6uKBXcgOt+Oyura+sbm4Wt4vbO7t5+6eCwZVSmKWtSJZTuRMQwwRPWBA6CdVLNiIwEa0fD26nffmTacJXcwyhloST9hMecErCS//QQyKwSAMnOuqWyW3VnwMvEy0kZ5Wh0S19BT9FMsgSoIMb4nptCOCYaOBVsUgwyw1JCh6TPfEsTIpkJx7OTJ/jUKj0cK20rATxTf0+MiTRmJCPbKQkMzKI3Ff/z/Azim3DMkzQDltD5ojgTGBSe/o97XDMKYmQJoZrbWzEdEE0o2JSKNgRv8eVl0jqvelfVy7uLcq2ex1FAx+gEVZCHrlEN1VEDNRFFCj2jV/TmgPPivDsf89YVJ585Qn/gfP4A4DyRBQ==</latexit>

zµ(⌧)

<latexit sha1_base64="idTQQCbvWCgFOuZcNDgs4LRy904=">AAACCHicbZC7TsMwFIYdrqXcAowMWFRITFWCuI2VGOiEyqUXqYkix3Vbq7YT2Q6oijqy8CosDCDEyiOw8TY4bQZo+SVLn/5zjo7PH8aMKu0439bc/MLi0nJhpbi6tr6xaW9tN1SUSEzqOGKRbIVIEUYFqWuqGWnFkiAeMtIMBxdZvXlPpKKRuNPDmPgc9QTtUoy0sQJ7D0JPUQ45vAyuJngTpJ7k8Bb3H0bFwC45ZWcsOAtuDiWQqxbYX14nwgknQmOGlGq7Tqz9FElNMSOjopcoEiM8QD3SNigQJ8pPx4eM4IFxOrAbSfOEhmP390SKuFJDHppOjnRfTdcy879aO9Hdcz+lIk40EXiyqJswqCOYpQI7VBKs2dAAwpKav0LcRxJhbbLLQnCnT56FxlHZPS2fXB+XKtU8jgLYBfvgELjgDFRAFdRAHWDwCJ7BK3iznqwX6936mLTOWfnMDvgj6/MH01uX/w==</latexit>

⇠ mGN ⇠ RSchw

<latexit sha1_base64="2KLo3C9atcqvlZWlXm2kH27W9Sw=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiTia1lwYVdSwT6gCWEynaRDZyZhZiKW0F9x40IRt/6IO//GSZuFVg9cOJxzL/feE6aMKu04X1ZlZXVtfaO6Wdva3tnds/frPZVkEpMuTlgiByFShFFBuppqRgapJIiHjPTDyXXh9x+IVDQR93qaEp+jWNCIYqSNFNh1CD1FOQyhF8eQ3wS3tcBuOE1nDviXuCVpgBKdwP70RgnOOBEaM6TU0HVS7edIaooZmdW8TJEU4QmKydBQgThRfj6/fQaPjTKCUSJNCQ3n6s+JHHGlpjw0nRzpsVr2CvE/b5jp6MrPqUgzTQReLIoyBnUCiyDgiEqCNZsagrCk5laIx0girE1cRQju8st/Se+06V40z+/OGq12GUcVHIIjcAJccAlaoA06oAsweARP4AW8WjPr2Xqz3hetFaucOQC/YH18Az4lkqs=</latexit>

⇠ b � mGN

<latexit sha1_base64="E98iQvWQlsL/q17cG9KwOdaofAc=">AAAB8nicbVBNSwMxEM3Wr1q/qh69LBahXsquSPVY8NJjBfsBu2vJptk2NNksyUQopT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMizPONHjet1PY2Nza3inulvb2Dw6PyscnHS2NIrRNJJeqF2NNOUtpGxhw2ssUxSLmtBuP7+Z+94kqzWT6AJOMRgIPU5YwgsFKAX4MhamGgM1lv1zxat4C7jrxc1JBOVr98lc4kMQImgLhWOvA9zKIplgBI5zOSqHRNMNkjIc0sDTFgupoujh55l5YZeAmUtlKwV2ovyemWGg9EbHtFBhGetWbi/95gYHkNpqyNDNAU7JclBjugnTn/7sDpigBPrEEE8XsrS4ZYYUJ2JRKNgR/9eV10rmq+fVa/f660mjmcRTRGTpHVeSjG9RATdRCbUSQRM/oFb054Lw4787HsrXg5DOn6A+czx+5sJDt</latexit>

aµ(⌧)

<latexit sha1_base64="yA5R2GCBfWqoxgQBJZC7hGCl62I="></latexit>

L(1)
EFT ⇠ mGN

b
⇠ a @g

L(2)
EFT ⇠

✓
mGN

b

◆2

⇠ a2@2g

. . .

L(4)
EFT ⇠

✓
mGN

b

◆4

⇠ a4@4g + (mGN )4(@2g)2 + . . .

<latexit sha1_base64="QWckRifI2mC9FIfdfr8cy8YbAIQ="></latexit>

SEFT = �m

Z
d⌧

X

n

L(n)
EFT

L(0)
EFT = 1

Black holes:
<latexit sha1_base64="qfCMMh7W+O1YNQse3vaDASpoMtw=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KolI9VjwYE9SwX5AE8NmO22X7iZhd1Moaf+JFw+KePWfePPfuG1z0NYHA4/3ZpiZFyacKe0439ba+sbm1nZhp7i7t39waB8dN1WcSgoNGvNYtkOigLMIGpppDu1EAhEhh1Y4vJ35rRFIxeLoUY8T8AXpR6zHKNFGCmx7Qp48kU48Dljgu+A+sEtO2ZkDrxI3JyWUox7YX143pqmASFNOlOq4TqL9jEjNKIdp0UsVJIQOSR86hkZEgPKz+eVTfG6ULu7F0lSk8Vz9PZERodRYhKZTED1Qy95M/M/rpLp342csSlINEV0s6qUc6xjPYsBdJoFqPjaEUMnMrZgOiCRUm7CKJgR3+eVV0rwsu5Vy5eGqVK3lcRTQKTpDF8hF16iKaqiOGoiiEXpGr+jNyqwX6936WLSuWfnMCfoD6/MHwwSTHw==</latexit>

|aµ|  mGN

/d

·
Black Hole 

mass, spin 

/d

·

Neutron Star

mass, spin, radius,

tidal deformability

EFT of Compact Bodies
Goldberger, Rothstein: [0409156], Levi, Steinhoff: [1506.05056], Porto: [1601.04914], Saketh, Steinhoff, Vines, Buonanno: [2212.13095]

Other effects: Absorption of mass and spin, Quadrupole moments…

<latexit sha1_base64="WzEQlK6DcgbhqMneNTYwOnXUCdI=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoMQL2FXfB0DXnKMYB6wu4bZyWwyZHZnmekRQshnePGgiFe/xpt/4yTZgyYWNBRV3XR3RZngGlz32ymsrW9sbhW3Szu7e/sH5cOjtpZGUdaiUkjVjYhmgqesBRwE62aKkSQSrBON7mZ+54kpzWX6AOOMhQkZpDzmlICV/OwxSEw1AGLOe+WKW3PnwKvEy0kF5Wj2yl9BX1KTsBSoIFr7nptBOCEKOBVsWgqMZhmhIzJgvqUpSZgOJ/OTp/jMKn0cS2UrBTxXf09MSKL1OIlsZ0JgqJe9mfif5xuIb8MJTzMDLKWLRbERGCSe/Y/7XDEKYmwJoYrbWzEdEkUo2JRKNgRv+eVV0r6oede1q/vLSr2Rx1FEJ+gUVZGHblAdNVATtRBFEj2jV/TmgPPivDsfi9aCk88coz9wPn8A0LCQ+w==</latexit>

pµ(⌧)

<latexit sha1_base64="w10iV/SAlmLt5lnNcIaxZmjAkKU=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJeyKr2PAS44RzAN21zA7mU2GzOwsM71CDPkMLx4U8erXePNvnCR70MSChqKqm+6uKBXcgOt+Oyura+sbm4Wt4vbO7t5+6eCwZVSmKWtSJZTuRMQwwRPWBA6CdVLNiIwEa0fD26nffmTacJXcwyhloST9hMecErCS//QQyKwSAMnOuqWyW3VnwMvEy0kZ5Wh0S19BT9FMsgSoIMb4nptCOCYaOBVsUgwyw1JCh6TPfEsTIpkJx7OTJ/jUKj0cK20rATxTf0+MiTRmJCPbKQkMzKI3Ff/z/Azim3DMkzQDltD5ojgTGBSe/o97XDMKYmQJoZrbWzEdEE0o2JSKNgRv8eVl0jqvelfVy7uLcq2ex1FAx+gEVZCHrlEN1VEDNRFFCj2jV/TmgPPivDsf89YVJ585Qn/gfP4A4DyRBQ==</latexit>

zµ(⌧)

<latexit sha1_base64="idTQQCbvWCgFOuZcNDgs4LRy904=">AAACCHicbZC7TsMwFIYdrqXcAowMWFRITFWCuI2VGOiEyqUXqYkix3Vbq7YT2Q6oijqy8CosDCDEyiOw8TY4bQZo+SVLn/5zjo7PH8aMKu0439bc/MLi0nJhpbi6tr6xaW9tN1SUSEzqOGKRbIVIEUYFqWuqGWnFkiAeMtIMBxdZvXlPpKKRuNPDmPgc9QTtUoy0sQJ7D0JPUQ45vAyuJngTpJ7k8Bb3H0bFwC45ZWcsOAtuDiWQqxbYX14nwgknQmOGlGq7Tqz9FElNMSOjopcoEiM8QD3SNigQJ8pPx4eM4IFxOrAbSfOEhmP390SKuFJDHppOjnRfTdcy879aO9Hdcz+lIk40EXiyqJswqCOYpQI7VBKs2dAAwpKav0LcRxJhbbLLQnCnT56FxlHZPS2fXB+XKtU8jgLYBfvgELjgDFRAFdRAHWDwCJ7BK3iznqwX6936mLTOWfnMDvgj6/MH01uX/w==</latexit>

⇠ mGN ⇠ RSchw

<latexit sha1_base64="2KLo3C9atcqvlZWlXm2kH27W9Sw=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiTia1lwYVdSwT6gCWEynaRDZyZhZiKW0F9x40IRt/6IO//GSZuFVg9cOJxzL/feE6aMKu04X1ZlZXVtfaO6Wdva3tnds/frPZVkEpMuTlgiByFShFFBuppqRgapJIiHjPTDyXXh9x+IVDQR93qaEp+jWNCIYqSNFNh1CD1FOQyhF8eQ3wS3tcBuOE1nDviXuCVpgBKdwP70RgnOOBEaM6TU0HVS7edIaooZmdW8TJEU4QmKydBQgThRfj6/fQaPjTKCUSJNCQ3n6s+JHHGlpjw0nRzpsVr2CvE/b5jp6MrPqUgzTQReLIoyBnUCiyDgiEqCNZsagrCk5laIx0girE1cRQju8st/Se+06V40z+/OGq12GUcVHIIjcAJccAlaoA06oAsweARP4AW8WjPr2Xqz3hetFaucOQC/YH18Az4lkqs=</latexit>

⇠ b � mGN

<latexit sha1_base64="E98iQvWQlsL/q17cG9KwOdaofAc=">AAAB8nicbVBNSwMxEM3Wr1q/qh69LBahXsquSPVY8NJjBfsBu2vJptk2NNksyUQopT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMizPONHjet1PY2Nza3inulvb2Dw6PyscnHS2NIrRNJJeqF2NNOUtpGxhw2ssUxSLmtBuP7+Z+94kqzWT6AJOMRgIPU5YwgsFKAX4MhamGgM1lv1zxat4C7jrxc1JBOVr98lc4kMQImgLhWOvA9zKIplgBI5zOSqHRNMNkjIc0sDTFgupoujh55l5YZeAmUtlKwV2ovyemWGg9EbHtFBhGetWbi/95gYHkNpqyNDNAU7JclBjugnTn/7sDpigBPrEEE8XsrS4ZYYUJ2JRKNgR/9eV10rmq+fVa/f660mjmcRTRGTpHVeSjG9RATdRCbUSQRM/oFb054Lw4787HsrXg5DOn6A+czx+5sJDt</latexit>

aµ(⌧)

<latexit sha1_base64="yA5R2GCBfWqoxgQBJZC7hGCl62I="></latexit>

L(1)
EFT ⇠ mGN

b
⇠ a @g

L(2)
EFT ⇠

✓
mGN

b

◆2

⇠ a2@2g

. . .

L(4)
EFT ⇠

✓
mGN

b

◆4

⇠ a4@4g + (mGN )4(@2g)2 + . . .

<latexit sha1_base64="QWckRifI2mC9FIfdfr8cy8YbAIQ="></latexit>

SEFT = �m

Z
d⌧

X

n

L(n)
EFT

L(0)
EFT = 1

Black holes:
<latexit sha1_base64="qfCMMh7W+O1YNQse3vaDASpoMtw=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KolI9VjwYE9SwX5AE8NmO22X7iZhd1Moaf+JFw+KePWfePPfuG1z0NYHA4/3ZpiZFyacKe0439ba+sbm1nZhp7i7t39waB8dN1WcSgoNGvNYtkOigLMIGpppDu1EAhEhh1Y4vJ35rRFIxeLoUY8T8AXpR6zHKNFGCmx7Qp48kU48Dljgu+A+sEtO2ZkDrxI3JyWUox7YX143pqmASFNOlOq4TqL9jEjNKIdp0UsVJIQOSR86hkZEgPKz+eVTfG6ULu7F0lSk8Vz9PZERodRYhKZTED1Qy95M/M/rpLp342csSlINEV0s6qUc6xjPYsBdJoFqPjaEUMnMrZgOiCRUm7CKJgR3+eVV0rwsu5Vy5eGqVK3lcRTQKTpDF8hF16iKaqiOGoiiEXpGr+jNyqwX6936WLSuWfnMCfoD6/MHwwSTHw==</latexit>

|aµ|  mGN

/d

·
Black Hole 

mass, spin 

/d

·

Neutron Star

mass, spin, radius,

tidal deformability

EFT of Compact Bodies
Goldberger, Rothstein: [0409156], Levi, Steinhoff: [1506.05056], Porto: [1601.04914], Saketh, Steinhoff, Vines, Buonanno: [2212.13095]

Other effects: Absorption of mass and spin, Quadrupole moments…

<latexit sha1_base64="WzEQlK6DcgbhqMneNTYwOnXUCdI=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoMQL2FXfB0DXnKMYB6wu4bZyWwyZHZnmekRQshnePGgiFe/xpt/4yTZgyYWNBRV3XR3RZngGlz32ymsrW9sbhW3Szu7e/sH5cOjtpZGUdaiUkjVjYhmgqesBRwE62aKkSQSrBON7mZ+54kpzWX6AOOMhQkZpDzmlICV/OwxSEw1AGLOe+WKW3PnwKvEy0kF5Wj2yl9BX1KTsBSoIFr7nptBOCEKOBVsWgqMZhmhIzJgvqUpSZgOJ/OTp/jMKn0cS2UrBTxXf09MSKL1OIlsZ0JgqJe9mfif5xuIb8MJTzMDLKWLRbERGCSe/Y/7XDEKYmwJoYrbWzEdEkUo2JRKNgRv+eVV0r6oede1q/vLSr2Rx1FEJ+gUVZGHblAdNVATtRBFEj2jV/TmgPPivDsfi9aCk88coz9wPn8A0LCQ+w==</latexit>

pµ(⌧)

<latexit sha1_base64="w10iV/SAlmLt5lnNcIaxZmjAkKU=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJeyKr2PAS44RzAN21zA7mU2GzOwsM71CDPkMLx4U8erXePNvnCR70MSChqKqm+6uKBXcgOt+Oyura+sbm4Wt4vbO7t5+6eCwZVSmKWtSJZTuRMQwwRPWBA6CdVLNiIwEa0fD26nffmTacJXcwyhloST9hMecErCS//QQyKwSAMnOuqWyW3VnwMvEy0kZ5Wh0S19BT9FMsgSoIMb4nptCOCYaOBVsUgwyw1JCh6TPfEsTIpkJx7OTJ/jUKj0cK20rATxTf0+MiTRmJCPbKQkMzKI3Ff/z/Azim3DMkzQDltD5ojgTGBSe/o97XDMKYmQJoZrbWzEdEE0o2JSKNgRv8eVl0jqvelfVy7uLcq2ex1FAx+gEVZCHrlEN1VEDNRFFCj2jV/TmgPPivDsf89YVJ585Qn/gfP4A4DyRBQ==</latexit>
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• Solving non-linear Einstein field equations:

Waveform modeling techniques
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RELATIVISTIC TWO BODY PROBLEM IN PM: TRADITIONAL  APPROACH 
Point-particle approximation for BHs (or NSs)

Point particle approximation Bulk gravity & gauge fixing
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3) Construct observables

Far field waveform:

„Impulse“ (change in momentum):
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straight line: „in“ state deflectionsemitted radiation

2) Solve iteratively in 
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+ [spin & tidal effects]

Model Black Holes/Neutron Stars as point particles
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µ(⌧) ẋ⌫(⌧)
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<-> EFT logic
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and

  Advanced quantum field theory technology for classical gravitational wave physics⇒
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solve classical equations of motion
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Worldline propagators: 
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where pcani,µ = −∂Lpp/∂ẋµ
i is the canonical momentum

conjugated to xµ. Since we are studying a scattering pro-
cess, in past and future infinity we may assume that the
point particles are so far separated that the interaction
terms vanish. In this case pcani,µ reduces to the kinematic
momentum miẋ

µ
i , so we have

mi∆ẋµ
i = i

∂ lnZWQFT

∂bi,µ
. (14)

Therefore in this letter, we define the generalized eikonal
phase for more than two worldlines as,

χ = −i lnZWQFT. (15)

In section III, we will perform a double copy for the
eikonal to next-to-leading order.
Since we will mostly work in momentum space, it will

be useful to express the worldline fluctuations as

zµ(τ) =

∫

ω
e−iωτzµ(ω),

Ψ(τ) =

∫

ω
e−iωτΨ(ω),

Ψ †(τ) =

∫

ω
e−iωτΨ †(−ω) .

(16)

The dual color wave function Ψ̃ in momentum space is
defined in the same way as Ψ . For convenience we use
the integral shorthands

∫

ω :=
∫

dω
2π ,

∫

k :=
∫

d4k
(2π)4 as well

as δ−(ω) := 2πδ(ω) and δ−(4)(kµ) := (2π)4δ(4)(kµ). When
evaluated on the worldline, the generic field Φ may be
expanded as

Φ(x(τ)) =

∫

k
eik·(b+vτ+z(τ))Φ(−k) =

∞
∑

n=0

in

n!

∫

k
eik·(b+vτ)(k · z(τ))nΦ(−k)

=

∫

k
eik·bΦ(−k)

(

eik·vτ + i

∫

ω
ei(k·v+ω)τk · z(−ω)

)

+O(z2). (17)

We take the expansion only to linear order in zµ since
this is the highest term we need in this letter. A complete
expression of hµν to all orders in z may be found in [16].
Next we extract the Feynman rules from the worldline

actions. The worldline propagators are the same in all
three theories,

zµ zν
ω

= − i

m

ηµν

ω2
(18)

Ψ † Ψ
ω

=
i

ω
. (19)

The propagator of the dual field Ψ̃ is identical to the one
for Ψ .
Let us now begin with the analysis of the Yang-Mills

coupled WQFT. With (16) and (17) we can expand the
interaction term of Spc from eq. (2) as

Spc
int =g

∫

dτ ẋµ(τ) ·Aa(x(τ))Ca(τ) (20)

=g

∫

k
eik·bv ·Aa(−k)δ−(k · v)ca

+ g

∫

k,ω
eik·bAa

µ(−k)δ−(k · v + ω)

×
[

i
(

ωzµ(−ω) + vµk · z(−ω)
)

ca

+ vµ(ψ†T aΨ(−ω)+Ψ †(ω)T aψ)
]

+O
(

(z,Ψ)2
)

where we keep the interaction to linear order in worldline
fluctuations. The Feynman rules of the worldline-gluon

vertices can be directly read off from (20),

Aa
µ

k = igeik·bδ−(k · v)vµca (21)

zρ

Aa
µ

ω

k = −geik·bδ−(k·v + ω)

× (ωηµρ + vµkρ)ca
(22)

Ψ †

Aa
µ

ω

k = igeik·bδ−(k · v + ω)vµ(T aψ) (23)

Ψ

Aa
µ

ω

k = igeik·bδ−(k · v − ω)vµ(ψ†T a). (24)

Turning to the bi-adjoint scalar coupled WQFT, we
can expand the worldline-scalar coupling of (6) in the
same way,

Scc
int =

y

m

∫

dτφaã(x(τ))Ca(τ)C ã(τ) (25)

=
y

m

∫

k
eik·bφaã(−k)δ−(k · v)cacã

  Graviton propagator:⇒

Perturbative (quantum) gravity (in the bulk):
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the last section if one is interested in tree-level one-point functions (as we are) we
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Note that now the direction of the arrow above the propagators indicates the causality

flow. The retarded propagators were already used in [47–51].

For the in-in WQFT vertices at linear order in minus fields the vertex structure

is particularly simple — generalizing the scalar field discussion of eq. (2.27):
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We find precisely the same Feynman rules (including symmetry factors) as in the

in-out formalism, with the distinction that these are extended by dressing each leg

successively by a minus label and all others by a plus label. Importantly, starting

with the one-point functions connected to the background trajectories the connecting

graviton field always carries a minus label:
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take retarded 
propagator

(in-in formalism) 
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Schematic form of  vertex gzm

4.2 Recursive properties

The Feynman rules (4.18), (4.20) and (4.21) satisfy recursive properties:
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In words: a vertex with (n + 1) external zµ particles, and !n+1 = 0, is given by

a derivative with respect to the impact parameter b
µ of the corresponding n-point

vertex. We claim this continues to hold when spin is included, and that eq. (4.23b)

generalizes similarly, regardless of what other external lines are present on the vertex.

In the non-spinning case we confirmed this recursive property using an analytic
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With the inclusion of spin, however, we no longer have such a compact expression

and therefore argue di↵erently.

At the Lagrangian level these properties follow straightforwardly from
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where S
(i) + S

(i)

E
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R
d⌧ L(i)(⌧) (we are now ignoring the ghosts). The former is true

simply because the Lagrangian L
(i) depends on b

µ
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and z
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only implicitly via x

µ

i
(⌧) =
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This term gives rise to the stress-energy tensor T µ⌫(k) = meik·b��(k · v)vµv⌫ (see e.g.

ref. [85]) which we interpret as a classical source for hµ⌫ . The Feynman rule is

hµ⌫(k)

= �i
m

2mPl

eik·b��(k · v)vµv⌫ , (4.12)

with k outgoing. It is a tadpole: the dotted line represents the worldline, and is

intended only as a visual aid. The linear terms in zµ are
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from which we read o↵ the two-point vertex:
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The energy ! is also taken as outgoing. Finally, to quadratic order in zµ:
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The associated trivalent Feynman vertex is

hµ⌫(k)
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While of course the second worldline fluctuation still travels on the worldline, we

draw it above to distinguish it from its partner.

Given that an n-graviton vertex carries an overall m2�n
Pl

, it might seem odd that

each of these z-vertices carries only a single power of m�1

Pl
. To rectify this we might

try rescaling zµ ! m�1

Pl
zµ, similar to how we write gµ⌫ = ⌘µ⌫ + m�1

Pl
hµ⌫ for the

graviton. However, we find this operation to be undesirable as it also rescales the

propagator (4.7) to carry an overall m2

Pl
. As we shall see, despite the higher-point

vertices carrying the same overall power of mPl, their appearance at low orders in

the PM expansion is ruled out by the combinatorics of which diagrams we can draw.
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4.2 Recursive properties

The Feynman rules (4.18), (4.20) and (4.21) satisfy recursive properties:
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. (4.23b)

In ref. [1] (the non-spinning case) the first relationship was generalized to n points:
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z
⇢1(!1)

...
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In words: a vertex with (n + 1) external zµ particles, and !n+1 = 0, is given by

a derivative with respect to the impact parameter b
µ of the corresponding n-point

vertex. We claim this continues to hold when spin is included, and that eq. (4.23b)

generalizes similarly, regardless of what other external lines are present on the vertex.

In the non-spinning case we confirmed this recursive property using an analytic

expression for the worldline vertices:
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With the inclusion of spin, however, we no longer have such a compact expression

and therefore argue di↵erently.

At the Lagrangian level these properties follow straightforwardly from
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where S
(i) + S

(i)

E
=
R
d⌧ L(i)(⌧) (we are now ignoring the ghosts). The former is true

simply because the Lagrangian L
(i) depends on b

µ

i
and z
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i
only implicitly via x

µ

i
(⌧) =
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Worldline vertices: 1-graviton & m world-line deflections

Energy conservation on worldline

4.2 Recursive properties
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While of course the second worldline fluctuation still travels on the worldline, we

draw it above to distinguish it from its partner.

Given that an n-graviton vertex carries an overall m2�n
Pl

, it might seem odd that

each of these z-vertices carries only a single power of m�1

Pl
. To rectify this we might

try rescaling zµ ! m�1

Pl
zµ, similar to how we write gµ⌫ = ⌘µ⌫ + m�1

Pl
hµ⌫ for the

graviton. However, we find this operation to be undesirable as it also rescales the

propagator (4.7) to carry an overall m2

Pl
. As we shall see, despite the higher-point

vertices carrying the same overall power of mPl, their appearance at low orders in

the PM expansion is ruled out by the combinatorics of which diagrams we can draw.
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4.2 Recursive properties

The Feynman rules (4.18), (4.20) and (4.21) satisfy recursive properties:
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In ref. [1] (the non-spinning case) the first relationship was generalized to n points:
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In words: a vertex with (n + 1) external zµ particles, and !n+1 = 0, is given by

a derivative with respect to the impact parameter b
µ of the corresponding n-point

vertex. We claim this continues to hold when spin is included, and that eq. (4.23b)

generalizes similarly, regardless of what other external lines are present on the vertex.

In the non-spinning case we confirmed this recursive property using an analytic

expression for the worldline vertices:
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With the inclusion of spin, however, we no longer have such a compact expression

and therefore argue di↵erently.

At the Lagrangian level these properties follow straightforwardly from
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where S
(i) + S

(i)

E
=
R
d⌧ L(i)(⌧) (we are now ignoring the ghosts). The former is true

simply because the Lagrangian L
(i) depends on b

µ

i
and z

µ

i
only implicitly via x

µ

i
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µ(⌧) ẋ⌫(⌧)
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b, v

2

the non-spinning case [? ? ? ? ].
In this Letter we provide the conservative, spin-orbit

contributions to the impulse and spin kick at 4PM ac-
curacy, together with the total scattering angle. These
results provide the basis to refine e↵ective one-body
Hamiltonians and resummed scattering prescriptions for
high-precision gravitational wave physics. Our worldline
quantum field theory (WQFT) hinges on three innova-
tions to the EFT approach for gravitational scattering:
(i) quantizing both the worldline degrees of freedom and
the gravitational field allows for a diagrammatic formula-
tion of the classical perturbation theory yielding the ob-
servables as one-point functions of the worldline or gravi-
tational fields [? ], (ii) capturing the spin of the compact
objects through a supersymmetric worldline theory [? ],
(iii) the Schwinger-Keldysh (in-in) initial value formula-
tion of WQFT that induces the use of retarded propaga-
tors and a causality flow in the diagrammatic expansion
[? ].

Supersymmetric in-in WQFT formalism. — The ef-
fective worldline theory of spinning bodies (Kerr BHs or
NSs) with masses mi and space-time coordinates xµ

i (⌧)
on a general D-dimensional space-time with metric gµ⌫
is described up to quadratic order in spin by an N = 2
supersymmetric worldline theory [? ]. As we are focus-
ing on the spin-orbit (linear-in-spin) dynamics here, the
N = 1 incarnation of this theory will su�ce:

S = �

2X

i=1

mi

Z
d⌧


1

2
gµ⌫ ẋ

µ
i ẋ

⌫
i +i i,a

D a
i

D⌧

�
+ SEH . (1)

The real anti-commuting vectors  a
i (⌧) are defined in

a flat tangent space using the vierbein eµa and D a
i

D⌧ =

 ̇a
i + ẋµ!µ

ab i,b with the spin-connection !µ
ab (our met-

ric is mostly minus). We work in D = 4� 2✏ dimensions
with SEH the bulk Einstein-Hilbert action including a
gauge-fixing term; the process of dimensional regularisa-
tion, wherein we ultimately send ✏! 0, is aided by only
this part of the full action needing to be lifted to D di-
mensions. The  a

i (⌧) carry the spin degrees of freedom
with the spin tensors Sµ⌫

i = �imi 
µ
i  

⌫
i and the Pauli-

Lubanski vectors Sµ
i = mia

µ
i = 1

2
✏µ⌫⇢�v

⌫
i S

⇢�
i .

We expand the fields around their respective back-
grounds: the metric gµ⌫ = ⌘µ⌫ +hµ⌫ , with  =

p
32⇡G,

and the worldlines

xµ
i (⌧) = bµi +vµi ⌧+zµi (⌧) ,  µ

i (⌧) =  
µ
i + 

0µ
i (⌧) , (2)

where {bµi , v
µ
i , 

µ
i } are the initial (background) param-

eters of the two bodies. Using background symmetries
we set b · vi =  i · vi = 0 where bµ = |b| b̂µ = bµ

2
� bµ

1

is the covariant impact parameter. We also introduce
the Lorentz factor � = v1 · v2 and the relative velocity
v =

p
�2 � 1/�.

Causal observables including radiative e↵ects arise
from the Schwinger-Keldysh (in-in) formalism applied
to WQFT [? ] where one doubles the fields: hµ⌫ !

(h(1)

µ⌫ , h
(2)

µ⌫ ) and Zµ
i ! (Z(1)µ

i , Z(2)µ
i ) introducing the

worldline “super-fields” Zi = {zi, 0
i}. Causal one-point

functions follow from the in-in path integral

hOi :=

Z
D[h(1,2)

µ⌫ , Z(1,2)µ
i ]ei(S[{ }(1)

]�S[{ }(2)
]
⇤
)
O , (3)

normalized such that h1i = 1 and with { }
(n) denoting the

(n)’th copy of the doubled fields. The key property we
exploit is that the WQFT tree-level one-point functions

hZ(n)
i i solve the classical equations of motion. Moreover,

the computation of one-point functions of in-in WQFT
reduces to the use of retarded propagators combined with
the standard in-out WQFT Feynman rules [? ]. This
formalism yields an e�cient QFT-based scheme to solve
the classical equations perturbatively.
Conservative observable can in turn be defined by ne-

glecting all interactions between h(1)

µ⌫ and h(2)

µ⌫ . This may
be achieved by using the in-in formalism only for the
worldlines while keeping the in-out formalism for the
gravitons and projecting on the real part of observables [?
? ]. This separation of conservative e↵ects at 4PM has
proven its e�ciency for the non-spinning results [? ? ].
WQFT Feynman rules. — The graviton propagator

in de Donder gauge with Feynman prescription reads

k

µ⌫ ⇢�
=

iPµ⌫;⇢�

k2 + i0+
, (4)

with Pµ⌫;⇢� := ⌘µ(⇢⌘�)⌫ �
1

D�2
⌘µ⌫⌘⇢� while the worldline

propagators associated with zµi and  0µ
i read, respectively

!, n
!µ ⌫ =

�i⌘µ⌫

mi(! + i0+)n

(
n = 2 for zµi ,

n = 1 for  0µ
i .

(5)

The arrow on the propagators indicates the momentum
or energy flow on the retarded propagators. Importantly,
the Feynman graviton propagators reflect our focus on
conservative observables. Full dissipative results may be
obtained by using retarded propagators instead. The
Feynman vertices of the spinning WQFT to lower multi-
plicities have been exposed in [? ]. The generic worldline
vertex couples n gravitons to m worldline fields and reads

Vn|m =

k

!1

...

!m

⇠

mn eik·b�

✓
k · v +

nX

i=1

!i

◆
⇥

⇥

✓
polynomial in !i, kj
of degree 2n+m

◆
(6)

where kµ =
Pn

i=1
kµi is the total outflowing four-

momentum and the dotted outgoing line symbolizes the
background parameters {bµ, vµ, µ

} of Eq. (2). We see
that only energy is conserved on the worldline. The bulk
graviton vertices are generic. At 4PM order we need
the worldline vertices Vn|m above for {n = 1, . . . , 4;m =
0, . . . , 5� n}, and the 3-,4-,5-graviton vertices.
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E.g. three-point vertices:

1.7 Feynman rules for perturbative quantum gravity 17

One indeed verifies that I↵�,�� P��,⇢ = �↵(⇢�
�
)

. The graviton self-interaction vertices
take an involved structure due to a proliferation of indices. Exemplary we exhibit the
three-graviton vertex [7]

µ
1↵ ⌫ 2

�

⇢
3
�

= i
p

G sym[

�
1
2 P3(k1 · k2⌘µ↵⌘⌫�⌘⇢�) �

1
2 P6(k1⌫k1�⌘µ↵⌘⇢�) +

1
2 P3(k1 · k2⌘µ⌫⌘↵�⌘⇢�)

+ P6(k1 · k2⌘µ↵⌘⌫⇢⌘��) + 2P3(k1⌫k1�⌘µ↵⌘�⇢) � P3(k1�k2µ⌘↵⌫⌘⇢�)

+ P3(k1⇢k2�⌘µ⌫⌘↵�) + P6(k1⇢k1�⌘µ⌫⌘↵�) � 2P6(k1⌫k2�⌘�µ⌘↵⇢)

+ 2P3(k1⌫k2µ⌘�⇢⌘�↵) � 2P3(k1 · k2⌘⌫↵⌘⇢�⌘µ�)] , (1.77) {3gravitonvertex}{3gravitonvertex}

with the symbol Pn denoting the symmetrisation in the index blocks (k1µ↵, k2⌫�, k3⇢�)
associated with the three legs and resulting in n distinct terms.

The higher point vertices take a schematic structure as

⇠
p

G
2
k2 , ⇠

p
G

3
k2

⇠
p

G
4
k2 , . . . (1.78) {gravitonvertexscaling}{gravitonvertexscaling}

Through the Fadeev-Popov procedure one also picks up a ghost sector. The local
symmetry transformation are now the general coordinate transformations given in
eq. (1.71). Hence, the gravity ghosts carry a vector index: b⌫(x) and b̄µ(x). The ghost
contribution to the Lagrangian takes the form

LGH = �b̄µ(
�Gµ

�⇠⌫
)b⌫ . (1.79)

From the de Donder gauge fixing function of eq. (1.73) one deduces the di�erential
operator in the ghost sector


�Gµ

�⇠⌫
= ⌘µ⌫@

2+(@⇢hµ⌫@⇢+@⇢h⌫⇢@µ+@⇢(@⌫hµ⇢)�@µh⌫⇢@⇢� 1
2@µ(@⌫h)) , (1.80)

where the first term gives rise to the kinetic term of the ghost fields yielding the
propagator

↵ � =
i ⌘↵�

p2 + i0
. (1.81)

The remaining terms yield a graviton-ghost-anti-ghost interaction vertex

↵ �

⌫µ
(1.82)

However, ghosts will play no rôle in the modern approaches to scattering amplitudes
developed in this book. Therefore we do not need to spell out this involved vertex
here.
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Four-momentum conservation in bulk δ4(∑ p)

AL AR
Pi

1̂(z)
2

n̂(z)

i+ 1

ii� 1

�h h

⇠
p
Gk2

2

Highly involved structures!  Emerge from Einstein-Hilbert action.

<latexit sha1_base64="d7PMMqdyX6Td8/Ek4N20fCBtW7A="></latexit>

1

16⇡G

Z
d4x

p
�g R(g)

n # of terms
3 33
4 366
5 4630
6 51360

(in an optimised generalized De Donder gauge) 



Spinning-black holes: Capture spin d.o.f. by adding complex : 
Inspired by bosonic string theory (tensionless  limit)
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PUTTING SPIN ON THE WORLD-LINE
[Haddad,Jakobsen,Mogull,JP]

Spin-orbit & spin-spin interactions 

spin degrees of freedom neutron star term

Spin tensor of BHs/NSs

Quantize

Scattering scenario:
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xµ
i (ω) = bµi + vµi ω + zµi (ω)

εµ
i (ω) = εµ

→↑,i + ε↓µ
i (ω)

2

We therefore augment the worldline trajectories xµ
i (⌧i)

(i = 1, 2) of our two massive bodies by anticommuting
complex Grassmann fields  a

i (⌧i). These are vectors in
the flat tangent Minkowski spacetime connected to the
curved spacetime via the vierbein ea

µ(x). The worldline
action in the massive case for each body takes the form
(suppressing the i subscripts) [20, 33]

S = �m

Z
d⌧

h
1
2gµ⌫ ẋ

µẋ⌫+i ̄a
D a

D⌧ + 1
2Rabcd ̄

a b ̄c d
i
,

(1)

where gµ⌫ = ea
µeb
⌫⌘ab is the metric in mostly minus signa-

ture, D a

D⌧ =  ̇a + ẋµ!µ
a

b 
b includes the spin connection

!µab and the Riemann tensor is Rµ⌫ab = ec
µed
⌫Rabcd =

2(@[µ!⌫]ab + ![µ a
c!⌫]cb). This theory enjoys a global

N = 2 SUSY: it is invariant under

�xµ = i✏̄ µ + i✏ ̄µ , � a = �✏ea
µẋµ

� �xµ !µ
a

b 
b , (2)

with constant SUSY parameters ✏ and ✏̄ = ✏†.
The connection to a traditional description of spin-

ning bodies in general relativity, using the spin field Sµ⌫

and the Lorentz body-fixed frame ⇤A
µ [21, 22, 24, 34, 35],

comes about upon identifying the spin field Sµ⌫(⌧) with
the Grassmann bilinear:

Sµ⌫ = �2ieµ
ae⌫b  ̄

[a b] . (3)

One can easily show that Sab obeys the Lorentz algebra
under Poisson brackets { a,  ̄b

}P.B. = �i⌘ab. In fact, the
spin-supplementary condition (SSC) and preservation of
spin length may be related to N = 2 SUSY-related con-
straints [33]. Finally, by deriving the classical equations
of motion from the action these can be shown to match
the Mathisson-Papapetrou equations [36] at quadratic
spin order. This indicates a hidden N = 2 SUSY in
the actions of Refs. [22, 34, 35].

The actions of Refs. [22, 34, 35] also carry a first
spin-induced multipole moment term at quadratic order
in spins with an undertermined Wilson coe�cient CE ,
where here CE = 0 for a Kerr BH. Translating it to our
formalism this term reads

SES2 := �m

Z
d⌧ CEEab ̄

a b  ̄ ·  , (4)

where Eab := Raµb⌫ ẋµẋ⌫ is the “electric” part of the Rie-
mann tensor. The N = 2 SUSY is now maintained only
in an approximate sense [33]: it survives in the action for
terms up to O( 5), i.e. quadratic order in spin.

In order to describe a scattering scenario we expand
the worldline fields about solutions of the equations of
motion along straight-line trajectories:

xµ
i (⌧i) = bµ

i + vµ
i ⌧i + zµ

i (⌧i) ,

 a
i (⌧i) =  a

i +  0a
i (⌧i) ,

(5)

where S
µ⌫
i := �2i ̄[µ

i  
⌫]
i captures the initial spin of the

two massive objects. The weak gravity expansion of the

vierbein reads

ea
µ = ⌘a⌫

✓
⌘µ⌫ +



2
hµ⌫ �

2

8
hµ⇢h

⇢
⌫ + O(3)

◆
, (6)

introducing the graviton field hµ⌫(x) and the gravita-
tional coupling 2 = 32⇡G. Note that in this pertur-
bative framework the distinction between curved µ, ⌫, . . .
and tangent a, b, . . . indices necessarily drops.

The spinning WQFT has the partition function

ZWQFT := const ⇥

Z
D[hµ⌫ ] e

i(SEH+Sgf ) (7)

⇥

Z 2Y

i=1

D[zµ
i ]D[ 0

i
µ
] exp

h
i

2X

i=1

S(i) + S(i)
ES2

i
,

where SEH is the Einstein-Hilbert action and the gauge-
fixing term Sgf enforces de Donder gauge. The SUSY
variations (2) leave an imprint on the free energy (or
eikonal) FWQFT(bi, vi, Si) := �i log ZWQFT: ¡¡¡¡¡¡¡ HEAD
after integrating out the fluctuations hµ⌫ , zµ and  0µ

in the path integral (7), ======= after integrating
out the fluctuations hµ⌫ , zµ and  0µ in the path integral
(7), ¿¿¿¿¿¿¿ 859fc402↵356b06f03c853b7a9c2d4c03d43df5
the SUSY variations of the background trajectories (5)
remain intact in an asymptotically flat spacetime. That
is, the transformations

�bµ
i = i✏̄ µ

i + i✏ ̄µ
i , �vµ

i = 0 , � µ
i = �✏vµ

i

) �Sµ⌫
i = vµ

i �b
⌫
i � v⌫i �b

µ
i

(8)

are a symmetry of FWQFT(bi, vi, Si) (only up to quadratic
spin order when the Wilson coe�cients CE,i are in-
cluded). As we shall see, this is also a symmetry of the
waveform. Using a suitable shift of the proper times ⌧i
we may choose b·vi = 0, where bµ = bµ

2 �bµ
1 is the relative

impact parameter; by gauge fixing the SUSY transforma-
tions (8) we impose vi,µS

µ⌫
i = 0 (the covariant SSC).

Feynman rules. — As the Feynman rules for the
Einstein-Hilbert action are conventional we will not dwell
on them; the only subtlety is our use of a retarded gravi-
ton propagator:

k

µ⌫ ⇢�
= i

Pµ⌫;⇢�

(k0 + i✏)2 � k2
, (9)

with Pµ⌫;⇢� := ⌘µ(⇢⌘�)⌫ �
1
2⌘µ⌫⌘⇢�. On the worldline

we work in one-dimensional energy (frequency) space:
the propagators for the fluctuations zµ(!) and anti-
commuting vectors  0µ(!) are respectively

!

µ ⌫ = �i
⌘µ⌫

m (! + i✏)2
, (10a)

!

µ ⌫ = �i
⌘µ⌫

m (! + i✏)
, (10b)

which also both involve a retarded i✏ prescription. The
former was already used in Refs. [16, 17].
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→ωµ(ε)ω̄ω(↑ε)↓ = ↑iϑµω

m(ε + i0)

<latexit sha1_base64="1aWnIQX7agovYZJCDp4dBryOLRs="></latexit>

SBH/NS = →m

∫
dω
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1

2
gµω ẋµ ẋω+iε̄µDεεµ + 1

2
Rµωϑϖε̄µεω ε̄ϑεϖ+CERµẋωẋε̄µεω ε̄ · ε
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OBSERVABLES OF WQFT: ONE POINT FUNCTIONS

1) Impulse (change of momentum)

Fourier trans.

18

Needs sum of all graphs with one outgoing z-line:

[Driesse,Jakobsen,Klemm,Mogull,Nega,JP,Sauer,Usovitsch, Nature 641 (2025) 603.]
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OBSERVABLES OF WQFT: ONE POINT FUNCTIONS
2) Emitted Waveform (Gravitational Bremsstrahlung)
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Figure B2.2.: Representation of GW observables

two-body problem for the unbound scenario. Yet, in the applications for gravitational wave physics the bound
scenario including radiative e�ects is required and remains underdeveloped. In addition, the systematic inclusion
of higher orders in spin, finite-size and tidal-e�ects including radiative e�ects at high PM orders needs to be
performed. Finally, the present QFT based technology is limited to the weak gravitational field sector, the strong
gravity regime accessible in the small mass ratio expansion (the gravitational self-force approach) remained
untouched by recent innovations.

a.2. Research objectives

The research objectives of the GraWFTy project that I would like to pursue in four work-packages are therefore
the following:

1) Radiative e�ects: How can we systematically control the radiative PM expansion including spin, finite size
and tidal e�ects?

2) Higher spin: What are the hidden symmetries behind Kerr-BH scattering and how do we e�ciently handle
higher spin contributions?

3) Strong gravity: How can we innovate the small mass ratio expansion with QFT techniques in order to access
the strong gravity regime?

4) Bound state: How can we port the QFT based innovations from the scattering to the bound state regime?

I plan to pursue these objectives in the framework of the WQFT formalism outlined above. The ERC grant
would provide me with the means to fully unfold the enormous potential of this approach. My GraWFTy team
will consist of a long-term (5y) senior postdoc with a background in amplitudes and collider physics that will
bring in expertise in modern Feynman integration methods, a postdoc (3y) with a background in gravitational
wave physics in particular EOB and/or the self-force approach, as well as two talented PhD students (4y).

Work-packages

WP1 Radiative e�ects: Retarded WQFT including spin, tidal and finite size e�ects
Team: Senior Postdoc, PhD

As we know in classical physics one needs to use the retarded Green’s function (or propagator) to solve
Maxwell’s equations with time-dependent sources. The same is true for a perturbative PM solution of the
gravitational two-body problem. Yet, to date all QFT based approaches fail to do so and use the Feynman
propagator – this being the correct choice for the quantum regime. This seemingly technical detail actually
has profound consequences: It leads to an unphysical split of the resulting observables into conservative and
radiation reaction contributions. It was also the reason for an initial confusion in the field about a divergent
high-energy limit of the 3PM amplitudes based computation of the e�ective potential. The key advantage of

5

Deflection:
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FIG. 1: The nine types of diagram contributing to the m1m
3
2 components of �p(3)µ

1 and the m3
2 components of ��(3)µ

1 ,
involving I(1;±)-type integrals (13). In the test-body limit m1 � m2 these are the only surviving contributions. All graphs
should be considered trees — the dotted lines represent the worldlines on which energy is conserved, instead of momentum.
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(i) (j) (k) (l) (m) (n) (o) (p)
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FIG. 2: The twenty-two types of diagram contributing to the m2
1m

2
2 components of �p(3)µ

1 and the m1m
2
2 components of

��(3)µ
1 , involving I(2;±)-type integrals (13). We exclude “mushroom graphs” that integrate to zero in the potential region.

selecting the G3 component on both sides. Meanwhile
�Sµ�

i we derive from ��µ
i := [�µ

i ]�=+�
�=�� and ��̄µ

i (again
using eq. (2)):

�Sµ�
i = �2i

�
�̄[µ

i ���]
i + �[µ

i ��̄�]
i + ��̄[µ

i ���]
i

�
. (10)

In the WQFT formalism these quantities are considered
observables:

�pµ
i = mi

� �

��
d�

�
d2xµ

i (�)

d�2

�
= �mi�

2 �zµ
i (�)�|�=0 ,

��µ
i =

� �

��
d�

�
d�µ

i (�)

d�

�
= i� ���µ

i (�)�
��
�=0

. (11)

Diagrammatically this amounts to a simple prescription:
draw all tree-level diagrams with a single cut external zµ

i
or ��µ

i line.

The diagrams required to calculate both �p(3)µ
1 and

��(3)µ
1 are divided into three categories, the first two of

which are illustrated schematically in Figures 1 and 2.

As the diagrams involved in �p(3)µ
1 and ��(3)µ

1 di�er
only by the cut outgoing line we display them together.
For additional brevity we use only solid lines to repre-
sent propagating worldline modes zµ

i , ��µ
i and �̄�µ

i ; how-
ever, it should be assumed that each internal worldline
mode could be of all three types (with symmetry fac-
tors adjusted accordingly). The third set of diagrams
(not drawn) consists simply of mirrored versions of the
graphs in Figure 1 through a horizontal plane, but with
the external cut line still on the first (upper) worldline.
For the impulse we avoid calculating these contributions

directly, instead making use of momentum conservation

�p(3)µ
2 = ��p(3)µ

1 (for conservative scattering).

We assemble expressions using the WQFT Feynman
rules in D = 4 � 2� spacetime dimensions, with the
later intention of recovering four-dimensional results in
the � � 0 limit. Each retarded worldline propagator (7)
points towards the outgoing line: from cause to e�ect. As
diagrams belonging to each of the three categories carry
common overall factors of the masses m�

1 m�
2 the cate-

gories themselves are separately gauge invariant. This is
a considerable practical benefit to our approach, as it al-
lows us to break up the calculation into gauge-invariant
sub-components. Diagrams in Figure 1 carry the maxi-
mum allowed power of m2, and represent the test-body
limit m1 � m2. Integrals are performed over the ener-
gies (on the worldlines

�
�) or momenta (in the bulk

�
k)

of all internal lines.

The integrals involved in both �p(3)µ
1 and ��(3)µ

1 are
Fourier transforms of two-loop Feynman integrals:

�

q
eiq·b��(q · v1)�

�(q · v2)|q|�I(i;±)
n1,n2,...,n7

, i = 1, 2, 3, (12)

where qµ is the total momentum exchanged from the sec-
ond to the first worldline and � is an arbitrary power of
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two-body problem for the unbound scenario. Yet, in the applications for gravitational wave physics the bound
scenario including radiative e�ects is required and remains underdeveloped. In addition, the systematic inclusion
of higher orders in spin, finite-size and tidal-e�ects including radiative e�ects at high PM orders needs to be
performed. Finally, the present QFT based technology is limited to the weak gravitational field sector, the strong
gravity regime accessible in the small mass ratio expansion (the gravitational self-force approach) remained
untouched by recent innovations.

a.2. Research objectives

The research objectives of the GraWFTy project that I would like to pursue in four work-packages are therefore
the following:

1) Radiative e�ects: How can we systematically control the radiative PM expansion including spin, finite size
and tidal e�ects?

2) Higher spin: What are the hidden symmetries behind Kerr-BH scattering and how do we e�ciently handle
higher spin contributions?

3) Strong gravity: How can we innovate the small mass ratio expansion with QFT techniques in order to access
the strong gravity regime?

4) Bound state: How can we port the QFT based innovations from the scattering to the bound state regime?

I plan to pursue these objectives in the framework of the WQFT formalism outlined above. The ERC grant
would provide me with the means to fully unfold the enormous potential of this approach. My GraWFTy team
will consist of a long-term (5y) senior postdoc with a background in amplitudes and collider physics that will
bring in expertise in modern Feynman integration methods, a postdoc (3y) with a background in gravitational
wave physics in particular EOB and/or the self-force approach, as well as two talented PhD students (4y).

Work-packages

WP1 Radiative e�ects: Retarded WQFT including spin, tidal and finite size e�ects
Team: Senior Postdoc, PhD

As we know in classical physics one needs to use the retarded Green’s function (or propagator) to solve
Maxwell’s equations with time-dependent sources. The same is true for a perturbative PM solution of the
gravitational two-body problem. Yet, to date all QFT based approaches fail to do so and use the Feynman
propagator – this being the correct choice for the quantum regime. This seemingly technical detail actually
has profound consequences: It leads to an unphysical split of the resulting observables into conservative and
radiation reaction contributions. It was also the reason for an initial confusion in the field about a divergent
high-energy limit of the 3PM amplitudes based computation of the e�ective potential. The key advantage of
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The energy � is also taken as outgoing. Finally, to quadratic order in zµ:
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The associated trivalent Feynman vertex is
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While of course the second worldline fluctuation still travels on the worldline, we

draw it above to distinguish it from its partner.

Given that an n-graviton vertex carries an overall m2�n
Pl , it might seem odd that

each of these z-vertices carries only a single power of m�1
Pl . To rectify this we might

try rescaling zµ � m�1
Pl z

µ, similar to how we write gµ� = �µ� + m�1
Pl hµ� for the

graviton. However, we find this operation to be undesirable as it also rescales the

propagator (4.7) to carry an overall m2
Pl. As we shall see, despite the higher-point

vertices carrying the same overall power of mPl, their appearance at low orders in

the PM expansion is ruled out by the combinatorics of which diagrams we can draw.

The three vertices given above will be su�cient for all of the calculations done in

this paper. However, using eq. (4.10) we can easily generalize to an nth order vertex:
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An intriguing property of this vertex is that, should we set the energy on one of the

external zµ lines to zero, the resulting expression can also be obtained as a derivative

of its lower-point cousin with respect to the impact factor:
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(k; �1, . . . , �n, 0) =
�

�b�n+1
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This will be important when we return to the eikonal phase in Section 7.
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Figure B2.1.: Sketch of the non-spinning WQFT momentum space Feynman rules. The dotted line represents the unde-
flected world-line trajectories. There exist hzn vertices for all n.

also produce gravitational radiation, or gravitational Bremsstrahlung. The resulting waveform in the far field
at leading order in G was found (in the spinless case) with traditional techniques in the 1970s [21–24].
Bremsstrahlung events currently appear to be out of reach for GW wave detectors as the signal is not periodic
and typically less intensive [25–27]. Still, there is a debate in the field as to their detectability in the third
generation of GW detectors (see [28] for a summary) calling for accurate waveform models just as well. They
would be relevant for the understanding of dense stellar environments. Due to the lack of an orbital scale r in
the scattering case, the dynamics is organized in an expansion solely in G for arbitrary relative velocities of the
compact objects: the post-Minkowskian (PM) expansion. From a quantum field theorist’s perspective this is
the much more natural and e�cient expansion. It is a pure weak field expansion in powers of Newton’s constant
G and precisely the expansion one performs in a perturbative quantization of general relativity. It is exact in
velocities, subsuming the PN expansion, and maintains Lorentz invariance.

Together with my research team at Humboldt University Berlin and Dr. Jan Steinho� from the MPI for Gravita-
tional Physics in Potsdam, I very recently developed a novel and highly e�cient QFT based formalism to address
the gravitational two-body problem in the PM expansion: worldline quantum field theory (WQFT) [1]. The
WQFT starts out from the identical description as the “non-relativistic general relativity” worldline approach,
discussed above, which may also be used for the PM expansion [29, 30]. We model the black-holes or neutron
stars as (spinning) point-particles coupled to the gravitational field. Using an einbein e in a “Polyakov” type
action in order to linearize the graviton coupling to the world-line one has (in the spin-less case)
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where we exposed the first two finite size corrections with free Wilson-coe�cients cR and cV . It is convenient to
go to proper time gauge e = 1. The key di�erence to the worldline EFT approach in the PM expansion [29,30], is
that in WQFT one quantizes both the graviton field hµ⌫(x) and the fluctuations zµi (⌧i) about the bodies’ straight
worldline trajectories xµa (⌧) = bµi + v
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in the classical (~ ! 0) limit. In the scattering scenario there are two key observables: The momentum
deflection, i.e. the change in momentum �pµi of the two compact objects undergoing the scatterings, and
the emitted gravitational waveform (“Bremsstrahlung”). These follow directly from the one-point correlation
functions [1, 31]
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This leads to a highly streamlined PM expansion wherein classical scattering observables arise only from sums
of tree-level Feynman diagrams. Hence, the usual expectancy of classical field theory = tree-level quantum
field theory is recovered. In figure B2.1 I sketch the Feynman rules and observables of WQFT.
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FIG. 1. The three diagrams contributing to the
Bremsstrahlung at 2PM order, where �i = k·vi by energy con-
servation at the worldline vertices. All three diagrams have
the integral measure in Eq. (16); in the rest frame of black
hole 1 diagram (a) does not contribute as soon as the outgo-
ing graviton is contracted with a purely spatial polarization
tensor.

these waveforms we furthermore reproduce Damour’s re-
cent result for the total radiated angular momentum [22]
at 2PM order. Our results also complement the recent
result of the total radiated momentum at leading order in
G (3PM) established with amplitude techniques [30]. We
comment on how to achieve this result from our methods.
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with �2 = 32�G the gravitational coupling; we have sup-
pressed the ghost contributions in Eq. (1) as they are ir-
relevant in the classical setting. We work in mostly minus
signature, �µ� = diag(1, �1, �1, �1), and set c = � = 1.
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The energy � is also taken as outgoing. One also has the
standard bulk graviton vertices, of which we shall need
only the three-graviton vertex — see e.g. Ref. [31].

To determine the Bremsstrahlung of two travers-
ing black holes we compute the expectation value
k2�hµ�(k)�WQFT. At leading (2PM) order there are three
diagrams contributing, cp. Fig. 1. We integrate over the
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level diagrams.

Diagram (a) of Fig. 1 then takes the form1

k2�hµ�(k)�WQFT

���
(a)

= �m1m2�3

8

�

q1,q2

µ1,2(k)
(2�1v

(µ
1 ��)

� � vµ
1 v�

1k�)(2�1v
(�
1 ��)� � v�

1 v�
1 q�

2)

(�1 + i�)2
P��;��

[(q0
2 + i�)2 � q2

2]
v�
2 v�

2 ,

(6)

1 In principle we should also contract with Pµ�;�� for an outgo-
ing graviton line; however as the polarization tensors eµ�

+,� are
traceless we find it unnecessary.

= i
�µ(⇢��)⌫ �

1
2 �µ⌫�⇢�

(k0 + i� )2 � k2 ,

hzµ (!)z⌫ (�!)i =

2

µ,�

���1

k
q2 �

1

2

(a)

µ,�

�2�� k

q1 �

2

1

(b)

µ,�k
q1 �

q2 �

1

2

(c)

FIG. 1. The three diagrams contributing to the
Bremsstrahlung at 2PM order, where �i = k·vi by energy con-
servation at the worldline vertices. All three diagrams have
the integral measure in Eq. (16); in the rest frame of black
hole 1 diagram (a) does not contribute as soon as the outgo-
ing graviton is contracted with a purely spatial polarization
tensor.

these waveforms we furthermore reproduce Damour’s re-
cent result for the total radiated angular momentum [22]
at 2PM order. Our results also complement the recent
result of the total radiated momentum at leading order in
G (3PM) established with amplitude techniques [30]. We
comment on how to achieve this result from our methods.

Worldline Quantum Field Theory. — The classical
gravitational scattering of two massive objects mi mov-
ing on trajectories xµ

i (�i) = bµ
i +vµ

i �i+zµ
i (�i) is described

by the worldline quantum field theory (WQFT) with par-
tition function [29]

ZWQFT := const �
�

D[hµ� ]

� 2�

i=1

D[zi] e
i(SEH+Sgf ) (1)

exp
�
�i

2�

i=1

� �

��
d�i

mi

2
[�µ� + �hµ�(x)]ẋµ
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The energy � is also taken as outgoing. Finally, to quadratic order in zµ:
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The associated trivalent Feynman vertex is
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While of course the second worldline fluctuation still travels on the worldline, we

draw it above to distinguish it from its partner.

Given that an n-graviton vertex carries an overall m2�n
Pl , it might seem odd that

each of these z-vertices carries only a single power of m�1
Pl . To rectify this we might

try rescaling zµ � m�1
Pl z

µ, similar to how we write gµ� = �µ� + m�1
Pl hµ� for the

graviton. However, we find this operation to be undesirable as it also rescales the

propagator (4.7) to carry an overall m2
Pl. As we shall see, despite the higher-point

vertices carrying the same overall power of mPl, their appearance at low orders in

the PM expansion is ruled out by the combinatorics of which diagrams we can draw.

The three vertices given above will be su�cient for all of the calculations done in

this paper. However, using eq. (4.10) we can easily generalize to an nth order vertex:
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An intriguing property of this vertex is that, should we set the energy on one of the

external zµ lines to zero, the resulting expression can also be obtained as a derivative

of its lower-point cousin with respect to the impact factor:
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(k; �1, . . . , �n, 0) =
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This will be important when we return to the eikonal phase in Section 7.
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Figure B2.1.: Sketch of the non-spinning WQFT momentum space Feynman rules. The dotted line represents the unde-
flected world-line trajectories. There exist hzn vertices for all n.

also produce gravitational radiation, or gravitational Bremsstrahlung. The resulting waveform in the far field
at leading order in G was found (in the spinless case) with traditional techniques in the 1970s [21–24].
Bremsstrahlung events currently appear to be out of reach for GW wave detectors as the signal is not periodic
and typically less intensive [25–27]. Still, there is a debate in the field as to their detectability in the third
generation of GW detectors (see [28] for a summary) calling for accurate waveform models just as well. They
would be relevant for the understanding of dense stellar environments. Due to the lack of an orbital scale r in
the scattering case, the dynamics is organized in an expansion solely in G for arbitrary relative velocities of the
compact objects: the post-Minkowskian (PM) expansion. From a quantum field theorist’s perspective this is
the much more natural and e�cient expansion. It is a pure weak field expansion in powers of Newton’s constant
G and precisely the expansion one performs in a perturbative quantization of general relativity. It is exact in
velocities, subsuming the PN expansion, and maintains Lorentz invariance.

Together with my research team at Humboldt University Berlin and Dr. Jan Steinho� from the MPI for Gravita-
tional Physics in Potsdam, I very recently developed a novel and highly e�cient QFT based formalism to address
the gravitational two-body problem in the PM expansion: worldline quantum field theory (WQFT) [1]. The
WQFT starts out from the identical description as the “non-relativistic general relativity” worldline approach,
discussed above, which may also be used for the PM expansion [29, 30]. We model the black-holes or neutron
stars as (spinning) point-particles coupled to the gravitational field. Using an einbein e in a “Polyakov” type
action in order to linearize the graviton coupling to the world-line one has (in the spin-less case)
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where we exposed the first two finite size corrections with free Wilson-coe�cients cR and cV . It is convenient to
go to proper time gauge e = 1. The key di�erence to the worldline EFT approach in the PM expansion [29,30], is
that in WQFT one quantizes both the graviton field hµ⌫(x) and the fluctuations zµi (⌧i) about the bodies’ straight
worldline trajectories xµa (⌧) = bµi + v
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in the classical (~ ! 0) limit. In the scattering scenario there are two key observables: The momentum
deflection, i.e. the change in momentum �pµi of the two compact objects undergoing the scatterings, and
the emitted gravitational waveform (“Bremsstrahlung”). These follow directly from the one-point correlation
functions [1, 31]
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This leads to a highly streamlined PM expansion wherein classical scattering observables arise only from sums
of tree-level Feynman diagrams. Hence, the usual expectancy of classical field theory = tree-level quantum
field theory is recovered. In figure B2.1 I sketch the Feynman rules and observables of WQFT.
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FIG. 1. The three diagrams contributing to the
Bremsstrahlung at 2PM order, where �i = k·vi by energy con-
servation at the worldline vertices. All three diagrams have
the integral measure in Eq. (16); in the rest frame of black
hole 1 diagram (a) does not contribute as soon as the outgo-
ing graviton is contracted with a purely spatial polarization
tensor.

these waveforms we furthermore reproduce Damour’s re-
cent result for the total radiated angular momentum [22]
at 2PM order. Our results also complement the recent
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G (3PM) established with amplitude techniques [30]. We
comment on how to achieve this result from our methods.
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with �2 = 32�G the gravitational coupling; we have sup-
pressed the ghost contributions in Eq. (1) as they are ir-
relevant in the classical setting. We work in mostly minus
signature, �µ� = diag(1, �1, �1, �1), and set c = � = 1.
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The energy � is also taken as outgoing. One also has the
standard bulk graviton vertices, of which we shall need
only the three-graviton vertex — see e.g. Ref. [31].

To determine the Bremsstrahlung of two travers-
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k2�hµ�(k)�WQFT. At leading (2PM) order there are three
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The energy � is also taken as outgoing. Finally, to quadratic order in zµ:
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The associated trivalent Feynman vertex is
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While of course the second worldline fluctuation still travels on the worldline, we

draw it above to distinguish it from its partner.

Given that an n-graviton vertex carries an overall m2�n
Pl , it might seem odd that

each of these z-vertices carries only a single power of m�1
Pl . To rectify this we might

try rescaling zµ � m�1
Pl z

µ, similar to how we write gµ� = �µ� + m�1
Pl hµ� for the

graviton. However, we find this operation to be undesirable as it also rescales the

propagator (4.7) to carry an overall m2
Pl. As we shall see, despite the higher-point

vertices carrying the same overall power of mPl, their appearance at low orders in

the PM expansion is ruled out by the combinatorics of which diagrams we can draw.

The three vertices given above will be su�cient for all of the calculations done in

this paper. However, using eq. (4.10) we can easily generalize to an nth order vertex:
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An intriguing property of this vertex is that, should we set the energy on one of the

external zµ lines to zero, the resulting expression can also be obtained as a derivative

of its lower-point cousin with respect to the impact factor:

V WL,µ�
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(k; �1, . . . , �n, 0) =
�

�b�n+1
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This will be important when we return to the eikonal phase in Section 7.
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Figure B2.1.: Sketch of the non-spinning WQFT momentum space Feynman rules. The dotted line represents the unde-
flected world-line trajectories. There exist hzn vertices for all n.

also produce gravitational radiation, or gravitational Bremsstrahlung. The resulting waveform in the far field
at leading order in G was found (in the spinless case) with traditional techniques in the 1970s [21–24].
Bremsstrahlung events currently appear to be out of reach for GW wave detectors as the signal is not periodic
and typically less intensive [25–27]. Still, there is a debate in the field as to their detectability in the third
generation of GW detectors (see [28] for a summary) calling for accurate waveform models just as well. They
would be relevant for the understanding of dense stellar environments. Due to the lack of an orbital scale r in
the scattering case, the dynamics is organized in an expansion solely in G for arbitrary relative velocities of the
compact objects: the post-Minkowskian (PM) expansion. From a quantum field theorist’s perspective this is
the much more natural and e�cient expansion. It is a pure weak field expansion in powers of Newton’s constant
G and precisely the expansion one performs in a perturbative quantization of general relativity. It is exact in
velocities, subsuming the PN expansion, and maintains Lorentz invariance.

Together with my research team at Humboldt University Berlin and Dr. Jan Steinho� from the MPI for Gravita-
tional Physics in Potsdam, I very recently developed a novel and highly e�cient QFT based formalism to address
the gravitational two-body problem in the PM expansion: worldline quantum field theory (WQFT) [1]. The
WQFT starts out from the identical description as the “non-relativistic general relativity” worldline approach,
discussed above, which may also be used for the PM expansion [29, 30]. We model the black-holes or neutron
stars as (spinning) point-particles coupled to the gravitational field. Using an einbein e in a “Polyakov” type
action in order to linearize the graviton coupling to the world-line one has (in the spin-less case)
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where we exposed the first two finite size corrections with free Wilson-coe�cients cR and cV . It is convenient to
go to proper time gauge e = 1. The key di�erence to the worldline EFT approach in the PM expansion [29,30], is
that in WQFT one quantizes both the graviton field hµ⌫(x) and the fluctuations zµi (⌧i) about the bodies’ straight
worldline trajectories xµa (⌧) = bµi + v

µ
i ⌧i + zµi (⌧i). They are integrated out in the path integral
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in the classical (~ ! 0) limit. In the scattering scenario there are two key observables: The momentum
deflection, i.e. the change in momentum �pµi of the two compact objects undergoing the scatterings, and
the emitted gravitational waveform (“Bremsstrahlung”). These follow directly from the one-point correlation
functions [1, 31]
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This leads to a highly streamlined PM expansion wherein classical scattering observables arise only from sums
of tree-level Feynman diagrams. Hence, the usual expectancy of classical field theory = tree-level quantum
field theory is recovered. In figure B2.1 I sketch the Feynman rules and observables of WQFT.
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FIG. 1. The three diagrams contributing to the
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these waveforms we furthermore reproduce Damour’s re-
cent result for the total radiated angular momentum [22]
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comment on how to achieve this result from our methods.
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relevant in the classical setting. We work in mostly minus
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The energy � is also taken as outgoing. One also has the
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i ẋ�
i

�
,

where SEH+Sgf is the gauge-fixed Einstein-Hilbert action

SEH + Sgf =

�
d4x

�
� 2

�2

�
�gR + (��hµ� � 1

2�µh�
�)2

�
,

(2)

with �2 = 32�G the gravitational coupling; we have sup-
pressed the ghost contributions in Eq. (1) as they are ir-
relevant in the classical setting. We work in mostly minus
signature, �µ� = diag(1, �1, �1, �1), and set c = � = 1.

Correlation functions in the WQFT �O(h, {xi})�WQFT

result from an insertion of the operator O in the path
integral and dividing by ZWQFT. Moving to momentum
space for the graviton hµ�(k) and energy space for the
fluctuations zµ(�) we have the retarded propagators

k

µ� ��
= i

Pµ�;��

(k0 + i�)2 � k2
, (3a)

�

µ � = �i
�µ�

m (� + i�)2
, (3b)

with Pµ�;�� := �µ(���)� � 1
2�µ����. The relevant vertices

for the emission of a graviton o� the worldline read

hµ�(k)

= �i
m�

2
eik·b��(k · v)vµv� , (4)

with k outgoing, ��(�) := (2�)�(�) and

hµ�(k)

z�(�)
=

m�

2
eik·b��(k · v + �) (5)

�
�
2�v(µ��)

� + vµv�k�

�
.

The energy � is also taken as outgoing. One also has the
standard bulk graviton vertices, of which we shall need
only the three-graviton vertex — see e.g. Ref. [31].

To determine the Bremsstrahlung of two travers-
ing black holes we compute the expectation value
k2�hµ�(k)�WQFT. At leading (2PM) order there are three
diagrams contributing, cp. Fig. 1. We integrate over the
momenta or energies of internal gravitons or fluctuations
respectively; lack of three-momentum conservation at the
worldline vertices leaves unresolved integrals for the tree-
level diagrams.

Diagram (a) of Fig. 1 then takes the form1

k2�hµ�(k)�WQFT

���
(a)

= �m1m2�3

8

�

q1,q2

µ1,2(k)
(2�1v

(µ
1 ��)

� � vµ
1 v�

1k�)(2�1v
(�
1 ��)� � v�

1 v�
1 q�

2)

(�1 + i�)2
P��;��

[(q0
2 + i�)2 � q2

2]
v�
2 v�

2 ,

(6)

1 In principle we should also contract with Pµ�;�� for an outgo-
ing graviton line; however as the polarization tensors eµ�

+,� are
traceless we find it unnecessary.

= �i
�µ⌫

m (! + i� )2
,

2

µ,�

���1

k
q2 �

1

2

(a)

µ,�

�2�� k

q1 �

2

1

(b)

µ,�k
q1 �

q2 �

1

2

(c)

FIG. 1. The three diagrams contributing to the
Bremsstrahlung at 2PM order, where �i = k·vi by energy con-
servation at the worldline vertices. All three diagrams have
the integral measure in Eq. (16); in the rest frame of black
hole 1 diagram (a) does not contribute as soon as the outgo-
ing graviton is contracted with a purely spatial polarization
tensor.

these waveforms we furthermore reproduce Damour’s re-
cent result for the total radiated angular momentum [22]
at 2PM order. Our results also complement the recent
result of the total radiated momentum at leading order in
G (3PM) established with amplitude techniques [30]. We
comment on how to achieve this result from our methods.

Worldline Quantum Field Theory. — The classical
gravitational scattering of two massive objects mi mov-
ing on trajectories xµ

i (�i) = bµ
i +vµ

i �i+zµ
i (�i) is described

by the worldline quantum field theory (WQFT) with par-
tition function [29]

ZWQFT := const �
�

D[hµ� ]

� 2�

i=1

D[zi] e
i(SEH+Sgf ) (1)

exp
�
�i

2�

i=1

� �

��
d�i

mi

2
[�µ� + �hµ�(x)]ẋµ
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The energy � is also taken as outgoing. Finally, to quadratic order in zµ:
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The associated trivalent Feynman vertex is
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While of course the second worldline fluctuation still travels on the worldline, we

draw it above to distinguish it from its partner.

Given that an n-graviton vertex carries an overall m2�n
Pl , it might seem odd that

each of these z-vertices carries only a single power of m�1
Pl . To rectify this we might

try rescaling zµ � m�1
Pl z

µ, similar to how we write gµ� = �µ� + m�1
Pl hµ� for the

graviton. However, we find this operation to be undesirable as it also rescales the

propagator (4.7) to carry an overall m2
Pl. As we shall see, despite the higher-point

vertices carrying the same overall power of mPl, their appearance at low orders in

the PM expansion is ruled out by the combinatorics of which diagrams we can draw.

The three vertices given above will be su�cient for all of the calculations done in

this paper. However, using eq. (4.10) we can easily generalize to an nth order vertex:
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An intriguing property of this vertex is that, should we set the energy on one of the

external zµ lines to zero, the resulting expression can also be obtained as a derivative

of its lower-point cousin with respect to the impact factor:

V WL,µ�
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(k; �1, . . . , �n, 0) =
�

�b�n+1
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This will be important when we return to the eikonal phase in Section 7.
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Figure B2.1.: Sketch of the non-spinning WQFT momentum space Feynman rules. The dotted line represents the unde-
flected world-line trajectories. There exist hzn vertices for all n.

also produce gravitational radiation, or gravitational Bremsstrahlung. The resulting waveform in the far field
at leading order in G was found (in the spinless case) with traditional techniques in the 1970s [21–24].
Bremsstrahlung events currently appear to be out of reach for GW wave detectors as the signal is not periodic
and typically less intensive [25–27]. Still, there is a debate in the field as to their detectability in the third
generation of GW detectors (see [28] for a summary) calling for accurate waveform models just as well. They
would be relevant for the understanding of dense stellar environments. Due to the lack of an orbital scale r in
the scattering case, the dynamics is organized in an expansion solely in G for arbitrary relative velocities of the
compact objects: the post-Minkowskian (PM) expansion. From a quantum field theorist’s perspective this is
the much more natural and e�cient expansion. It is a pure weak field expansion in powers of Newton’s constant
G and precisely the expansion one performs in a perturbative quantization of general relativity. It is exact in
velocities, subsuming the PN expansion, and maintains Lorentz invariance.

Together with my research team at Humboldt University Berlin and Dr. Jan Steinho� from the MPI for Gravita-
tional Physics in Potsdam, I very recently developed a novel and highly e�cient QFT based formalism to address
the gravitational two-body problem in the PM expansion: worldline quantum field theory (WQFT) [1]. The
WQFT starts out from the identical description as the “non-relativistic general relativity” worldline approach,
discussed above, which may also be used for the PM expansion [29, 30]. We model the black-holes or neutron
stars as (spinning) point-particles coupled to the gravitational field. Using an einbein e in a “Polyakov” type
action in order to linearize the graviton coupling to the world-line one has (in the spin-less case)
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where we exposed the first two finite size corrections with free Wilson-coe�cients cR and cV . It is convenient to
go to proper time gauge e = 1. The key di�erence to the worldline EFT approach in the PM expansion [29,30], is
that in WQFT one quantizes both the graviton field hµ⌫(x) and the fluctuations zµi (⌧i) about the bodies’ straight
worldline trajectories xµa (⌧) = bµi + v

µ
i ⌧i + zµi (⌧i). They are integrated out in the path integral
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in the classical (~ ! 0) limit. In the scattering scenario there are two key observables: The momentum
deflection, i.e. the change in momentum �pµi of the two compact objects undergoing the scatterings, and
the emitted gravitational waveform (“Bremsstrahlung”). These follow directly from the one-point correlation
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This leads to a highly streamlined PM expansion wherein classical scattering observables arise only from sums
of tree-level Feynman diagrams. Hence, the usual expectancy of classical field theory = tree-level quantum
field theory is recovered. In figure B2.1 I sketch the Feynman rules and observables of WQFT.
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The energy � is also taken as outgoing. Finally, to quadratic order in zµ:
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The associated trivalent Feynman vertex is
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While of course the second worldline fluctuation still travels on the worldline, we

draw it above to distinguish it from its partner.

Given that an n-graviton vertex carries an overall m2�n
Pl , it might seem odd that

each of these z-vertices carries only a single power of m�1
Pl . To rectify this we might

try rescaling zµ � m�1
Pl z

µ, similar to how we write gµ� = �µ� + m�1
Pl hµ� for the

graviton. However, we find this operation to be undesirable as it also rescales the

propagator (4.7) to carry an overall m2
Pl. As we shall see, despite the higher-point

vertices carrying the same overall power of mPl, their appearance at low orders in

the PM expansion is ruled out by the combinatorics of which diagrams we can draw.

The three vertices given above will be su�cient for all of the calculations done in

this paper. However, using eq. (4.10) we can easily generalize to an nth order vertex:
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An intriguing property of this vertex is that, should we set the energy on one of the

external zµ lines to zero, the resulting expression can also be obtained as a derivative

of its lower-point cousin with respect to the impact factor:

V WL,µ�
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(k; �1, . . . , �n, 0) =
�

�b�n+1
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This will be important when we return to the eikonal phase in Section 7.
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Figure B2.1.: Sketch of the non-spinning WQFT momentum space Feynman rules. The dotted line represents the unde-
flected world-line trajectories. There exist hzn vertices for all n.

also produce gravitational radiation, or gravitational Bremsstrahlung. The resulting waveform in the far field
at leading order in G was found (in the spinless case) with traditional techniques in the 1970s [21–24].
Bremsstrahlung events currently appear to be out of reach for GW wave detectors as the signal is not periodic
and typically less intensive [25–27]. Still, there is a debate in the field as to their detectability in the third
generation of GW detectors (see [28] for a summary) calling for accurate waveform models just as well. They
would be relevant for the understanding of dense stellar environments. Due to the lack of an orbital scale r in
the scattering case, the dynamics is organized in an expansion solely in G for arbitrary relative velocities of the
compact objects: the post-Minkowskian (PM) expansion. From a quantum field theorist’s perspective this is
the much more natural and e�cient expansion. It is a pure weak field expansion in powers of Newton’s constant
G and precisely the expansion one performs in a perturbative quantization of general relativity. It is exact in
velocities, subsuming the PN expansion, and maintains Lorentz invariance.

Together with my research team at Humboldt University Berlin and Dr. Jan Steinho� from the MPI for Gravita-
tional Physics in Potsdam, I very recently developed a novel and highly e�cient QFT based formalism to address
the gravitational two-body problem in the PM expansion: worldline quantum field theory (WQFT) [1]. The
WQFT starts out from the identical description as the “non-relativistic general relativity” worldline approach,
discussed above, which may also be used for the PM expansion [29, 30]. We model the black-holes or neutron
stars as (spinning) point-particles coupled to the gravitational field. Using an einbein e in a “Polyakov” type
action in order to linearize the graviton coupling to the world-line one has (in the spin-less case)
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where we exposed the first two finite size corrections with free Wilson-coe�cients cR and cV . It is convenient to
go to proper time gauge e = 1. The key di�erence to the worldline EFT approach in the PM expansion [29,30], is
that in WQFT one quantizes both the graviton field hµ⌫(x) and the fluctuations zµi (⌧i) about the bodies’ straight
worldline trajectories xµa (⌧) = bµi + v

µ
i ⌧i + zµi (⌧i). They are integrated out in the path integral
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in the classical (~ ! 0) limit. In the scattering scenario there are two key observables: The momentum
deflection, i.e. the change in momentum �pµi of the two compact objects undergoing the scatterings, and
the emitted gravitational waveform (“Bremsstrahlung”). These follow directly from the one-point correlation
functions [1, 31]
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This leads to a highly streamlined PM expansion wherein classical scattering observables arise only from sums
of tree-level Feynman diagrams. Hence, the usual expectancy of classical field theory = tree-level quantum
field theory is recovered. In figure B2.1 I sketch the Feynman rules and observables of WQFT.
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Figure B2.1.: Sketch of the WQFT momentum space Feynman rules and observables. The dotted line represents the
undeflected world-line trajectories. There exist hzn vertices for all n.

actual state-of-the-art results for the Bremsstrahlung waveform1 [31] including spin up to quadratic order [33],
as well as for deflection of momenta and spin kicks of spinning bodies at the 3PM and quadratic spin order [34],
which were all published in PRL within the past year. Recent work on WQFT includes applications to light
bending [35], the state-of-the-art 2PM three-body potential [36] and on the double copy nature [37].

My WQFT approach is an extension of the traditional worldline EFT approach to the PM expansion [29, 30].
The latter only integrates out the graviton fluctuation hµ⌫ in the path-integral (B2.2). It computes the e�ective
action Se�(xi) whose equations of motion thereafter need to be solved perturbatively in G in a second step. The
WQFT procedure shortcuts this and directly leads to the observables. Still, the emerging e�ective potential
of the scattering problem carries valuable information that may be ported to the bound case. The group or R.
Porto (DESY) has computed the conservative e�ective action, i.e. neglecting radiation reaction contributions,
to 3PM [30] and 4PM [38] order, as well as spin [39] and tidal [40] e�ects at 2PM order, using the worldline
EFT approach.

The WQFT and EFT approaches are complementary to a recently blossoming QFT approach to the gravitational
two-body problem: applying the theory of scattering amplitudes [41–47]. Here, one uses massive scalar fields
as avatars of spinless black holes and studies their 2 ! 2 scattering amplitudes. Only thereafter one takes
the classical limit. The innovations of the scattering amplitude program for constructing tree and loop-level
amplitudes in perturbatively quantized GR allowed a quick advance to higher PM orders in the past three years.
The conservative e�ective potential has been established at 3PM [44–46] and recently at 4PM order [48] all
in the spin-less case, while the inclusion of radiation-reaction e�ects [49–52] needed to be done separately
and to date only exists for the 3PM result. However, the amplitude approach su�ers from three drawbacks:
(i) The need to take a classical limit. This limit is subtle due to the quantum nature of the mass: opposed to
WQFT here it is not equivalent to tree-level amplitudes, rather loop-level amplitudes contribute in parts to the
classical result. Certain super-classical contributions arise that mask the classical result and need to cancel
before one may retrieve the classical result. This implies that one actually needs to compute more than is needed

1See https://box.hu-berlin.de/f/94445439e1b54757b881 for a visualization of an equal mass encounter (plus
polarization) (B.Sc. thesis O. Babayemi, HU Berlin).
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➤ Dim-reg 1/ε poles cancel between PP/RR, implying a logarithmic velocity dependence 
(non-localities):
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➤ Two N=1 supercharges are conserved: 

➤ Change in the spin tensor, spin vector given by:
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scattering of Kerr-BHs. WP3 is devoted to the resummation of non-spinning WQFT into Schwarzschild vertices.
First the next-to-leading order (NLO) self-force calculation will be addressed, then the NNLO. Depending on
the progress spin will be included in the second phase of WP3. The PM results of WP1 and the resummed
results of WP3 will be fed into the e�ective-one-body construction in the first phase of WP4. The final phase of
WP4 will be devoted to a derivation of the e�ective-one-body formalism from a first principles worldline QFT
analysis.

b.2. Methodology of the individual work-packages

WP1 Radiative e�ects: Retarded WQFT including spin, tidal and finite size e�ects

In WP1 we will include spin degrees of freedom of the BHs or NSs via the anti-commuting world-line vectors
 a
i (⌧) that expresses the spin tensor as a composite operator Sµ⌫ = eµae⌫b ̄
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where CE,i is a finite-size Wilson coe�cient that vanishes in the Kerr-BH case. The linear in curvature finite size
e�ects in (B2.1) may be removed via a field redefinition. The leading order tidal-e�ects appear quadratically in
the Riemann tensor and are given by
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with the tidal Wilson coe�cients (related to the so-called Love numbers) CE2/B2 . They parametrize the neutron
star’s tidal response to an external gravitational field. These additional terms yield new Feynman vertices
augmenting the ones sketched in figure B2.1. The observables of the unbound system of the momentum
deflection, spin kick and gravitational wave are given by the Feynman diagrams sketched in figure B2.1
augmented by the new contributions of these additional terms. In order to evaluate them the following pipeline
will be used. (1) Generate the graphs: We use a recursive Berends-Giele type procedure pictorially expressed
as (here the spin-less and tidal free case) with o�-shell open legswhich is implicitly symmetrized on (µ1, �1) and (µ2, �2).
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In ref. [?] (the non-spinning case) the first relationship was generalized
to n points:
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In words: a vertex with (n + 1) external zµ particles, and �n+1 = 0, is
given by a derivative with respect to the impact parameter bµ of the cor-
responding n-point vertex. We claim this continues to hold when spin is
included, and that eq. (1.1) generalizes similarly, regardless of what other
external lines are present on the vertex. In the non-spinning case we con-
firmed this recursive property using an analytic expression for the worldline
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scattering of Kerr-BHs. WP3 is devoted to the resummation of non-spinning WQFT into Schwarzschild vertices.
First the next-to-leading order (NLO) self-force calculation will be addressed, then the NNLO. Depending on
the progress spin will be included in the second phase of WP3. The PM results of WP1 and the resummed
results of WP3 will be fed into the e�ective-one-body construction in the first phase of WP4. The final phase of
WP4 will be devoted to a derivation of the e�ective-one-body formalism from a first principles worldline QFT
analysis.
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In WP1 we will include spin degrees of freedom of the BHs or NSs via the anti-commuting world-line vectors
 a
i (⌧) that expresses the spin tensor as a composite operator Sµ⌫ = eµae⌫b ̄

a
i  

b
i . Up to spin-squared terms this

augments the world-line action (B2.1) by the spin-terms

S(i)
spin = �mi

π
d⌧


i ̄i,a

D a
i

D⌧
+

1
2

Rabcd ̄
a
i  

b
i  ̄

c
i  

d
i + CE,iRaµb⌫ €x

µ
i €x⌫i  ̄

a
i  

b
i  ̄i ·  i

�
+ . . . , (B2.5)

where CE,i is a finite-size Wilson coe�cient that vanishes in the Kerr-BH case. The linear in curvature finite size
e�ects in (B2.1) may be removed via a field redefinition. The leading order tidal-e�ects appear quadratically in
the Riemann tensor and are given by
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with the tidal Wilson coe�cients (related to the so-called Love numbers) CE2/B2 . They parametrize the neutron
star’s tidal response to an external gravitational field. These additional terms yield new Feynman vertices
augmenting the ones sketched in figure B2.1. The observables of the unbound system of the momentum
deflection, spin kick and gravitational wave are given by the Feynman diagrams sketched in figure B2.1
augmented by the new contributions of these additional terms. In order to evaluate them the following pipeline
will be used. (1) Generate the graphs: We use a recursive Berends-Giele type procedure pictorially expressed
as (here the spin-less and tidal free case) with o�-shell open legswhich is implicitly symmetrized on (µ1, �1) and (µ2, �2).
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scattering of Kerr-BHs. WP3 is devoted to the resummation of non-spinning WQFT into Schwarzschild vertices.
First the next-to-leading order (NLO) self-force calculation will be addressed, then the NNLO. Depending on
the progress spin will be included in the second phase of WP3. The PM results of WP1 and the resummed
results of WP3 will be fed into the e�ective-one-body construction in the first phase of WP4. The final phase of
WP4 will be devoted to a derivation of the e�ective-one-body formalism from a first principles worldline QFT
analysis.

b.2. Methodology of the individual work-packages

WP1 Radiative e�ects: Retarded WQFT including spin, tidal and finite size e�ects

In WP1 we will include spin degrees of freedom of the BHs or NSs via the anti-commuting world-line vectors
 a
i (⌧) that expresses the spin tensor as a composite operator Sµ⌫ = eµae⌫b ̄

a
i  

b
i . Up to spin-squared terms this

augments the world-line action (B2.1) by the spin-terms

S(i)
spin = �mi

π
d⌧


i ̄i,a

D a
i

D⌧
+

1
2

Rabcd ̄
a
i  

b
i  ̄

c
i  

d
i + CE,iRaµb⌫ €x

µ
i €x⌫i  ̄

a
i  

b
i  ̄i ·  i

�
+ . . . , (B2.5)

where CE,i is a finite-size Wilson coe�cient that vanishes in the Kerr-BH case. The linear in curvature finite size
e�ects in (B2.1) may be removed via a field redefinition. The leading order tidal-e�ects appear quadratically in
the Riemann tensor and are given by

S(i)
tidal =

π
d⌧

⇥
CE2,iEµ⌫Eµ⌫ + CB2,iBµ⌫Bµ⌫

⇤
+ . . . , Eµ⌫ = Rµ↵⌫� €x

µ
i €x⌫i , Bµ⌫ = R⇤

µ↵⌫� €x
µ
i €x⌫i (B2.6)

with the tidal Wilson coe�cients (related to the so-called Love numbers) CE2/B2 . They parametrize the neutron
star’s tidal response to an external gravitational field. These additional terms yield new Feynman vertices
augmenting the ones sketched in figure B2.1. The observables of the unbound system of the momentum
deflection, spin kick and gravitational wave are given by the Feynman diagrams sketched in figure B2.1
augmented by the new contributions of these additional terms. In order to evaluate them the following pipeline
will be used. (1) Generate the graphs: We use a recursive Berends-Giele type procedure pictorially expressed
as (here the spin-less and tidal free case) with o�-shell open legswhich is implicitly symmetrized on (µ1, �1) and (µ2, �2).
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In ref. [?] (the non-spinning case) the first relationship was generalized
to n points:
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.

In words: a vertex with (n + 1) external zµ particles, and �n+1 = 0, is
given by a derivative with respect to the impact parameter bµ of the cor-
responding n-point vertex. We claim this continues to hold when spin is
included, and that eq. (1.1) generalizes similarly, regardless of what other
external lines are present on the vertex. In the non-spinning case we con-
firmed this recursive property using an analytic expression for the worldline
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FIG. 1: Berends-Giele type recursion relation to construct hZµ
i (!)i and hhµ⌫(k)i perturbatively. The causality flow is always

from the Zi and h blobs to the outgoing line. These relations may alternatively be read as the PM expanded geodesic and
Einstein equations in momentum space.

FIG. 2: List of all test-body graph topologies with mass dependence mim
4
ī featuring in the 4PM calculation. The dotted

lines represent the two worldlines with backgrounds {bi, vi, i}. For the observables �pi and � i one needs to attach an
out-going world-line to any world-line node and apply the causality flow accordingly.

Integrand generation. — The 4PM impulse integrand
is generated recursively via the Berends-Giele type rela-
tions for the WQFT. Introducing the one-point function
for the world-line “super-fields” Zi = {zi, 0

i} associated
to the world-line i = 1, 2 and the graviton

hZi(!)i =
!, n
!

Zi , hhµ⌫(k)i =
!

k
h (9)

we may set up their recursive definition as depicted in
figure 1. Spelling this out systematically to order G4 al-
lows for an algorithmic construction of the integrand. In-
serting the Feynman rules into the generated tree-graphs
results in extensive index contractions which was auto-
mated with a Form [58] script. Using these tools the inte-
grand is automatically generated to any desired order in
G for all WQFT one-point functions. The resulting num-
ber of graphs for �p1 is 83 in the non-spinning sector,
201 linear S1 and 253 linear in S2.

Reduction to scalar integrals. — A generic 4PM inte-
gral after performing the world-line energy integrals via
the ��-functions in eq. (7) takes the form

Z

q
e�q·b��(q · v1)�

�(q · v2)⇥

⇥

Z

l1,l2,l3

num[li]

D1 . . . D12

��(l1 · vi1)�
�(l1 · vi2)�

�(l3 · vi3)

(10)

where the Di are either linear or massless retarded prop-
agators depending on the loop-momenta li, vi and q.
The numerators num[li] are polynomial in loop-momenta.
The only dimensionful quantity in the 3-loop li integral
is the momentum transfer qµ. Hence, |q| =

p
�q2 may

be scaled out and the Fourier transform over q factor-
izes. Due to q̂ · vi = 0 the 3-loop integrals to be solved
depend on a single parameter � = v1 · v2 – the Lorentz
factor. The three ��-functions in the 3-loop integral deter-
mines its mass dependence to be m1m2mi1mi2mi3 . This
groups the diagrams into the test-body contributions
with mass dependence m1m4

2
and m2m4

1
(see fig. 2) and

the comparable-mass contributionsm2

1
m3

2
andm2

2
m3

1
(see

fig. 3). The tensor reduction of num[li] is performed by

expanding the loop momenta on a basis wµ
1,2 =

�vµ
2,1�vµ

1,2

�2�1
,

qµ and the (D � 3)-transverse directions as in the 3PM
case [41]
[Gustav: talk about CDR] [Jan: What is CDR?]
Integral families and reduction to masters. — Do-

ing this one finds three integral families that need to be
reduced to master integrals. The first two families are
(i = 1, 2)

I [i](�1,�2,...,�8)
n1,n2,...,n12

=

Z

l1,l2,l3

��(l1 · v1)��(l2 · v1)��(l3 · vi)

Dn1
1
Dn2

2
...Dn12

12

(11a)

with the propagators (j = 1, 2, 3 and k = 1, 2, v is an
arbitrary time-like vector):

Dj = lj · vij + i0+�j (11b)

D4 = �(l1 + l2 + l3 + q)2 � i0+�4v · (l1 + l2 + l3)

D5 = �(l1 + l2 + q)2 � i0+�5v · (l1 + l2)

D5+k = �(lk + l3)
2
� i0+�6+kv · (lk + l3)

D7+j = �l2j , D10+k = �(lk + q)2 .

The I [1] integrals contribute exclusively to the test-body
sector as is evident from the ��-function structure. The
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Insert Feynman rules 

All graphs are trees: Use Berends-Giele recursion to efficiently generate all contributions. 
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All graphs are trees: Use Berends-Giele recursion to efficiently generate all contributions. 

Insertion of Feynman rules with FORM - fast on tensor algebra.
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FIG. 1: Berends-Giele type recursion relation to construct hZµ
i (!)i and hhµ⌫(k)i perturbatively. The causality flow is always

from the Zi and h blobs to the outgoing line. These relations may alternatively be read as the PM expanded geodesic and
Einstein equations in momentum space.

FIG. 2: List of all test-body graph topologies with mass dependence mim
4
ī featuring in the 4PM calculation. The dotted

lines represent the two worldlines with backgrounds {bi, vi, i}. For the observables �pi and � i one needs to attach an
out-going world-line to any world-line node and apply the causality flow accordingly.

Integrand generation. — The 4PM impulse integrand
is generated recursively via the Berends-Giele type rela-
tions for the WQFT. Introducing the one-point function
for the world-line “super-fields” Zi = {zi, 0

i} associated
to the world-line i = 1, 2 and the graviton

hZi(!)i =
!, n
!

Zi , hhµ⌫(k)i =
!

k
h (9)

we may set up their recursive definition as depicted in
figure 1. Spelling this out systematically to order G4 al-
lows for an algorithmic construction of the integrand. In-
serting the Feynman rules into the generated tree-graphs
results in extensive index contractions which was auto-
mated with a Form [58] script. Using these tools the inte-
grand is automatically generated to any desired order in
G for all WQFT one-point functions. The resulting num-
ber of graphs for �p1 is 83 in the non-spinning sector,
201 linear S1 and 253 linear in S2.

Reduction to scalar integrals. — A generic 4PM inte-
gral after performing the world-line energy integrals via
the ��-functions in eq. (7) takes the form

Z

q
e�q·b��(q · v1)�

�(q · v2)⇥

⇥

Z

l1,l2,l3

num[li]

D1 . . . D12

��(l1 · vi1)�
�(l1 · vi2)�

�(l3 · vi3)

(10)

where the Di are either linear or massless retarded prop-
agators depending on the loop-momenta li, vi and q.
The numerators num[li] are polynomial in loop-momenta.
The only dimensionful quantity in the 3-loop li integral
is the momentum transfer qµ. Hence, |q| =

p
�q2 may

be scaled out and the Fourier transform over q factor-
izes. Due to q̂ · vi = 0 the 3-loop integrals to be solved
depend on a single parameter � = v1 · v2 – the Lorentz
factor. The three ��-functions in the 3-loop integral deter-
mines its mass dependence to be m1m2mi1mi2mi3 . This
groups the diagrams into the test-body contributions
with mass dependence m1m4

2
and m2m4

1
(see fig. 2) and

the comparable-mass contributionsm2

1
m3

2
andm2

2
m3

1
(see

fig. 3). The tensor reduction of num[li] is performed by

expanding the loop momenta on a basis wµ
1,2 =

�vµ
2,1�vµ

1,2

�2�1
,

qµ and the (D � 3)-transverse directions as in the 3PM
case [41]
[Gustav: talk about CDR] [Jan: What is CDR?]
Integral families and reduction to masters. — Do-

ing this one finds three integral families that need to be
reduced to master integrals. The first two families are
(i = 1, 2)

I [i](�1,�2,...,�8)
n1,n2,...,n12
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with the propagators (j = 1, 2, 3 and k = 1, 2, v is an
arbitrary time-like vector):

Dj = lj · vij + i0+�j (11b)

D4 = �(l1 + l2 + l3 + q)2 � i0+�4v · (l1 + l2 + l3)

D5 = �(l1 + l2 + q)2 � i0+�5v · (l1 + l2)

D5+k = �(lk + l3)
2
� i0+�6+kv · (lk + l3)

D7+j = �l2j , D10+k = �(lk + q)2 .

The I [1] integrals contribute exclusively to the test-body
sector as is evident from the ��-function structure. The
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FIG. 1: Berends-Giele type recursion relation to construct hZµ
i (!)i and hhµ⌫(k)i perturbatively. The causality flow is always

from the Zi and h blobs to the outgoing line. These relations may alternatively be read as the PM expanded geodesic and
Einstein equations in momentum space.

FIG. 2: List of all test-body graph topologies with mass dependence mim
4
ī featuring in the 4PM calculation. The dotted

lines represent the two worldlines with backgrounds {bi, vi, i}. For the observables �pi and � i one needs to attach an
out-going world-line to any world-line node and apply the causality flow accordingly.

Integrand generation. — The 4PM impulse integrand
is generated recursively via the Berends-Giele type rela-
tions for the WQFT. Introducing the one-point function
for the world-line “super-fields” Zi = {zi, 0

i} associated
to the world-line i = 1, 2 and the graviton

hZi(!)i =
!, n
!

Zi , hhµ⌫(k)i =
!

k
h (9)

we may set up their recursive definition as depicted in
figure 1. Spelling this out systematically to order G4 al-
lows for an algorithmic construction of the integrand. In-
serting the Feynman rules into the generated tree-graphs
results in extensive index contractions which was auto-
mated with a Form [58] script. Using these tools the inte-
grand is automatically generated to any desired order in
G for all WQFT one-point functions. The resulting num-
ber of graphs for �p1 is 83 in the non-spinning sector,
201 linear S1 and 253 linear in S2.

Reduction to scalar integrals. — A generic 4PM inte-
gral after performing the world-line energy integrals via
the ��-functions in eq. (7) takes the form

Z

q
e�q·b��(q · v1)�

�(q · v2)⇥

⇥

Z

l1,l2,l3

num[li]

D1 . . . D12

��(l1 · vi1)�
�(l1 · vi2)�

�(l3 · vi3)

(10)

where the Di are either linear or massless retarded prop-
agators depending on the loop-momenta li, vi and q.
The numerators num[li] are polynomial in loop-momenta.
The only dimensionful quantity in the 3-loop li integral
is the momentum transfer qµ. Hence, |q| =

p
�q2 may

be scaled out and the Fourier transform over q factor-
izes. Due to q̂ · vi = 0 the 3-loop integrals to be solved
depend on a single parameter � = v1 · v2 – the Lorentz
factor. The three ��-functions in the 3-loop integral deter-
mines its mass dependence to be m1m2mi1mi2mi3 . This
groups the diagrams into the test-body contributions
with mass dependence m1m4

2
and m2m4

1
(see fig. 2) and

the comparable-mass contributionsm2

1
m3

2
andm2

2
m3

1
(see

fig. 3). The tensor reduction of num[li] is performed by

expanding the loop momenta on a basis wµ
1,2 =

�vµ
2,1�vµ

1,2

�2�1
,

qµ and the (D � 3)-transverse directions as in the 3PM
case [41]
[Gustav: talk about CDR] [Jan: What is CDR?]
Integral families and reduction to masters. — Do-

ing this one finds three integral families that need to be
reduced to master integrals. The first two families are
(i = 1, 2)
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with the propagators (j = 1, 2, 3 and k = 1, 2, v is an
arbitrary time-like vector):

Dj = lj · vij + i0+�j (11b)

D4 = �(l1 + l2 + l3 + q)2 � i0+�4v · (l1 + l2 + l3)

D5 = �(l1 + l2 + q)2 � i0+�5v · (l1 + l2)

D5+k = �(lk + l3)
2
� i0+�6+kv · (lk + l3)

D7+j = �l2j , D10+k = �(lk + q)2 .

The I [1] integrals contribute exclusively to the test-body
sector as is evident from the ��-function structure. The
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where we have Fourier transformed to momentum space.
Both observables are given as the sum of all diagrams at a
given PM order with one outgoing Zµ

i line with vanishing
energy. The spin kick is subsequently derived from the
kick of the Grassmann variable as in Ref. [? ].
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Their recursive definitions follow from the Schwinger-
Dyson equations and are depicted in Fig. 1. Spelling this
out systematically to order G4 allows for an algorithmic
construction of the integrand: in our case, we e�ciently
inserted Feynman rules into the generated trees using
FORM [? ]. There are 201 graphs contributing to the 4PM
impulse in the non-spinning case, 529 with spin and 253
contributing to the 4PM spin kick.
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Momentum impulse and spin kick. — The momen-
tum impulse ∆pµi := [pµi ]

τ=+∞
τ=−∞ and spin kick ∆Sµ

i :=
[Sµ

i ]
τ=+∞
τ=−∞ follow from the one-point functions

∆pµi = mi

∫ ∞

−∞
dτ

〈

d2xµ
i (τ)

dτ2

〉

= −miω
2 ⟨zµi (ω)⟩|ω=0 ,

∆ψµ
i =

∫ ∞

−∞
dτ

〈

dψµ
i (τ)

dτ

〉

= −iω ⟨ψ′µ
i (ω)⟩

∣

∣

ω=0
, (7)

where we have Fourier transformed to momentum space.
Both observables are given as the sum of all diagrams at a
given PM order with one outgoing Zµ

i line with vanishing
energy. The spin kick is subsequently derived from the
kick of the Grassmann variable as in Ref. [62].
Integrand generation. — The 4PM impulse and spin-

kick integrands are generated recursively via Berends-
Giele type relations. The one-point functions for the
worldline “super-fields” Zi = {zi,ψ′

i} and for the gravi-
ton are represented as

⟨Zi(ω)⟩ =
ω
→

Zi
, ⟨hµν(k)⟩ = →

k
h . (8)

Their recursive definitions follow from the Schwinger-
Dyson equations and are depicted in Fig. 1. Spelling
this out systematically to order G4 allows for an algo-
rithmic construction of the integrand: in our case, we ef-
ficiently inserted Feynman rules into the generated trees
using FORM [125]. There are 201 graphs contributing to
the 4PM impulse in the non-spinning case, 529 with spin
and 253 contributing to the 4PM spin kick.
Reduction to scalar integrals. — A generic 4PM dia-

gram after performing the worldline energy integrals via
the δ-functions in Eq. (6) takes the form
∫

q
e−iq·bδ(q · v1)δ(q · v2)× (9)

∫

ℓ1,ℓ2,ℓ3

num[ℓi]

D1 · · ·D12
δ(ℓ1 · vi1)δ(ℓ2 · vi2 )δ(ℓ3 · vi3) ,

where the Di are either linear or massless propagators
depending on the loop momenta ℓi, velocities vi and mo-
mentum transfer q. The numerators num[ℓi] are polyno-
mial in loop momenta. Tensor reduction of num[ℓi] to

scalar integrals is performed by expanding the loop mo-
menta on a basis dual to vµi and qµ, as demonstrated in
the 3PM case [98]. The only dimensionful quantity in the
3-loop ℓi integral is the momentum transfer qµ. Hence,
|q| =

√

−q2 may be scaled out, and the remaining 3-loop
integrals depend only on the Lorentz factor γ.
The specific choice of three δ(ℓk · vik) functions in

Eq. (9) follows the mass dependence of a given diagram,
which scales as m1m2mi1mi2mi3 . Diagrams are thereby
grouped into two categories: test-body contributions
with mass dependence m4

1m2 or m1m4
2 and comparable-

mass contributions m3
1m

2
2, m

2
1m

3
2 — see Fig. 2. For the

conservative impulse we can easily reconstruct the m1m4
2

and m2
1m

3
2 components using ∆pµ1,cons = −∆pµ2,cons, the

impulse on the second body being given simply by rela-
beling the two worldlines. When computing ∆ψµ

1,cons no
similar relation exists; however, the integrals in opposing
mass sectors are also related by a trivial relabeling.
Integral families and reduction to masters. — There

are three integral families that need to be reduced to
master integrals. The first 4PM family is (i = 1, 2)

I [i](σ1,σ2,σ3)
n1,n2,...,n12

=

∫

ℓ1,ℓ2,ℓ3

δ(ℓ1 · vi)δ(ℓ2 · v1)δ(ℓ3 · v1)
Dn1

1 Dn2
2 ...Dn12

12

(10a)

with the propagators (j = 1, 2, 3 and k = 1, 2):

D1 = ℓ1 · vı̄ + σ1i0
+ , D1+k = ℓ1+k · v2 + σ1+ki0

+ ,

D4 = (ℓ1 + ℓ2 + ℓ3 + q)2 , D5 = (ℓ1 + ℓ2 + q)2 , (10b)

D5+k= (ℓk + ℓ3)
2 , D7+j = ℓ2j , D10+k= (ℓk + q)2 ,

and 1̄ = 2, 2̄ = 1. The I [1] and I [2] families contribute to
the test-body and comparable-mass regimes respectively.
The other 4PM family is given by

J (σ1,σ2,σ3)
n1,n2,...,n12

:=

∫

ℓ1,ℓ2,ℓ3

δ(ℓ1 · v1)δ(ℓ2 · v1)δ(ℓ3 · v2)
Dn1

1 Dn2
2 ...Dn12

12

(11a)

with (j = 1, 2, 3, k = 1, 2)

Dk = ℓk · v2 + σki0
+ , D3 = ℓ3 · v1 + σ3i0

+ ,

D3+k = (ℓk − ℓ3)
2 , D6 = (ℓ1 − ℓ2)

2 , (11b)

D6+j = ℓ2j , D9+j = (ℓj + q)2 .
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where we have Fourier transformed to momentum space.
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i line with vanishing
energy. The spin kick is subsequently derived from the
kick of the Grassmann variable as in Ref. [62].
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Giele type relations. The one-point functions for the
worldline “super-fields” Zi = {zi,ψ′

i} and for the gravi-
ton are represented as
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Their recursive definitions follow from the Schwinger-
Dyson equations and are depicted in Fig. 1. Spelling
this out systematically to order G4 allows for an algo-
rithmic construction of the integrand: in our case, we ef-
ficiently inserted Feynman rules into the generated trees
using FORM [125]. There are 201 graphs contributing to
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mentum transfer q. The numerators num[ℓi] are polyno-
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where we have Fourier transformed to momentum space.
Both observables are given as the sum of all diagrams at a
given PM order with one outgoing Zµ

i line with vanishing
energy. The spin kick is subsequently derived from the
kick of the Grassmann variable as in Ref. [62].
Integrand generation. — The 4PM impulse and spin-

kick integrands are generated recursively via Berends-
Giele type relations. The one-point functions for the
worldline “super-fields” Zi = {zi,ψ′

i} and for the gravi-
ton are represented as

⟨Zi(ω)⟩ =
ω
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Their recursive definitions follow from the Schwinger-
Dyson equations and are depicted in Fig. 1. Spelling
this out systematically to order G4 allows for an algo-
rithmic construction of the integrand: in our case, we ef-
ficiently inserted Feynman rules into the generated trees
using FORM [125]. There are 201 graphs contributing to
the 4PM impulse in the non-spinning case, 529 with spin
and 253 contributing to the 4PM spin kick.
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µż⌫i = �h��
µ⌫ihżµihż⌫i
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Insertion of Feynman rules with FORM - fast on tensor algebra.
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FIG. 1: Berends-Giele type recursion relation to construct ⟨Zµ
i (ω)⟩ and ⟨hµν(k)⟩ perturbatively. The causality flow is always

from the Zi and h blobs to the outgoing line. They are equivalent to the PM-expanded geodesic and Einstein equations.

Momentum impulse and spin kick. — The momen-
tum impulse ∆pµi := [pµi ]

τ=+∞
τ=−∞ and spin kick ∆Sµ

i :=
[Sµ

i ]
τ=+∞
τ=−∞ follow from the one-point functions

∆pµi = mi

∫ ∞

−∞
dτ

〈

d2xµ
i (τ)

dτ2

〉

= −miω
2 ⟨zµi (ω)⟩|ω=0 ,

∆ψµ
i =

∫ ∞

−∞
dτ

〈

dψµ
i (τ)

dτ

〉

= −iω ⟨ψ′µ
i (ω)⟩

∣

∣

ω=0
, (7)

where we have Fourier transformed to momentum space.
Both observables are given as the sum of all diagrams at a
given PM order with one outgoing Zµ

i line with vanishing
energy. The spin kick is subsequently derived from the
kick of the Grassmann variable as in Ref. [62].
Integrand generation. — The 4PM impulse and spin-

kick integrands are generated recursively via Berends-
Giele type relations. The one-point functions for the
worldline “super-fields” Zi = {zi,ψ′

i} and for the gravi-
ton are represented as

⟨Zi(ω)⟩ =
ω
→

Zi
, ⟨hµν(k)⟩ = →

k
h . (8)

Their recursive definitions follow from the Schwinger-
Dyson equations and are depicted in Fig. 1. Spelling
this out systematically to order G4 allows for an algo-
rithmic construction of the integrand: in our case, we ef-
ficiently inserted Feynman rules into the generated trees
using FORM [125]. There are 201 graphs contributing to
the 4PM impulse in the non-spinning case, 529 with spin
and 253 contributing to the 4PM spin kick.
Reduction to scalar integrals. — A generic 4PM dia-

gram after performing the worldline energy integrals via
the δ-functions in Eq. (6) takes the form
∫

q
e−iq·bδ(q · v1)δ(q · v2)× (9)

∫

ℓ1,ℓ2,ℓ3

num[ℓi]

D1 · · ·D12
δ(ℓ1 · vi1)δ(ℓ2 · vi2 )δ(ℓ3 · vi3) ,

where the Di are either linear or massless propagators
depending on the loop momenta ℓi, velocities vi and mo-
mentum transfer q. The numerators num[ℓi] are polyno-
mial in loop momenta. Tensor reduction of num[ℓi] to

scalar integrals is performed by expanding the loop mo-
menta on a basis dual to vµi and qµ, as demonstrated in
the 3PM case [98]. The only dimensionful quantity in the
3-loop ℓi integral is the momentum transfer qµ. Hence,
|q| =

√

−q2 may be scaled out, and the remaining 3-loop
integrals depend only on the Lorentz factor γ.
The specific choice of three δ(ℓk · vik) functions in

Eq. (9) follows the mass dependence of a given diagram,
which scales as m1m2mi1mi2mi3 . Diagrams are thereby
grouped into two categories: test-body contributions
with mass dependence m4

1m2 or m1m4
2 and comparable-

mass contributions m3
1m

2
2, m

2
1m

3
2 — see Fig. 2. For the

conservative impulse we can easily reconstruct the m1m4
2

and m2
1m

3
2 components using ∆pµ1,cons = −∆pµ2,cons, the

impulse on the second body being given simply by rela-
beling the two worldlines. When computing ∆ψµ

1,cons no
similar relation exists; however, the integrals in opposing
mass sectors are also related by a trivial relabeling.
Integral families and reduction to masters. — There

are three integral families that need to be reduced to
master integrals. The first 4PM family is (i = 1, 2)

I [i](σ1,σ2,σ3)
n1,n2,...,n12

=

∫

ℓ1,ℓ2,ℓ3

δ(ℓ1 · vi)δ(ℓ2 · v1)δ(ℓ3 · v1)
Dn1

1 Dn2
2 ...Dn12

12

(10a)

with the propagators (j = 1, 2, 3 and k = 1, 2):

D1 = ℓ1 · vı̄ + σ1i0
+ , D1+k = ℓ1+k · v2 + σ1+ki0

+ ,

D4 = (ℓ1 + ℓ2 + ℓ3 + q)2 , D5 = (ℓ1 + ℓ2 + q)2 , (10b)

D5+k= (ℓk + ℓ3)
2 , D7+j = ℓ2j , D10+k= (ℓk + q)2 ,

and 1̄ = 2, 2̄ = 1. The I [1] and I [2] families contribute to
the test-body and comparable-mass regimes respectively.
The other 4PM family is given by

J (σ1,σ2,σ3)
n1,n2,...,n12

:=

∫

ℓ1,ℓ2,ℓ3

δ(ℓ1 · v1)δ(ℓ2 · v1)δ(ℓ3 · v2)
Dn1

1 Dn2
2 ...Dn12

12

(11a)

with (j = 1, 2, 3, k = 1, 2)

Dk = ℓk · v2 + σki0
+ , D3 = ℓ3 · v1 + σ3i0

+ ,

D3+k = (ℓk − ℓ3)
2 , D6 = (ℓ1 − ℓ2)

2 , (11b)

D6+j = ℓ2j , D9+j = (ℓj + q)2 .
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FIG. 1: Berends-Giele type recursion relation to construct ⟨Zµ
i (ω)⟩ and ⟨hµν(k)⟩ perturbatively. The causality flow is always

from the Zi and h blobs to the outgoing line. They are equivalent to the PM-expanded geodesic and Einstein equations.

Momentum impulse and spin kick. — The momen-
tum impulse ∆pµi := [pµi ]

τ=+∞
τ=−∞ and spin kick ∆Sµ

i :=
[Sµ

i ]
τ=+∞
τ=−∞ follow from the one-point functions

∆pµi = mi

∫ ∞

−∞
dτ

〈

d2xµ
i (τ)

dτ2

〉

= −miω
2 ⟨zµi (ω)⟩|ω=0 ,

∆ψµ
i =

∫ ∞

−∞
dτ

〈

dψµ
i (τ)

dτ

〉

= −iω ⟨ψ′µ
i (ω)⟩

∣

∣

ω=0
, (7)

where we have Fourier transformed to momentum space.
Both observables are given as the sum of all diagrams at a
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energy. The spin kick is subsequently derived from the
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ton are represented as
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Dyson equations and are depicted in Fig. 1. Spelling
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FIG. 1: Berends-Giele type recursion relation to construct ⟨Zµ
i (ω)⟩ and ⟨hµν(k)⟩ perturbatively. The causality flow is always

from the Zi and h blobs to the outgoing line. They are equivalent to the PM-expanded geodesic and Einstein equations.

Momentum impulse and spin kick. — The momen-
tum impulse ∆pµi := [pµi ]

τ=+∞
τ=−∞ and spin kick ∆Sµ

i :=
[Sµ

i ]
τ=+∞
τ=−∞ follow from the one-point functions

∆pµi = mi

∫ ∞

−∞
dτ

〈

d2xµ
i (τ)

dτ2

〉

= −miω
2 ⟨zµi (ω)⟩|ω=0 ,

∆ψµ
i =

∫ ∞

−∞
dτ

〈

dψµ
i (τ)

dτ

〉

= −iω ⟨ψ′µ
i (ω)⟩

∣

∣

ω=0
, (7)

where we have Fourier transformed to momentum space.
Both observables are given as the sum of all diagrams at a
given PM order with one outgoing Zµ

i line with vanishing
energy. The spin kick is subsequently derived from the
kick of the Grassmann variable as in Ref. [62].
Integrand generation. — The 4PM impulse and spin-

kick integrands are generated recursively via Berends-
Giele type relations. The one-point functions for the
worldline “super-fields” Zi = {zi,ψ′

i} and for the gravi-
ton are represented as

⟨Zi(ω)⟩ =
ω
→

Zi
, ⟨hµν(k)⟩ = →

k
h . (8)

Their recursive definitions follow from the Schwinger-
Dyson equations and are depicted in Fig. 1. Spelling
this out systematically to order G4 allows for an algo-
rithmic construction of the integrand: in our case, we ef-
ficiently inserted Feynman rules into the generated trees
using FORM [125]. There are 201 graphs contributing to
the 4PM impulse in the non-spinning case, 529 with spin
and 253 contributing to the 4PM spin kick.
Reduction to scalar integrals. — A generic 4PM dia-

gram after performing the worldline energy integrals via
the δ-functions in Eq. (6) takes the form
∫

q
e−iq·bδ(q · v1)δ(q · v2)× (9)

∫

ℓ1,ℓ2,ℓ3

num[ℓi]

D1 · · ·D12
δ(ℓ1 · vi1)δ(ℓ2 · vi2 )δ(ℓ3 · vi3) ,

where the Di are either linear or massless propagators
depending on the loop momenta ℓi, velocities vi and mo-
mentum transfer q. The numerators num[ℓi] are polyno-
mial in loop momenta. Tensor reduction of num[ℓi] to

scalar integrals is performed by expanding the loop mo-
menta on a basis dual to vµi and qµ, as demonstrated in
the 3PM case [98]. The only dimensionful quantity in the
3-loop ℓi integral is the momentum transfer qµ. Hence,
|q| =

√

−q2 may be scaled out, and the remaining 3-loop
integrals depend only on the Lorentz factor γ.
The specific choice of three δ(ℓk · vik) functions in

Eq. (9) follows the mass dependence of a given diagram,
which scales as m1m2mi1mi2mi3 . Diagrams are thereby
grouped into two categories: test-body contributions
with mass dependence m4

1m2 or m1m4
2 and comparable-

mass contributions m3
1m

2
2, m

2
1m

3
2 — see Fig. 2. For the

conservative impulse we can easily reconstruct the m1m4
2

and m2
1m

3
2 components using ∆pµ1,cons = −∆pµ2,cons, the

impulse on the second body being given simply by rela-
beling the two worldlines. When computing ∆ψµ

1,cons no
similar relation exists; however, the integrals in opposing
mass sectors are also related by a trivial relabeling.
Integral families and reduction to masters. — There

are three integral families that need to be reduced to
master integrals. The first 4PM family is (i = 1, 2)

I [i](σ1,σ2,σ3)
n1,n2,...,n12

=

∫

ℓ1,ℓ2,ℓ3

δ(ℓ1 · vi)δ(ℓ2 · v1)δ(ℓ3 · v1)
Dn1

1 Dn2
2 ...Dn12

12

(10a)

with the propagators (j = 1, 2, 3 and k = 1, 2):

D1 = ℓ1 · vı̄ + σ1i0
+ , D1+k = ℓ1+k · v2 + σ1+ki0

+ ,

D4 = (ℓ1 + ℓ2 + ℓ3 + q)2 , D5 = (ℓ1 + ℓ2 + q)2 , (10b)

D5+k= (ℓk + ℓ3)
2 , D7+j = ℓ2j , D10+k= (ℓk + q)2 ,

and 1̄ = 2, 2̄ = 1. The I [1] and I [2] families contribute to
the test-body and comparable-mass regimes respectively.
The other 4PM family is given by

J (σ1,σ2,σ3)
n1,n2,...,n12

:=

∫

ℓ1,ℓ2,ℓ3

δ(ℓ1 · v1)δ(ℓ2 · v1)δ(ℓ3 · v2)
Dn1

1 Dn2
2 ...Dn12

12

(11a)

with (j = 1, 2, 3, k = 1, 2)

Dk = ℓk · v2 + σki0
+ , D3 = ℓ3 · v1 + σ3i0

+ ,

D3+k = (ℓk − ℓ3)
2 , D6 = (ℓ1 − ℓ2)

2 , (11b)

D6+j = ℓ2j , D9+j = (ℓj + q)2 .
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Perturbative expansion:
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p
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↵µ
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5PM MOMENTUM IMPULSE

Conservative scattering (no radiation): 
➡Setting boundary conditions

➡Feynman propagators for gravitons: 

Scattering at 5PM

Physical scattering: 
➡Retarded propagators and causal flow

➡Full physical answer!

Δp1 + Δp2 = 0Δp1 + Δp2 = Prad

Δp(5)μ
i = m1m2(m4

1Δp(5)μ
0SF + m3

1m2Δp(5)μ
1SF + m2

1m2
2Δp(5)μ

2SF + m1m3
2Δp̄(5)μ

1SF + m4
2Δp̄(5)μ

0SF)
Separating dissipative vs. conservative effects:

Δp1 = Δpdiss + Δpcons=
iPμν;ρσ

k2 + sgn(k0)i0
=

iPμν;ρσ

k2 + i0

5PM MOMENTUM IMPULSE

 27

1SF: 363 diagrams0SF: 63 diagrams

Radiative vs. conservative sectors:
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scattering of Kerr-BHs. WP3 is devoted to the resummation of non-spinning WQFT into Schwarzschild vertices.
First the next-to-leading order (NLO) self-force calculation will be addressed, then the NNLO. Depending on
the progress spin will be included in the second phase of WP3. The PM results of WP1 and the resummed
results of WP3 will be fed into the e�ective-one-body construction in the first phase of WP4. The final phase of
WP4 will be devoted to a derivation of the e�ective-one-body formalism from a first principles worldline QFT
analysis.

b.2. Methodology of the individual work-packages

WP1 Radiative e�ects: Retarded WQFT including spin, tidal and finite size e�ects

In WP1 we will include spin degrees of freedom of the BHs or NSs via the anti-commuting world-line vectors
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where CE,i is a finite-size Wilson coe�cient that vanishes in the Kerr-BH case. The linear in curvature finite size
e�ects in (B2.1) may be removed via a field redefinition. The leading order tidal-e�ects appear quadratically in
the Riemann tensor and are given by
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with the tidal Wilson coe�cients (related to the so-called Love numbers) CE2/B2 . They parametrize the neutron
star’s tidal response to an external gravitational field. These additional terms yield new Feynman vertices
augmenting the ones sketched in figure B2.1. The observables of the unbound system of the momentum
deflection, spin kick and gravitational wave are given by the Feynman diagrams sketched in figure B2.1
augmented by the new contributions of these additional terms. In order to evaluate them the following pipeline
will be used. (1) Generate the graphs: We use a recursive Berends-Giele type procedure pictorially expressed
as (here the spin-less and tidal free case) with o�-shell open legswhich is implicitly symmetrized on (µ1, �1) and (µ2, �2).
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In words: a vertex with (n + 1) external zµ particles, and �n+1 = 0, is
given by a derivative with respect to the impact parameter bµ of the cor-
responding n-point vertex. We claim this continues to hold when spin is
included, and that eq. (1.1) generalizes similarly, regardless of what other
external lines are present on the vertex. In the non-spinning case we con-
firmed this recursive property using an analytic expression for the worldline
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scattering of Kerr-BHs. WP3 is devoted to the resummation of non-spinning WQFT into Schwarzschild vertices.
First the next-to-leading order (NLO) self-force calculation will be addressed, then the NNLO. Depending on
the progress spin will be included in the second phase of WP3. The PM results of WP1 and the resummed
results of WP3 will be fed into the e�ective-one-body construction in the first phase of WP4. The final phase of
WP4 will be devoted to a derivation of the e�ective-one-body formalism from a first principles worldline QFT
analysis.
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where CE,i is a finite-size Wilson coe�cient that vanishes in the Kerr-BH case. The linear in curvature finite size
e�ects in (B2.1) may be removed via a field redefinition. The leading order tidal-e�ects appear quadratically in
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with the tidal Wilson coe�cients (related to the so-called Love numbers) CE2/B2 . They parametrize the neutron
star’s tidal response to an external gravitational field. These additional terms yield new Feynman vertices
augmenting the ones sketched in figure B2.1. The observables of the unbound system of the momentum
deflection, spin kick and gravitational wave are given by the Feynman diagrams sketched in figure B2.1
augmented by the new contributions of these additional terms. In order to evaluate them the following pipeline
will be used. (1) Generate the graphs: We use a recursive Berends-Giele type procedure pictorially expressed
as (here the spin-less and tidal free case) with o�-shell open legswhich is implicitly symmetrized on (µ1, �1) and (µ2, �2).

z =

h

+

h

z

h

+
1

2

h

z

z

h

+. . .

NR 2

h = +

z

+
1

2

z

z

+ . . .

1.1 Recursive properties

z =
�

�b�

hµ�(k)

,

hµ�(k)

���(0)

=
�

�b�

hµ�(k)

,

hµ�(k)

���(0)

=
�

���

hµ�(k)

.

In ref. [?] (the non-spinning case) the first relationship was generalized
to n points:

hµ�(k)

z�1(�1)

...

z�n(�n)
z�n+1(0)

=
�

�b�n+1

hµ�(k)

z�1(�1)

...

z�n(�n)

.

In words: a vertex with (n + 1) external zµ particles, and �n+1 = 0, is
given by a derivative with respect to the impact parameter bµ of the cor-
responding n-point vertex. We claim this continues to hold when spin is
included, and that eq. (1.1) generalizes similarly, regardless of what other
external lines are present on the vertex. In the non-spinning case we con-
firmed this recursive property using an analytic expression for the worldline

4

which is implicitly symmetrized on (µ1, �1) and (µ2, �2).

z =

h

+

h

z

h

+
1

2

h

z

z

h

+. . .

NR 2

h = +

z

+
1

2

z

z

+ . . .

1.1 Recursive properties

z =
�

�b�

hµ�(k)

,

hµ�(k)

���(0)

=
�

�b�

hµ�(k)

,

hµ�(k)

���(0)

=
�

���

hµ�(k)

.

In ref. [?] (the non-spinning case) the first relationship was generalized
to n points:

hµ�(k)

z�1(�1)

...

z�n(�n)
z�n+1(0)

=
�

�b�n+1

hµ�(k)

z�1(�1)

...

z�n(�n)

.

In words: a vertex with (n + 1) external zµ particles, and �n+1 = 0, is
given by a derivative with respect to the impact parameter bµ of the cor-
responding n-point vertex. We claim this continues to hold when spin is
included, and that eq. (1.1) generalizes similarly, regardless of what other
external lines are present on the vertex. In the non-spinning case we con-
firmed this recursive property using an analytic expression for the worldline

4

10

<latexit sha1_base64="7lu/Gcki5G2AlHdRD4yE3qwYp9Q="></latexit>Z Y

i

dDli
lµ1
i1

. . . lµn
inQ

i D(li)

 19

[Driesse,Jakobsen,Mogull,JP,Sauer,Usovitsch]

<latexit sha1_base64="+fjvdeBQV+qN24I/UHkcRKy26oU="></latexit>

i0+

<latexit sha1_base64="+fjvdeBQV+qN24I/UHkcRKy26oU="></latexit>

i0+

<latexit sha1_base64="q/kctbINq/EMJwCj88uJu+GJOac="></latexit>� = v1 · v2

HIGH PRECISION WQFT COMPUTATIONS: WORKFLOW

Generate graphs & 
Insert Feynman rules 

Berends-Giele recursion

Reduction & planarization to 
scalar integral family

Integration by parts:    
Master Integrals

(5PM: 6g vertex)

Kira 3.0 
Reduced symmetries 
due to retarded prop.

Solve masters by Diff. 
Eq. technique

Single scale 
integrals

<latexit sha1_base64="iCdsFEyKJt9NmFKfU05HBF1Tf7E="></latexit>

x = � �
p

�2 � 1

Method of  regions 
(potential & radiation 

gravitons)

<latexit sha1_base64="oS5WvrZ4ChUggR9qw+MIAv8rCqg="></latexit>

�Sµ
i

<latexit sha1_base64="CfFWUPnlXEjqROAdPCGv8ZLJX+o="></latexit>

�pµi

<latexit sha1_base64="3xFmGaJTQ5h0D/V/i8LERnCVBtE="></latexit>

fµ⌫(u, x̂)

Fix boundary conditions 
in static limit (PN) <latexit sha1_base64="cTTKaFuy+jL1EOX9JnoXeUnRIn4="></latexit>

� ! 1

Plefka Part B2 G��WFT�

Funding Years
1 2 3 4 5

WP1:

WP2:

WP3:

WP4:

Staffing
(Team + PI)

Senior Postdoc (5y), PhD 1 (4y)

Senior Postdoc (5y), PhD 2 (4y)

Postdoc (3y), PhD HU (4y)

Postdoc (3y)

4PM observables NLO waveform 4PM Higher spin 5PM 

Higher spin construction & LO obs. Kerr-BH hidden symmetry

Resummation  LO 

NLO self force

NNLO self force

EOB construction EOB foundation

NLO self force

Funding Years
1 2 3 4 5

WP1:

WP2:

WP3:

WP4:

Staffing
(Team + PI)

Senior Postdoc (5y), PhD 1 (4y)

Senior Postdoc (5y), PhD 2 (4y)

Postdoc (4y), PhD 3 (4y)

Postdoc (4y)

Figure B2.3.: Project plan, time-line and personnel. Acronyms: PM (post-Minkowskian), LO (Leading order), NLO (Next-
to-leading order), EOB (E�ective-one-body formalism), PhD HU (Humboldt University funded student).

scattering of Kerr-BHs. WP3 is devoted to the resummation of non-spinning WQFT into Schwarzschild vertices.
First the next-to-leading order (NLO) self-force calculation will be addressed, then the NNLO. Depending on
the progress spin will be included in the second phase of WP3. The PM results of WP1 and the resummed
results of WP3 will be fed into the e�ective-one-body construction in the first phase of WP4. The final phase of
WP4 will be devoted to a derivation of the e�ective-one-body formalism from a first principles worldline QFT
analysis.
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where CE,i is a finite-size Wilson coe�cient that vanishes in the Kerr-BH case. The linear in curvature finite size
e�ects in (B2.1) may be removed via a field redefinition. The leading order tidal-e�ects appear quadratically in
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with the tidal Wilson coe�cients (related to the so-called Love numbers) CE2/B2 . They parametrize the neutron
star’s tidal response to an external gravitational field. These additional terms yield new Feynman vertices
augmenting the ones sketched in figure B2.1. The observables of the unbound system of the momentum
deflection, spin kick and gravitational wave are given by the Feynman diagrams sketched in figure B2.1
augmented by the new contributions of these additional terms. In order to evaluate them the following pipeline
will be used. (1) Generate the graphs: We use a recursive Berends-Giele type procedure pictorially expressed
as (here the spin-less and tidal free case) with o�-shell open legswhich is implicitly symmetrized on (µ1, �1) and (µ2, �2).
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�b�
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hµ�(k)
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���

hµ�(k)

.

In ref. [?] (the non-spinning case) the first relationship was generalized
to n points:

hµ�(k)

z�1(�1)

...

z�n(�n)
z�n+1(0)

=
�

�b�n+1

hµ�(k)

z�1(�1)

...

z�n(�n)

.

In words: a vertex with (n + 1) external zµ particles, and �n+1 = 0, is
given by a derivative with respect to the impact parameter bµ of the cor-
responding n-point vertex. We claim this continues to hold when spin is
included, and that eq. (1.1) generalizes similarly, regardless of what other
external lines are present on the vertex. In the non-spinning case we con-
firmed this recursive property using an analytic expression for the worldline

4
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Massless propagator:

kµ
≠æ = 1

(k0 + i‘)2 ≠ k2
(41)

kµ
≠æ = 1

k · vj + i‘
(42)

kµ
≠æ = ”(k · vj) (43)

External Kinematics:
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14 Results

x = “ ≠

Ò
“2 ≠ 1 (61)

x + 1
x

= 2“x ≠
1
x

= 2
Ò

g2 ≠ 1 (62)

G(a1, . . . , an; x) =
⁄

1

x

G(a2, . . . , an; xÕ)
xÕ ≠ a1

dxÕ (63)

ai œ {0, ±1, ±i} (64)

G(0, x) =
⁄

1

x

dx

x
= ≠ log x (65)

= arccosh“ (= relative rapidity) (66)

E2
1“ ≠ 1

“ + 1
2
, K2

1“ ≠ 1
“ + 1

2
, E

1“ ≠ 1
“ + 1

2
K

1“ ≠ 1
“ + 1

2
(67)

15 WQFT Loop Integrals

v1 · v1 = v2 · v2 = 1
v1 · q = v2 · q = 0

v1 · v2 = “ = 1
1 ≠ —2

D1 = ¸1 · v2 , Di>1 = ¸ · v1 , (68)
Di0 = ¸2

i , Diq = (¸i ≠ q)2 , Dij = (¸i ≠ ¸j)2 (69)

�̧2 �̧1� ¸3� ¸4� q�
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�̧2 �̧3� ¸4�
¸1�

q�
(71)

Massless propagator:

kµ
≠æ = 1

(k0 + i‘)2 ≠ k2
(72)

kµ
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k · vj + i‘
(73)

kµ
≠æ = ”(k · vj) (74)
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dD¸
”(¸ · v2)

!
(¸0 + i‘)2 ≠ ¸2

"!
(q0 ≠ ¸0 + i‘) ≠ (q ≠ ¸)2

"
(¸ · v1 + i‘)
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17 diagrams:

¸1 ¸2

¸3 ¸4

�q
(76)

(77)

Four loop example diagrams:

WQFT LOOP INTEGRALS:  
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scattering of Kerr-BHs. WP3 is devoted to the resummation of non-spinning WQFT into Schwarzschild vertices.
First the next-to-leading order (NLO) self-force calculation will be addressed, then the NNLO. Depending on
the progress spin will be included in the second phase of WP3. The PM results of WP1 and the resummed
results of WP3 will be fed into the e�ective-one-body construction in the first phase of WP4. The final phase of
WP4 will be devoted to a derivation of the e�ective-one-body formalism from a first principles worldline QFT
analysis.

b.2. Methodology of the individual work-packages

WP1 Radiative e�ects: Retarded WQFT including spin, tidal and finite size e�ects

In WP1 we will include spin degrees of freedom of the BHs or NSs via the anti-commuting world-line vectors
 a
i (⌧) that expresses the spin tensor as a composite operator Sµ⌫ = eµae⌫b ̄

a
i  

b
i . Up to spin-squared terms this

augments the world-line action (B2.1) by the spin-terms

S(i)
spin = �mi

π
d⌧


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a
i  

b
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�
+ . . . , (B2.5)

where CE,i is a finite-size Wilson coe�cient that vanishes in the Kerr-BH case. The linear in curvature finite size
e�ects in (B2.1) may be removed via a field redefinition. The leading order tidal-e�ects appear quadratically in
the Riemann tensor and are given by

S(i)
tidal =

π
d⌧

⇥
CE2,iEµ⌫Eµ⌫ + CB2,iBµ⌫Bµ⌫

⇤
+ . . . , Eµ⌫ = Rµ↵⌫� €x

µ
i €x⌫i , Bµ⌫ = R⇤

µ↵⌫� €x
µ
i €x⌫i (B2.6)

with the tidal Wilson coe�cients (related to the so-called Love numbers) CE2/B2 . They parametrize the neutron
star’s tidal response to an external gravitational field. These additional terms yield new Feynman vertices
augmenting the ones sketched in figure B2.1. The observables of the unbound system of the momentum
deflection, spin kick and gravitational wave are given by the Feynman diagrams sketched in figure B2.1
augmented by the new contributions of these additional terms. In order to evaluate them the following pipeline
will be used. (1) Generate the graphs: We use a recursive Berends-Giele type procedure pictorially expressed
as (here the spin-less and tidal free case) with o�-shell open legswhich is implicitly symmetrized on (µ1, �1) and (µ2, �2).
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In ref. [?] (the non-spinning case) the first relationship was generalized
to n points:
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.

In words: a vertex with (n + 1) external zµ particles, and �n+1 = 0, is
given by a derivative with respect to the impact parameter bµ of the cor-
responding n-point vertex. We claim this continues to hold when spin is
included, and that eq. (1.1) generalizes similarly, regardless of what other
external lines are present on the vertex. In the non-spinning case we con-
firmed this recursive property using an analytic expression for the worldline
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scattering of Kerr-BHs. WP3 is devoted to the resummation of non-spinning WQFT into Schwarzschild vertices.
First the next-to-leading order (NLO) self-force calculation will be addressed, then the NNLO. Depending on
the progress spin will be included in the second phase of WP3. The PM results of WP1 and the resummed
results of WP3 will be fed into the e�ective-one-body construction in the first phase of WP4. The final phase of
WP4 will be devoted to a derivation of the e�ective-one-body formalism from a first principles worldline QFT
analysis.

b.2. Methodology of the individual work-packages

WP1 Radiative e�ects: Retarded WQFT including spin, tidal and finite size e�ects
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where CE,i is a finite-size Wilson coe�cient that vanishes in the Kerr-BH case. The linear in curvature finite size
e�ects in (B2.1) may be removed via a field redefinition. The leading order tidal-e�ects appear quadratically in
the Riemann tensor and are given by
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with the tidal Wilson coe�cients (related to the so-called Love numbers) CE2/B2 . They parametrize the neutron
star’s tidal response to an external gravitational field. These additional terms yield new Feynman vertices
augmenting the ones sketched in figure B2.1. The observables of the unbound system of the momentum
deflection, spin kick and gravitational wave are given by the Feynman diagrams sketched in figure B2.1
augmented by the new contributions of these additional terms. In order to evaluate them the following pipeline
will be used. (1) Generate the graphs: We use a recursive Berends-Giele type procedure pictorially expressed
as (here the spin-less and tidal free case) with o�-shell open legswhich is implicitly symmetrized on (µ1, �1) and (µ2, �2).
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In words: a vertex with (n + 1) external zµ particles, and �n+1 = 0, is
given by a derivative with respect to the impact parameter bµ of the cor-
responding n-point vertex. We claim this continues to hold when spin is
included, and that eq. (1.1) generalizes similarly, regardless of what other
external lines are present on the vertex. In the non-spinning case we con-
firmed this recursive property using an analytic expression for the worldline
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scattering of Kerr-BHs. WP3 is devoted to the resummation of non-spinning WQFT into Schwarzschild vertices.
First the next-to-leading order (NLO) self-force calculation will be addressed, then the NNLO. Depending on
the progress spin will be included in the second phase of WP3. The PM results of WP1 and the resummed
results of WP3 will be fed into the e�ective-one-body construction in the first phase of WP4. The final phase of
WP4 will be devoted to a derivation of the e�ective-one-body formalism from a first principles worldline QFT
analysis.
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where CE,i is a finite-size Wilson coe�cient that vanishes in the Kerr-BH case. The linear in curvature finite size
e�ects in (B2.1) may be removed via a field redefinition. The leading order tidal-e�ects appear quadratically in
the Riemann tensor and are given by
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with the tidal Wilson coe�cients (related to the so-called Love numbers) CE2/B2 . They parametrize the neutron
star’s tidal response to an external gravitational field. These additional terms yield new Feynman vertices
augmenting the ones sketched in figure B2.1. The observables of the unbound system of the momentum
deflection, spin kick and gravitational wave are given by the Feynman diagrams sketched in figure B2.1
augmented by the new contributions of these additional terms. In order to evaluate them the following pipeline
will be used. (1) Generate the graphs: We use a recursive Berends-Giele type procedure pictorially expressed
as (here the spin-less and tidal free case) with o�-shell open legswhich is implicitly symmetrized on (µ1, �1) and (µ2, �2).

z =

h

+

h

z

h

+
1

2

h

z

z

h

+. . .

NR 2

h = +

z

+
1

2

z

z

+ . . .

1.1 Recursive properties

z =
�

�b�

hµ�(k)

,

hµ�(k)

���(0)

=
�

�b�

hµ�(k)

,

hµ�(k)

���(0)

=
�

���

hµ�(k)

.

In ref. [?] (the non-spinning case) the first relationship was generalized
to n points:

hµ�(k)

z�1(�1)

...

z�n(�n)
z�n+1(0)

=
�

�b�n+1

hµ�(k)

z�1(�1)

...

z�n(�n)

.

In words: a vertex with (n + 1) external zµ particles, and �n+1 = 0, is
given by a derivative with respect to the impact parameter bµ of the cor-
responding n-point vertex. We claim this continues to hold when spin is
included, and that eq. (1.1) generalizes similarly, regardless of what other
external lines are present on the vertex. In the non-spinning case we con-
firmed this recursive property using an analytic expression for the worldline

4

which is implicitly symmetrized on (µ1, �1) and (µ2, �2).

z =

h

+

h

z

h

+
1

2

h

z

z

h

+. . .

NR 2

h = +

z

+
1

2

z

z

+ . . .

1.1 Recursive properties

z =
�

�b�

hµ�(k)

,

hµ�(k)

���(0)

=
�

�b�

hµ�(k)

,

hµ�(k)

���(0)

=
�

���

hµ�(k)

.

In ref. [?] (the non-spinning case) the first relationship was generalized
to n points:

hµ�(k)

z�1(�1)

...

z�n(�n)
z�n+1(0)

=
�

�b�n+1

hµ�(k)

z�1(�1)

...

z�n(�n)

.

In words: a vertex with (n + 1) external zµ particles, and �n+1 = 0, is
given by a derivative with respect to the impact parameter bµ of the cor-
responding n-point vertex. We claim this continues to hold when spin is
included, and that eq. (1.1) generalizes similarly, regardless of what other
external lines are present on the vertex. In the non-spinning case we con-
firmed this recursive property using an analytic expression for the worldline

4

10

<latexit sha1_base64="7lu/Gcki5G2AlHdRD4yE3qwYp9Q="></latexit>Z Y

i

dDli
lµ1
i1

. . . lµn
inQ

i D(li)

 19

[Driesse,Jakobsen,Mogull,JP,Sauer,Usovitsch]

<latexit sha1_base64="+fjvdeBQV+qN24I/UHkcRKy26oU="></latexit>

i0+

<latexit sha1_base64="+fjvdeBQV+qN24I/UHkcRKy26oU="></latexit>

i0+

<latexit sha1_base64="q/kctbINq/EMJwCj88uJu+GJOac="></latexit>� = v1 · v2



30

Reduced  scalar integrals  to basis of 468 Master Integrals 


Crucial use of Integration by parts code KIRA 3.0  

Reconstruct rational functions  from finite-field samples with FireFly

Complete reduction took ~300k core hours on HPC cluster

Masters split into 236+232 under parity ( )

106 Ia1,a2,…aJ
(x, ϵ)

v → − v

[Driesse,Jakobsen,Klemm,Mogull,Nega,JP,Sauer,Usovitsch]

<latexit sha1_base64="OWzjwaoVLijKnPNP7AuygnVWIqo="></latexit>

ωI(x, ε)

<latexit sha1_base64="IunuwL1dTxLkgo9u+b2bdsROMHg="></latexit>

0 =

∫ 4∏

i=1

dDωi
(2ε)D

ϑ

ϑωµf

(
!µ ϖ(v1 · ω1) ϖ(v1 · ω2) ϖ(v2 · ω3) ϖ(v2 · ω4)

(v2 · ω1)a1(v2 · ω2)a2(v1 · ω3)a3(v1 · ω4)a4Da5
5 · · ·DaJ

J

)

Integration by parts &    
Master Integrals

Integration by Parts (IBP) Relations: Yields vector space picture for Feynman integral family

Suitable choices of  yield huge sets of linear equations for  that can be 

expressed in basis of Master Integrals    ->   Kira 3.0    

{Λμ, a1, …, aJ} Ia1,a2,…,aJ
[Lange,Usovitsch,Wu]

Computational bottleneck of project.



HIGH PRECISION WQFT COMPUTATIONS: WORKFLOW

Generate graphs & 
Insert Feynman rules 

Berends-Giele recursion

Reduction & planarization to 
scalar integral family

Integration by parts &    
Master Integrals

(5PM: 6g vertex)

Kira 3.0 
Reduced symmetries 
due to retarded prop.

Solve masters by Diff. 
Eq. technique

Single scale 
integrals

<latexit sha1_base64="iCdsFEyKJt9NmFKfU05HBF1Tf7E="></latexit>

x = � �
p

�2 � 1

Method of  regions 
(potential & radiation 

gravitons)

<latexit sha1_base64="oS5WvrZ4ChUggR9qw+MIAv8rCqg="></latexit>

�Sµ
i

<latexit sha1_base64="CfFWUPnlXEjqROAdPCGv8ZLJX+o="></latexit>

�pµi

<latexit sha1_base64="3xFmGaJTQ5h0D/V/i8LERnCVBtE="></latexit>

fµ⌫(u, x̂)

Fix boundary conditions 
in static limit (PN) <latexit sha1_base64="cTTKaFuy+jL1EOX9JnoXeUnRIn4="></latexit>

� ! 1

Plefka Part B2 G��WFT�

Funding Years
1 2 3 4 5

WP1:

WP2:

WP3:

WP4:

Staffing
(Team + PI)

Senior Postdoc (5y), PhD 1 (4y)

Senior Postdoc (5y), PhD 2 (4y)

Postdoc (3y), PhD HU (4y)

Postdoc (3y)

4PM observables NLO waveform 4PM Higher spin 5PM 

Higher spin construction & LO obs. Kerr-BH hidden symmetry

Resummation  LO 

NLO self force

NNLO self force

EOB construction EOB foundation

NLO self force

Funding Years
1 2 3 4 5

WP1:

WP2:

WP3:

WP4:

Staffing
(Team + PI)

Senior Postdoc (5y), PhD 1 (4y)

Senior Postdoc (5y), PhD 2 (4y)

Postdoc (4y), PhD 3 (4y)

Postdoc (4y)

Figure B2.3.: Project plan, time-line and personnel. Acronyms: PM (post-Minkowskian), LO (Leading order), NLO (Next-
to-leading order), EOB (E�ective-one-body formalism), PhD HU (Humboldt University funded student).

scattering of Kerr-BHs. WP3 is devoted to the resummation of non-spinning WQFT into Schwarzschild vertices.
First the next-to-leading order (NLO) self-force calculation will be addressed, then the NNLO. Depending on
the progress spin will be included in the second phase of WP3. The PM results of WP1 and the resummed
results of WP3 will be fed into the e�ective-one-body construction in the first phase of WP4. The final phase of
WP4 will be devoted to a derivation of the e�ective-one-body formalism from a first principles worldline QFT
analysis.
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where CE,i is a finite-size Wilson coe�cient that vanishes in the Kerr-BH case. The linear in curvature finite size
e�ects in (B2.1) may be removed via a field redefinition. The leading order tidal-e�ects appear quadratically in
the Riemann tensor and are given by
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with the tidal Wilson coe�cients (related to the so-called Love numbers) CE2/B2 . They parametrize the neutron
star’s tidal response to an external gravitational field. These additional terms yield new Feynman vertices
augmenting the ones sketched in figure B2.1. The observables of the unbound system of the momentum
deflection, spin kick and gravitational wave are given by the Feynman diagrams sketched in figure B2.1
augmented by the new contributions of these additional terms. In order to evaluate them the following pipeline
will be used. (1) Generate the graphs: We use a recursive Berends-Giele type procedure pictorially expressed
as (here the spin-less and tidal free case) with o�-shell open legswhich is implicitly symmetrized on (µ1, �1) and (µ2, �2).
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scattering of Kerr-BHs. WP3 is devoted to the resummation of non-spinning WQFT into Schwarzschild vertices.
First the next-to-leading order (NLO) self-force calculation will be addressed, then the NNLO. Depending on
the progress spin will be included in the second phase of WP3. The PM results of WP1 and the resummed
results of WP3 will be fed into the e�ective-one-body construction in the first phase of WP4. The final phase of
WP4 will be devoted to a derivation of the e�ective-one-body formalism from a first principles worldline QFT
analysis.

b.2. Methodology of the individual work-packages

WP1 Radiative e�ects: Retarded WQFT including spin, tidal and finite size e�ects

In WP1 we will include spin degrees of freedom of the BHs or NSs via the anti-commuting world-line vectors
 a
i (⌧) that expresses the spin tensor as a composite operator Sµ⌫ = eµae⌫b ̄
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where CE,i is a finite-size Wilson coe�cient that vanishes in the Kerr-BH case. The linear in curvature finite size
e�ects in (B2.1) may be removed via a field redefinition. The leading order tidal-e�ects appear quadratically in
the Riemann tensor and are given by
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with the tidal Wilson coe�cients (related to the so-called Love numbers) CE2/B2 . They parametrize the neutron
star’s tidal response to an external gravitational field. These additional terms yield new Feynman vertices
augmenting the ones sketched in figure B2.1. The observables of the unbound system of the momentum
deflection, spin kick and gravitational wave are given by the Feynman diagrams sketched in figure B2.1
augmented by the new contributions of these additional terms. In order to evaluate them the following pipeline
will be used. (1) Generate the graphs: We use a recursive Berends-Giele type procedure pictorially expressed
as (here the spin-less and tidal free case) with o�-shell open legswhich is implicitly symmetrized on (µ1, �1) and (µ2, �2).
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In words: a vertex with (n + 1) external zµ particles, and �n+1 = 0, is
given by a derivative with respect to the impact parameter bµ of the cor-
responding n-point vertex. We claim this continues to hold when spin is
included, and that eq. (1.1) generalizes similarly, regardless of what other
external lines are present on the vertex. In the non-spinning case we con-
firmed this recursive property using an analytic expression for the worldline
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scattering of Kerr-BHs. WP3 is devoted to the resummation of non-spinning WQFT into Schwarzschild vertices.
First the next-to-leading order (NLO) self-force calculation will be addressed, then the NNLO. Depending on
the progress spin will be included in the second phase of WP3. The PM results of WP1 and the resummed
results of WP3 will be fed into the e�ective-one-body construction in the first phase of WP4. The final phase of
WP4 will be devoted to a derivation of the e�ective-one-body formalism from a first principles worldline QFT
analysis.
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where CE,i is a finite-size Wilson coe�cient that vanishes in the Kerr-BH case. The linear in curvature finite size
e�ects in (B2.1) may be removed via a field redefinition. The leading order tidal-e�ects appear quadratically in
the Riemann tensor and are given by
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with the tidal Wilson coe�cients (related to the so-called Love numbers) CE2/B2 . They parametrize the neutron
star’s tidal response to an external gravitational field. These additional terms yield new Feynman vertices
augmenting the ones sketched in figure B2.1. The observables of the unbound system of the momentum
deflection, spin kick and gravitational wave are given by the Feynman diagrams sketched in figure B2.1
augmented by the new contributions of these additional terms. In order to evaluate them the following pipeline
will be used. (1) Generate the graphs: We use a recursive Berends-Giele type procedure pictorially expressed
as (here the spin-less and tidal free case) with o�-shell open legswhich is implicitly symmetrized on (µ1, �1) and (µ2, �2).
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external lines are present on the vertex. In the non-spinning case we con-
firmed this recursive property using an analytic expression for the worldline

4

which is implicitly symmetrized on (µ1, �1) and (µ2, �2).

z =

h

+

h

z

h

+
1

2

h

z

z

h

+. . .

NR 2

h = +

z

+
1

2

z

z

+ . . .

1.1 Recursive properties

z =
�

�b�

hµ�(k)

,

hµ�(k)

���(0)

=
�

�b�

hµ�(k)

,

hµ�(k)

���(0)

=
�

���

hµ�(k)

.

In ref. [?] (the non-spinning case) the first relationship was generalized
to n points:

hµ�(k)

z�1(�1)

...

z�n(�n)
z�n+1(0)

=
�

�b�n+1

hµ�(k)

z�1(�1)

...

z�n(�n)

.

In words: a vertex with (n + 1) external zµ particles, and �n+1 = 0, is
given by a derivative with respect to the impact parameter bµ of the cor-
responding n-point vertex. We claim this continues to hold when spin is
included, and that eq. (1.1) generalizes similarly, regardless of what other
external lines are present on the vertex. In the non-spinning case we con-
firmed this recursive property using an analytic expression for the worldline

4

10

<latexit sha1_base64="7lu/Gcki5G2AlHdRD4yE3qwYp9Q="></latexit>Z Y

i

dDli
lµ1
i1

. . . lµn
inQ

i D(li)

 19

[Driesse,Jakobsen,Mogull,JP,Sauer,Usovitsch]

<latexit sha1_base64="+fjvdeBQV+qN24I/UHkcRKy26oU="></latexit>

i0+

<latexit sha1_base64="+fjvdeBQV+qN24I/UHkcRKy26oU="></latexit>

i0+

<latexit sha1_base64="q/kctbINq/EMJwCj88uJu+GJOac="></latexit>� = v1 · v2



32

[Kotikov][Gehrmann,Remiddi][Henn]

<latexit sha1_base64="OWzjwaoVLijKnPNP7AuygnVWIqo="></latexit>

ωI(x, ε)

<latexit sha1_base64="8hErHT3YXM/trIUltKSk2ezjFv8="></latexit>

d

dx
~I(x, ✏) = M(x, ✏) ~I(x, ✏)

<latexit sha1_base64="lOM+p3d3ro4uPBLQjQNvTHv+DbU="></latexit>

d

dx
~I 0(x, ✏) = ✏A(x) ~I 0(x, ✏)

<latexit sha1_base64="AinslxZPnnB7XBDeKwcS9sq3KRM="></latexit>

~I(x, ✏) = T (✏, x) ~I 0(x, ✏)

Similarity transform to canonical Differential equations:

<latexit sha1_base64="l6OpolagEMZxFAdvysvhTcchc7Y="></latexit>

1

2
(x+ x→1) = 1/

√
1→ v2

Solve masters by Diff. 
Eq. technique

Still needs to integrate the masters integrals:

Depend on  and dimensionsal regulator x D = 4 − 2ϵ

METHOD OF DIFFERENTIAL EQUATIONS

Resulting solution: 

boundary integrals

<latexit sha1_base64="IiSvxvSTp4l/zlnmi4vLbHad0wM="></latexit>

~I 0(x, ✏) = P exp[✏

Z

C
dA(x)] ~I 00(x0, ✏)

<latexit sha1_base64="R+RalXkokjysH87pYp4BHaYG/eU="></latexit>

x0 = 1 , v = 0



PARITY OF INTEGRALS

33

[Driesse,Jakobsen,Mogull,JP,Sauer,Usovitsch]

Solve masters by Diff. 
Eq. technique

PARITY OF INTEGRALS

 31

[Driesse,Jakobsen,Mogull,JP,Sauer,Usovitsch]

Split of impulse under parity ( )v ≫ ⇒ v

Solve masters by Diff. 
Eq. technique

<latexit sha1_base64="zZkULYmq5Uw/FNGlxDhmYRVCTYY="></latexit>

�pµ1 = cbb
µ + cv1v

µ
1 + cv2v

µ
2

‣ Scattering angle  

‣ Integrals purely 

real, even number 
of linear 
propagators


‣ Conservative & 
dissipative effects

δ
Even: 

‣ Radiated energy  


‣ Integrals purely 
imaginary, odd 
number of linear 
propagators


‣ Dissipative effects & 
constrained by lower 
order 

Erad

Odd: 

Parity splits Master Integrals into 232 even & 234 odd members



DIFFERENTIAL EQS @ 5PM-1SF 

34

[Driesse,Jakobsen,Mogull,JP,Sauer,Usovitsch]

<latexit sha1_base64="DWWbXgFT6WWgsog9tgV59FG4SKY="></latexit>

x = � �
p

�2 � 1

After IBP reduction: Basis of Master Integrals  for 5PM-1SF planar family⃗I(x, ϵ)

M(x, ϵ)
Heat plots of matrix

Solve masters by Diff. 
Eq. technique

<latexit sha1_base64="ApG9L4egZXYRjNitB4lGsm7mif0="></latexit>

d

dx
~I = M(x, ✏) ~I

<latexit sha1_base64="OXNbn7pX4EAfjuX7M9nAhYu+v64="></latexit>

� =
1

2
(x+ x�1)

DIFFERENTIAL EQUATIONS @ 5PM-1SF 

 32

<latexit sha1_base64="DWWbXgFT6WWgsog9tgV59FG4SKY="></latexit>

x = � �
p

�2 � 1

After IBP reduction: Basis of Master Integrals   for 5PM-1SF planar family≫I(x, δ)

1 50 100 150 200 236

1

50

100

150

200

236

1 50 100 150 200 236
1

50

100

150

200

236

M(x, δ)
Heat plots of matrix

<latexit sha1_base64="ApG9L4egZXYRjNitB4lGsm7mif0="></latexit>

d

dx
~I = M(x, ✏) ~I

<latexit sha1_base64="OXNbn7pX4EAfjuX7M9nAhYu+v64="></latexit>

� =
1

2
(x+ x�1)

1 50 100 150 200 232

1

50

100

150

200

232

1 50 100 150 200 232

1

50

100

150

200

232

even odd

[Driesse,Jakobsen,Klemm,Mogull,Nega,JP,Sauer,Usovitsch, to appear]
[Driesse,Jakobsen,Klemm,JP,Sauer,Usovitsch, PRL 132 (2024) 24]

even odd

Differential Equations

Odd parity

d ΔI
dx

= M(x, μ) ΔI

1 50 100 150 200 232

1

50

100

150

200

232

1 50 100 150 200 232

1

50

100

150

200

232

Even parity
1 50 100 150 200 236

1

50

100

150

200

236

1 50 100 150 200 236
1

50

100

150

200

236

d ΔJ
dx

= μM̃(x) ΔJ

T

d = 4 → 2μ

[Henn],[Gehrmann, Remiddi]



FUNCTION SPACES OF FEYNMAN INTEGRALS

35

[Driesse,Jakobsen,Klemm,Mogull,Nega,JP,Sauer,Usovitsch]

 34

FUNCTION SPACES OF FEYNMAN INTEGRALS

Multiple Polylogarithms: 

4

lowed scalar products reduced by n. This approach yields
a remarkable 10(L�1) runtime improvement compared to
the current implementation of the Laporta algorithm in
Kira. The incorporation of this feature is planned for a
future release of Kira 3.0 [110].

We further observe that the IBP vectors used to formu-
late equations exhibit a useful feature. To reduce a large
number of scalar products on linear propagators, it is suf-
ficient for the IBP system to close by seeding at most two
scalar products on propagators associated with a gravi-
ton. When reducing a high number of dots on linear
propagators it is not necessary to seed dots on the gravi-
ton propagators. Implementation of this feature results
in an additional factor of 10 in main memory manage-
ment improvement. The complete IBP reductions took
around 300k core hours on HPC clusters. Both the IBP
reductions and the impulse were also assembled with the
aid of Kira.

Di↵erential equations. — After IBP reduction we find
a total of 236 + 234 master integrals (MIs), which are
solved using the method of di↵erential equations (DE)
[111, 112]. The needed top sectors of MIs are pictured in
Fig. 1. Grouping them in a vector I that obeys d

dxI =
M(x, ✏)I, we seek a transformation J = T (x, ✏)I such
that the DE factorizes:

d

dx
J = ✏A(x)J , (9)

where x = � �
p
�2 � 1, which is chosen to rationalize

the equation. To simplify this task it is important to first
find a basis in which the dependency on � and ✏ factorizes
[113, 114]. For this it is helpful to allow for derivatives on
the delta functions. We employ the algorithms CANONICA
[115], INITIAL[116] and FiniteFlow [117]. More details
on these transformations were given in Ref. [118]. The
function space of the integrals of the (I) family (5), which
are needed for the conservative calculation, is the same as
at 4PM order [38], being comprised of iterated integrals
of the integration kernels { 1

x ,
1

1±x ,
x

1+x2 } plus kernels con-

taining K(1�x2)2, K being the complete elliptic integral
of the first kind.

Boundary integrals. — From the solution of the ✏-
factorized DE the master integrals are determined up to
integration constants. We fix these in the static limit
(� ! 1, v ! 0) using the method of regions [119–121] by
expanding the integrand in v. The regions are charac-
terized by di↵erent relative scalings of the bulk graviton
loop-momenta of their spacial and timelike components:

`Pi = (`0i , `i) ⇠ (v, 1) , `Ri = (`0i , `i) ⇠ (v, v) . (10)

referred to as potential (P) or radiative (R) modes.
Only gravitons which may go on-shell can turn radiative,
i.e. the three propagators {D12, D13, D14} of Eq. (5c),
typeset in red in Fig. 1. We hence encounter four possi-
ble regions (PPP), (PPR), (PRR) and (RRR). Our defi-
nition of conservative dynamics involves taking the even-
in-velocity part, hence we consider only the (PPP) and

(PRR) regions which have this scaling. The (PRR) re-
gion comes with an overall velocity scaling of (1� x)�4✏,
which accounts for the tail e↵ect and all log(1� x) func-
tions in the final result. The 236 + 234 MIs reduce after
IBP reduction of their static limits to only 2 + 1 bound-
ary integrals in the (PRR) and 14+12 integrals in the
(PPP) region. We solve the (PPP) integrals up to cuts
by applying Eq. (6) in reverse; partial fraction identities
then constrain their values, making them expressible in
terms of � functions. Interestingly, two-worldline inte-
grals are not fully constrained by this approach, yet ap-
pear in linear combinations such that the unknown factor
cancels out in the final result. We are not able to reduce
the (PRR) integrals using cuts and their expressions are
more complicated, involving hypergeometric functions.
Function space. — Surprisingly, the resulting func-

tion space is simpler than anticipated. The answer for

�p(5)µ1SF in the bµ direction is given by multiple polylog-
arithms (MPLs) [122–124] up to weight 3. These MPLs
are defined by

G(a1, . . . , an; y) =

Z y

0

dt

t� a1
G(a2, . . . , an; t) , (11)

with G(~0n, y) = logn(y)/n! and ai, y 2 C. Even though
we encounter the known elliptic integration kernels in
the DEs of these integrals, they only contribute to the
answer at O(✏), and thus disappear once we take the
limit D ! 4. In the final result complete elliptic in-
tegrals of the first and second kind appear only in the
v-direction in the combinations K(1 � x2)2, E(1 � x2)2

and E(1 � x2)K(1 � x2). In fact, the v-direction com-
ponent is entirely determined by lower-order PM results
upon momentum conservation. As we shall see below, the
function space of the scattering angle therefore consists
only of MPLs.
Results. — We begin with the 5PM-1SF momentum

impulse �p(5)µ1SF . It may be decomposed as

�p(5)µcons,1SF =
1

|b|5

X

⇢=b̂,v̂1,v̂2

⇢µ
X

↵

F (⇢)
↵ (�) d(⇢)↵ (�) , (12)

with the basis vectors ⇢µ = {bµ/|b|, v̂µ1 , v̂
µ
2 }. The d(⇢)↵ (�)

are rational functions (up to integer powers of
p
�2 � 1).

For the explicit expressions we refer the reader to the
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lowed scalar products reduced by n. This approach yields
a remarkable 10(L�1) runtime improvement compared to
the current implementation of the Laporta algorithm in
Kira. The incorporation of this feature is planned for a
future release of Kira 3.0 [110].

We further observe that the IBP vectors used to formu-
late equations exhibit a useful feature. To reduce a large
number of scalar products on linear propagators, it is suf-
ficient for the IBP system to close by seeding at most two
scalar products on propagators associated with a gravi-
ton. When reducing a high number of dots on linear
propagators it is not necessary to seed dots on the gravi-
ton propagators. Implementation of this feature results
in an additional factor of 10 in main memory manage-
ment improvement. The complete IBP reductions took
around 300k core hours on HPC clusters. Both the IBP
reductions and the impulse were also assembled with the
aid of Kira.

Di↵erential equations. — After IBP reduction we find
a total of 236 + 234 master integrals (MIs), which are
solved using the method of di↵erential equations (DE)
[111, 112]. The needed top sectors of MIs are pictured in
Fig. 1. Grouping them in a vector I that obeys d

dxI =
M(x, ✏)I, we seek a transformation J = T (x, ✏)I such
that the DE factorizes:

d

dx
J = ✏A(x)J , (9)

where x = � �
p
�2 � 1, which is chosen to rationalize

the equation. To simplify this task it is important to first
find a basis in which the dependency on � and ✏ factorizes
[113, 114]. For this it is helpful to allow for derivatives on
the delta functions. We employ the algorithms CANONICA
[115], INITIAL[116] and FiniteFlow [117]. More details
on these transformations were given in Ref. [118]. The
function space of the integrals of the (I) family (5), which
are needed for the conservative calculation, is the same as
at 4PM order [38], being comprised of iterated integrals
of the integration kernels { 1

x ,
1

1±x ,
x

1+x2 } plus kernels con-

taining K(1�x2)2, K being the complete elliptic integral
of the first kind.

Boundary integrals. — From the solution of the ✏-
factorized DE the master integrals are determined up to
integration constants. We fix these in the static limit
(� ! 1, v ! 0) using the method of regions [119–121] by
expanding the integrand in v. The regions are charac-
terized by di↵erent relative scalings of the bulk graviton
loop-momenta of their spacial and timelike components:

`Pi = (`0i , `i) ⇠ (v, 1) , `Ri = (`0i , `i) ⇠ (v, v) . (10)

referred to as potential (P) or radiative (R) modes.
Only gravitons which may go on-shell can turn radiative,
i.e. the three propagators {D12, D13, D14} of Eq. (5c),
typeset in red in Fig. 1. We hence encounter four possi-
ble regions (PPP), (PPR), (PRR) and (RRR). Our defi-
nition of conservative dynamics involves taking the even-
in-velocity part, hence we consider only the (PPP) and
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grals are not fully constrained by this approach, yet ap-
pear in linear combinations such that the unknown factor
cancels out in the final result. We are not able to reduce
the (PRR) integrals using cuts and their expressions are
more complicated, involving hypergeometric functions.
Function space. — Surprisingly, the resulting func-

tion space is simpler than anticipated. The answer for
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are defined by

G(a1, . . . , an; y) =

Z y

0

dt

t� a1
G(a2, . . . , an; t) , (11)

with G(~0n, y) = logn(y)/n! and ai, y 2 C. Even though
we encounter the known elliptic integration kernels in
the DEs of these integrals, they only contribute to the
answer at O(✏), and thus disappear once we take the
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and E(1 � x2)K(1 � x2). In fact, the v-direction com-
ponent is entirely determined by lower-order PM results
upon momentum conservation. As we shall see below, the
function space of the scattering angle therefore consists
only of MPLs.
Results. — We begin with the 5PM-1SF momentum
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lowed scalar products reduced by n. This approach yields
a remarkable 10(L�1) runtime improvement compared to
the current implementation of the Laporta algorithm in
Kira. The incorporation of this feature is planned for a
future release of Kira 3.0 [110].

We further observe that the IBP vectors used to formu-
late equations exhibit a useful feature. To reduce a large
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scalar products on propagators associated with a gravi-
ton. When reducing a high number of dots on linear
propagators it is not necessary to seed dots on the gravi-
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in an additional factor of 10 in main memory manage-
ment improvement. The complete IBP reductions took
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find a basis in which the dependency on � and ✏ factorizes
[113, 114]. For this it is helpful to allow for derivatives on
the delta functions. We employ the algorithms CANONICA
[115], INITIAL[116] and FiniteFlow [117]. More details
on these transformations were given in Ref. [118]. The
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of the integration kernels { 1

x ,
1

1±x ,
x

1+x2 } plus kernels con-
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Boundary integrals. — From the solution of the ✏-
factorized DE the master integrals are determined up to
integration constants. We fix these in the static limit
(� ! 1, v ! 0) using the method of regions [119–121] by
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`Pi = (`0i , `i) ⇠ (v, 1) , `Ri = (`0i , `i) ⇠ (v, v) . (10)

referred to as potential (P) or radiative (R) modes.
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i.e. the three propagators {D12, D13, D14} of Eq. (5c),
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by applying Eq. (6) in reverse; partial fraction identities
then constrain their values, making them expressible in
terms of � functions. Interestingly, two-worldline inte-
grals are not fully constrained by this approach, yet ap-
pear in linear combinations such that the unknown factor
cancels out in the final result. We are not able to reduce
the (PRR) integrals using cuts and their expressions are
more complicated, involving hypergeometric functions.
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we encounter the known elliptic integration kernels in
the DEs of these integrals, they only contribute to the
answer at O(✏), and thus disappear once we take the
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tegrals of the first and second kind appear only in the
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and E(1 � x2)K(1 � x2). In fact, the v-direction com-
ponent is entirely determined by lower-order PM results
upon momentum conservation. As we shall see below, the
function space of the scattering angle therefore consists
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in an additional factor of 10 in main memory manage-
ment improvement. The complete IBP reductions took
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find a basis in which the dependency on � and ✏ factorizes
[113, 114]. For this it is helpful to allow for derivatives on
the delta functions. We employ the algorithms CANONICA
[115], INITIAL[116] and FiniteFlow [117]. More details
on these transformations were given in Ref. [118]. The
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at 4PM order [38], being comprised of iterated integrals
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taining K(1�x2)2, K being the complete elliptic integral
of the first kind.
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factorized DE the master integrals are determined up to
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(� ! 1, v ! 0) using the method of regions [119–121] by
expanding the integrand in v. The regions are charac-
terized by di↵erent relative scalings of the bulk graviton
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the (PRR) integrals using cuts and their expressions are
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FIG. 1. Kinematic setup of a planar two-body scattering
event with masses mi and incoming velocities vi, impact pa-
rameter b and resulting relative scattering angle ω, radiated
gravitational wave energy Erad and the recoil.

prepare for the third generation of gravitational wave de-
tectors4.

Being characterized by three fundamental properties
— their mass, spin and charge — black holes are, in a
sense, the astrophysical equivalents of elementary parti-
cles. QFT is a highly mature subject, and precise ana-
lytic predictions for particle scattering events, used at
colliders, such as CERN’s Large Hadron Collider, are
commonplace. We benefit from this progress in grav-
ity through the close theoretical link between hyper-
bolic motion (unbound scattering) and elliptic motion
(bound orbits). State-of-the-art technologies for perform-
ing the multi-loop Feynman integrals involved in scatter-
ing cross sections, including integration-by-parts (IBP)
identities35–37 and di!erential equations38–40, have en-
abled some remarkable predictions in elementary parti-
cle physics41–44 and uncovered surprising connections to
algebraic geometry45–48.

The link to algebraic geometry arises through the
function spaces that are needed to express the observ-
ables at growing perturbative orders. One typically
finds generalizations of logarithms, known as multiple
polylogarithms49–51, that are well understood. At higher
orders, elliptic integrals make their appearance52. Histor-
ically, their first appearance in physics was in the New-
tonian two-body problem as they are needed to express
the circumference of an ellipse – the Newtonian trajec-
tory. Geometrically, these are integrals over the two non-
trivial closed cycles of a family of tori — see Fig. 2. The
physical parameters determine the shape of the torus.
Yet this is only the tip of an iceberg.

Two dimensional tori (n = 1) generalize naturally to
Calabi-Yau (CY) n-folds. These are complex manifolds
that admit a Kähler metric solving Einstein’s vacuum
equations in 2n spacetime dimensions53. CY two-folds
are K3 surfaces and have a unique topology. The topo-
logical types of CY (n > 2)-folds are not classified but
believed to be finite. CY three-folds (CY3) are of partic-
ular interest in string theory, where they are used to curl

FIG. 2. Three Calabi-Yau n-folds: the torus, K3 surface and
a projection of the CY3 contributing to the radiated energy
at G5. The red and blue lines are one-dimensional projections
of the integration cycles defining the corresponding periods.
These periods depend on the so-called modulus (here x) of the
CY parametrizing its shape and yield the master integrals in
our problem.

up the six-extra spacetime dimensions to arrive at the
four observable spacetime dimensions. Algebraic, di!er-
ential and arithmetic properties of CY n-folds naturally
extend the ones of elliptic curves (tori). In particular,
their periods – integrals over higher dimensional integra-
tion cycles (see Fig. 2) – generalize the elliptic integrals
and are known to arise in perturbative QFT in multi-
loop Feynman integrals46–48,54,55. In the weak gravita-
tional field expansion considered here, K3 periods have
previously been encountered at fourth order in Newton’s
constant (G4)30,31,56. Until now, no physical observables
in elementary particle physics or gravity have been re-
ported where CY3 periods appear.

In this article, we report on a new landmark result
of the QFT-based classical general relativity program
by providing complete scattering observables of a binary
black hole (or neutron star) encounter up to fifth order in
the weak-field expansion (G5), and sub-leading order in
the symmetric mass ratio ω = m1m2/(m1 + m2)2. This
encounter is depicted in Fig. 1, and involves two black
holes scattering with a deflection angle ε and radiating
gravitational waves with total energy Erad. We describe
the black holes as point particles, an approximation valid
as long as their separation b is large compared to their
intrinsic sizes, i.e. their Schwarzschild radii 2Gmi/c2 —
the weak gravitational field region. The two scattering
observables ε and Erad, the latter depending on CY3 pe-
riods, can be used to calibrate gravitational waveform
models.

The gravitationally interacting two-body system is
governed by an action comprised of two worldlines, cou-
pled to the gravitational Einstein-Hilbert term:

S = →m1c

∫
ds1 → m2c

∫
ds2 →

c3

16ϑG

∫
d4x

↑
→g R[g] .

(1)

Variation of this action gives rise to the Einstein and
geodesic equations. To explain our notation: the proper
time intervals dsi =

√
gµω ẋµ

i ẋω
i dϖ give rise to the fol-

lowed trajectories xµ
i (ϖ) (µ = 0, 1, 2, 3) of the i’th black
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3 derivatives yields DE
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FIG. 5. Non-zero entries of the 232⇥232 di↵erential equation
matrix M̂(x,D) of odd parity. The blocks on the diagonals
determine the function spaces of the multiple sub-sectors. The
not-magnified diagonal sectors give rise to multiple polyloga-
rithms.

fixed in the non-relativistic (low-velocity) limit x ! 1.
Repeated integrations with respect to the kinematic

parameter x produce the mathematical functions I ap-
pearing in our final result for the impulse:

I(�1,�2, . . . ,�n;x) :=

Z x

1
dy �1(y)I(�2, . . . ,�n; y) , (4)

with the base case I(;x) = 1. The nature of the inte-
gration kernels �i determines the types of functions, and
are associated with underlying geometries. In the sim-
plest case, the kernels �i are simple poles of the kind
y�1, (y+1)�1 or (y� 1)�1. Geometrically, such rational
functions act on the Riemann sphere, and repeated in-
tegrations produce the family of multiple polylogarithms
— including the ordinary logarithm I(y�1;x) = log x.
In a G4 calculation of the impulse, the kernels can also
depend on squares of elliptic integrals, which are geomet-
rically interpreted as periods of a K3 surface — see Fig. 2.
Finally, in the odd sector of integrals at the present fifth
order the kernels also depend on CY3 periods.

To see the origin of the CY3 periods, and to clarify
their precise nature, we examine the di↵erential equation
matrix M̂(x,D) (see Fig. 5) in the limit D ! 4. The di-
agonal blocks of this matrix are associated with specific
Feynman graphs appearing in the impulse, of which the
CY3 geometry is isolated to a single 4⇥ 4 diagonal sub-
block. One can decouple these four first-order di↵erential
equations such that one obtains a single fourth-order dif-
ferential equation. By a suitable change of variables,31
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where z = x4. This equation is solved by the CY3 periods
$(z), which consequently appear within the integration
kernels �i of the iterated integrals (4).
Our final expression for the fifth-order impulse, given

in [specify], consists of a linear combination of special
functions (4) multiplied by rational functions of the kine-
matics. From the impulse we can derive the scatter-
ing angle ✓, which measures the angle of deflection be-
tween the ingoing and outgoing momenta in the initial
centre-of-mass inertial frame — see Fig. 1.1 Like the im-
pulse (2), the scattering angle is expanded in the weak-
field limit with the Gn component denoted ✓(n). These
components are also expanded in powers of the symmet-
ric mass ratio ⌫, and at order G5 we have

✓(5) =
G5M5

b5
�
�
✓5,0 + ⌫✓5,1 + ⌫2✓5,2 + ⌫3��2✓5,3

�
, (6)

with M (�) the total mass (energy) of the system. A
central result of our work is the computation of all con-
tributions except for ✓5,2. The function space of the angle
✓(5) arises from integrals only in the even-parity sector,
and is simpler than that of the complete impulse. We
compare our result with available numerical relativity
simulations36 in Fig. 6.
Our other main result is the total radiated energy and

momentum from the system over the course of the scat-
tering. Using the principle of four-dimensional momen-
tum conservation, which includes conservation of energy,
the total loss of momentum via gravitational wave emis-
sion must balance the change in momenta of the two

1 As the system dissipates energy, it recoils, and so the initial frame
choice is not preserved over the course of a scattering event.
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where z = x4. This equation is solved by the CY3 periods
$(z), which consequently appear within the integration
kernels �i of the iterated integrals (4).
Our final expression for the fifth-order impulse, given

in [specify], consists of a linear combination of special
functions (4) multiplied by rational functions of the kine-
matics. From the impulse we can derive the scatter-
ing angle ✓, which measures the angle of deflection be-
tween the ingoing and outgoing momenta in the initial
centre-of-mass inertial frame — see Fig. 1.1 Like the im-
pulse (2), the scattering angle is expanded in the weak-
field limit with the Gn component denoted ✓(n). These
components are also expanded in powers of the symmet-
ric mass ratio ⌫, and at order G5 we have
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with M (�) the total mass (energy) of the system. A
central result of our work is the computation of all con-
tributions except for ✓5,2. The function space of the angle
✓(5) arises from integrals only in the even-parity sector,
and is simpler than that of the complete impulse. We
compare our result with available numerical relativity
simulations36 in Fig. 6.
Our other main result is the total radiated energy and

momentum from the system over the course of the scat-
tering. Using the principle of four-dimensional momen-
tum conservation, which includes conservation of energy,
the total loss of momentum via gravitational wave emis-
sion must balance the change in momenta of the two

1 As the system dissipates energy, it recoils, and so the initial frame
choice is not preserved over the course of a scattering event.
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tributions from sub-sectors do not change the function
space.

VI. CY IN THE SKY

The rank n+ 1 GM connection (d� AM (x))⇧(x) = 0
of a one-parameter period motive of a CY n-fold M
appears as sub-connection in (5), i.e. as a block in
M(x, 0). It can be equivalently written as a linear Picard-
Fuchs di↵erential operator (PF op) of order n + 1, i.e.
L
(n+1) = @n+1

x +
Pn

i=0
ai(x) @i

x where ai(x) is a rational
function in x. The solutions ⇧(x) to L

(n+1)⇧(x) = 0 are
then the periods ⇧k =

R
Ck

n
⌦ of M , with ⌦ the holomor-

phic (n, 0)-form and the n-cycles Ck
n can be chosen to be

in Hn(M,Z).
In order to describe a period motive associated to an

n-dimensional algebraic variety, L(n+1) has to have only
regular singular points of maximal unipotency n in its
moduli space Mx. For L(n+1) to be also a CY operator,
GT requires that L(n+1) has to be self-adjoint, i.e.

L
⇤(n+1)c(x) = (�1)n+1c(x)L(n+1) . (6)

Here, L
⇤(n+1) =

Pn+1

i=0
(�@x)

i ai(x) is the adjoint op-
erator and the rational function c(x) is determined by
@xc(x)/c(x) = 2an(x)/(n+1) up to a multiplicative con-
stant. CY motives are defined by CY di↵erential opera-
tors, see [64] for n = 3, which have in addition a point of
maximal unipotent monodromy (MUM point). At this
point they have an integral mirror map and integral BPS
expansions [65–67]. The latter are trivial for K3 surfaces,
and in this case, the period domain is a symmetric do-
main. Moreover, the periods are modular functions of
congruent subgroups of SL(2,Z), which is related to the
fact that one-parameter K3 period integrals are symmet-
ric squares of elliptic integrals [48, 68–70]. For integral
BPS expansion in three- and four-folds see [65, 67, 71, 72].
The integral stuctures are consequences of the integral
monodromy respresentation of O(⌃,Z) for n even and
Sp(2n+2,Z) for n odd which also encode the topological
type of M . Here ⌃ is the intersection form on Hn(M,Z).

To identify a given graph � in the 5PM expansion hav-
ing m di↵erent MIs in its sector with a CY n-fold, it
is essential that the corresponding MIs are chosen such
that at ✏ = 0 the candidate minimally coupled CY block
is decoupled from other contributions which can be ad-
ditional residues, polylogarithmic contaminations or ad-
ditional non-trivial CY manifolds [62, 63]. This means
that at ✏ = 0 the connection form of this sector splits as

M�(x, 0) =

✓
AM�(x) 0
C(x) D(x)

◆
, (7)

where the two matrices C(x), D(x) describe the addi-
tional structures in the sector. Then, the CY can be
identified directly from AM� or via the equivalent PF op.
Alternatively, a Baikov representation associated to �

can be expanded in x by performing a suitable residuum
calculation to high order, which corresponds to choose
Cn = Tn to obtain a torus integral

R
Tn ⌦ in M�. An

ansatz for L
(n+1)(x) can, in practice, be uniquely fixed

by the requirement L(n+1)(x)
R
Tn ⌦ = 0 and can be com-

pared with (7).
In all cases, we find the higher rank period motives

of M� fulfilling the conditions above to be CY motives.
They determine the corresponding higher transcenden-
tal functions, encoding the observables of the black hole
scattering process, which are CY periods ⇧(x) and their
extensions as we will explicitly exemplify below.

VII. THE 5PM-1SF SECTOR

We have found five di↵erent graphs (K3.i, i = 1, . . . , 5
in fig 1) related to a K3 surface. To make this identi-
fication, a suitable choice of MIs is given by the corner
integrals listed in table I. Here, each corner integral cor-
responds to a single graph and is supplemented by addi-
tional MIs being the derivatives of the corner one. In this
regard, the graphs K3.1-2 consist of four MIs whereas the
graphs K3.3-5 consist of three MIs.

MI ni parity
IK3,1 1 1 1 1 0 0 0 -1 0 1 1 1 0 1 1 0 0 1 0 0 1 0 odd
IK3,2 1 1 1 1 0 0 0 -1 1 1 0 1 0 1 1 0 0 0 0 0 1 1 odd
IK3,3 1 1 1 1 0 0 1 0 0 1 0 1 0 1 1 0 0 1 0 0 1 0 odd
IK3,4 1 1 1 1 0 0 1 0 1 0 1 1 0 1 1 0 0 0 0 0 1 0 odd
IK3,5 1 1 1 1 0 0 0 0 0 1 0 1 0 1 1 0 0 1 0 0 1 1 even

TABLE I: The master integrals of the K3 sectors.

For these choices of MIs, the corresponding GM sys-
tems can be determined from IBP relations. It is inter-
esting to observe, that all K3 operators appearing in all
five graphs at ✏ = 0 are related to the same K3 opera-
tor also appearing in the 4PM-1SF sector (graph K3.0).
This operator is conveniently expressed as

L
(3)

1
= (2✓ � 1)3 + z2(2✓ + 1)3 � 4z✓(4✓2 + 1) (8)

with ✓ = z d

dz , z = x2. Self-adjointness of L(3)

1
is guaran-

teed through c(z) = 4/(z(1� z)2) from (6), where the 4
has been determined from the intersection ⌃ of the K3.
Monodromy properties can be read o↵ from the corre-
sponding Riemann P-Symbol in the appendix eq. (A1).
GT and the representation theory of the monodromy
groups [48, 68, 69] imply that L(3) = Sym2(L(2)), where
L
(2) is the PF op of an elliptic curve. In our case, it is the

Legendre curve Y = X(X � 1)(X � z) with monodromy

group �0(4) and L
(2)

1
= ✓2�z(✓+ 1

2
)2. The K3 geometry

is then the twisted product of the latter given by

Y 2 = X(X � 1)(X � z)Z(Z � 1)(Z � 1/z) . (9)

Its symmetry makes it immediately clear that the same
solution structure appears at w = 1/z = 1/x2. This

Exhibits   symmetryx ≫ x⇒1
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scattering of Kerr-BHs. WP3 is devoted to the resummation of non-spinning WQFT into Schwarzschild vertices.
First the next-to-leading order (NLO) self-force calculation will be addressed, then the NNLO. Depending on
the progress spin will be included in the second phase of WP3. The PM results of WP1 and the resummed
results of WP3 will be fed into the e�ective-one-body construction in the first phase of WP4. The final phase of
WP4 will be devoted to a derivation of the e�ective-one-body formalism from a first principles worldline QFT
analysis.

b.2. Methodology of the individual work-packages

WP1 Radiative e�ects: Retarded WQFT including spin, tidal and finite size e�ects

In WP1 we will include spin degrees of freedom of the BHs or NSs via the anti-commuting world-line vectors
 a
i (⌧) that expresses the spin tensor as a composite operator Sµ⌫ = eµae⌫b ̄

a
i  

b
i . Up to spin-squared terms this

augments the world-line action (B2.1) by the spin-terms

S(i)
spin = �mi

π
d⌧


i ̄i,a

D a
i

D⌧
+

1
2

Rabcd ̄
a
i  

b
i  ̄

c
i  

d
i + CE,iRaµb⌫ €x

µ
i €x⌫i  ̄

a
i  

b
i  ̄i ·  i

�
+ . . . , (B2.5)

where CE,i is a finite-size Wilson coe�cient that vanishes in the Kerr-BH case. The linear in curvature finite size
e�ects in (B2.1) may be removed via a field redefinition. The leading order tidal-e�ects appear quadratically in
the Riemann tensor and are given by

S(i)
tidal =

π
d⌧

⇥
CE2,iEµ⌫Eµ⌫ + CB2,iBµ⌫Bµ⌫

⇤
+ . . . , Eµ⌫ = Rµ↵⌫� €x

µ
i €x⌫i , Bµ⌫ = R⇤

µ↵⌫� €x
µ
i €x⌫i (B2.6)

with the tidal Wilson coe�cients (related to the so-called Love numbers) CE2/B2 . They parametrize the neutron
star’s tidal response to an external gravitational field. These additional terms yield new Feynman vertices
augmenting the ones sketched in figure B2.1. The observables of the unbound system of the momentum
deflection, spin kick and gravitational wave are given by the Feynman diagrams sketched in figure B2.1
augmented by the new contributions of these additional terms. In order to evaluate them the following pipeline
will be used. (1) Generate the graphs: We use a recursive Berends-Giele type procedure pictorially expressed
as (here the spin-less and tidal free case) with o�-shell open legswhich is implicitly symmetrized on (µ1, �1) and (µ2, �2).
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In words: a vertex with (n + 1) external zµ particles, and �n+1 = 0, is
given by a derivative with respect to the impact parameter bµ of the cor-
responding n-point vertex. We claim this continues to hold when spin is
included, and that eq. (1.1) generalizes similarly, regardless of what other
external lines are present on the vertex. In the non-spinning case we con-
firmed this recursive property using an analytic expression for the worldline
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scattering of Kerr-BHs. WP3 is devoted to the resummation of non-spinning WQFT into Schwarzschild vertices.
First the next-to-leading order (NLO) self-force calculation will be addressed, then the NNLO. Depending on
the progress spin will be included in the second phase of WP3. The PM results of WP1 and the resummed
results of WP3 will be fed into the e�ective-one-body construction in the first phase of WP4. The final phase of
WP4 will be devoted to a derivation of the e�ective-one-body formalism from a first principles worldline QFT
analysis.

b.2. Methodology of the individual work-packages

WP1 Radiative e�ects: Retarded WQFT including spin, tidal and finite size e�ects

In WP1 we will include spin degrees of freedom of the BHs or NSs via the anti-commuting world-line vectors
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where CE,i is a finite-size Wilson coe�cient that vanishes in the Kerr-BH case. The linear in curvature finite size
e�ects in (B2.1) may be removed via a field redefinition. The leading order tidal-e�ects appear quadratically in
the Riemann tensor and are given by
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with the tidal Wilson coe�cients (related to the so-called Love numbers) CE2/B2 . They parametrize the neutron
star’s tidal response to an external gravitational field. These additional terms yield new Feynman vertices
augmenting the ones sketched in figure B2.1. The observables of the unbound system of the momentum
deflection, spin kick and gravitational wave are given by the Feynman diagrams sketched in figure B2.1
augmented by the new contributions of these additional terms. In order to evaluate them the following pipeline
will be used. (1) Generate the graphs: We use a recursive Berends-Giele type procedure pictorially expressed
as (here the spin-less and tidal free case) with o�-shell open legswhich is implicitly symmetrized on (µ1, �1) and (µ2, �2).
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In words: a vertex with (n + 1) external zµ particles, and �n+1 = 0, is
given by a derivative with respect to the impact parameter bµ of the cor-
responding n-point vertex. We claim this continues to hold when spin is
included, and that eq. (1.1) generalizes similarly, regardless of what other
external lines are present on the vertex. In the non-spinning case we con-
firmed this recursive property using an analytic expression for the worldline
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scattering of Kerr-BHs. WP3 is devoted to the resummation of non-spinning WQFT into Schwarzschild vertices.
First the next-to-leading order (NLO) self-force calculation will be addressed, then the NNLO. Depending on
the progress spin will be included in the second phase of WP3. The PM results of WP1 and the resummed
results of WP3 will be fed into the e�ective-one-body construction in the first phase of WP4. The final phase of
WP4 will be devoted to a derivation of the e�ective-one-body formalism from a first principles worldline QFT
analysis.
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with the tidal Wilson coe�cients (related to the so-called Love numbers) CE2/B2 . They parametrize the neutron
star’s tidal response to an external gravitational field. These additional terms yield new Feynman vertices
augmenting the ones sketched in figure B2.1. The observables of the unbound system of the momentum
deflection, spin kick and gravitational wave are given by the Feynman diagrams sketched in figure B2.1
augmented by the new contributions of these additional terms. In order to evaluate them the following pipeline
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Regions determined by scalings graviton 
momenta:

Fix boundary conditions 
in static limit (PN)

Compute boundary integrals                  by Method of Regions 
in static limit  

4

FIG. 2: Examples of comparable-mass graphs with mass dependence m
2
1m

3
2 contributing to the 4PM calculation. One should

attach an outgoing worldline to any worldline node and apply the resulting causality flow. The corresponding scalar integrals
feature as top sectors in the di↵erential equations: All graphs can be described by the J family, except for the last graph

belonging to the I family. The first two graphs give rise to the elliptic functions in the final result. The second-to-last graph is
non-zero only in the (PR+RP) region and therefore does not contribute to the conservative results in this paper.

The complete spinning impulse computation (including
dissipation) results in approximately 105 integrals for re-
duction to scalar masters.

Di↵erential equations. — To solve for the master
integrals we employ the method of canonical di↵eren-
tial equations (DEs) [34]. Each master integral family
is grouped into a vector ~I ordered according to the num-
ber of active propagators. The DE in x = � �

p
�2 � 1

reads d~I/dx = M(✏, x) ~I with a lower-block triangular
matrix M(✏, x). Finding a transformation matrix T that
brings us to a canonical basis with an ✏ factorized DE

d~̃I/dx = ✏A(x) ~̃I is a highly involved procedure in which
we employ the packages [107–110]. The resulting symbol
alphabet is {x, 1 + x, 1 � x, 1 + x2

}, and we encounter
elliptic integrals in the J-b family [81, 107].

Fixing boundary conditions . — Boundary conditions
on the master integrals are determined in the static limit
(� ! 1, v ! 0) using the method of regions [60, 79, 111,
112] to expand the integrand in v. Regions in the static
limit are characterized by di↵erent scalings of the bulk
graviton loop momenta with potential (P) and radiative
(R) modes defined by relative scalings of their spacial and
timelike components:

`Pi = (`0i , `i) ⇠ (v, 1) , `Ri = (`0i , `i) ⇠ (v, v) . (12)

Only gravitons which may go on-shell can be radiative
and there are at most two of these defining the three re-
gions: (PP), (RR) and (PR+RP). The regions (PP) and
(PR+RP) are purely conservative and dissipative respec-
tively, while the (RR) region carries both kinds of e↵ects.
In the (PP) region the integrals reduce to test-body inte-
grals described by the I [1] family (10); in the (RR) region
they reduce to double-mushroom integrals like the first
graph of Fig. 3. Either way, the boundary integrals are
independent of � and thus functions only of D = 4� 2✏.
In our conservative observables we include only the (PP)
and (RR) regions as the (PR+RP) region generates terms
odd in v.

FIG. 3: Two examples of graphs contributing in the (RR)
region but not the (PP) region.

Reaching 4PM order introduces the physical phe-
nomenon of tail e↵ects [65, 79]. In the 4PM contributions
to an observable X (impulse, spin kick or scattering an-
gle) poles in ✏ = 4�D

2
appear in the (PP) and conservative

(RR) contributions:

X(PP) =
P (�)

2✏
+ . . . , X(RR)

cons
= �v�4✏P (�)

2✏
+ . . . , (13)

higher-order terms being finite as ✏ ! 0. Non-analytic
dependence on v�4✏ in the (RR) region is a direct conse-
quence of the velocity scaling of the two radiative gravi-
tons. The cancelation of these poles when assembling
Xcons introduces logarithmic velocity dependence:

Xcons = X(PP) +X(RR)

cons
= P (�) log

� � 1

2
+ . . . , (14)

the dots indicating terms that are rational in
p

�2 � 1 in
the static limit.

Results. — We begin with�p(4)µi,cons, the G
4 component

of the impulse �pµi,cons. It may be decomposed as

�p(4)µ
cons,1 =

m2

1
m2

2

|b|4

X

l,�=b,v

⇢(�)µl

⇣m2

2

m1
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⇣
m2d
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, (15)

where the basis vectors and spin structures ⇢(b,v)µl are

⇢(b)µl =

⇢
b̂µ,

ai · L̂

|b|
b̂µ,

ai · b̂

|b|
L̂µ

�
,

⇢(v)µl =

⇢
vµj ,

ai · L̂

|b|
vµj ,

ai · vı̄
|b|

L̂µ

�
.

(16)

There are five and eight elements in ⇢(b)µl and ⇢(v)µl
respectively, and the normalized angular momentum

L̂µ = ✏ µ
⌫⇢� v⌫

1
v⇢
2
b̂�/�v. The c(�)l (�) and d(�)↵,l (�) and their

barred counterparts are rational functions (up to integer
powers of

p
�2 � 1). All non-trivial dependence on � is

potential (P) radiation (R)

Active: Propagator can go on-shell,  prescription matters:iϵ
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scattering of Kerr-BHs. WP3 is devoted to the resummation of non-spinning WQFT into Schwarzschild vertices.
First the next-to-leading order (NLO) self-force calculation will be addressed, then the NNLO. Depending on
the progress spin will be included in the second phase of WP3. The PM results of WP1 and the resummed
results of WP3 will be fed into the e�ective-one-body construction in the first phase of WP4. The final phase of
WP4 will be devoted to a derivation of the e�ective-one-body formalism from a first principles worldline QFT
analysis.

b.2. Methodology of the individual work-packages

WP1 Radiative e�ects: Retarded WQFT including spin, tidal and finite size e�ects

In WP1 we will include spin degrees of freedom of the BHs or NSs via the anti-commuting world-line vectors
 a
i (⌧) that expresses the spin tensor as a composite operator Sµ⌫ = eµae⌫b ̄

a
i  

b
i . Up to spin-squared terms this

augments the world-line action (B2.1) by the spin-terms
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where CE,i is a finite-size Wilson coe�cient that vanishes in the Kerr-BH case. The linear in curvature finite size
e�ects in (B2.1) may be removed via a field redefinition. The leading order tidal-e�ects appear quadratically in
the Riemann tensor and are given by
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with the tidal Wilson coe�cients (related to the so-called Love numbers) CE2/B2 . They parametrize the neutron
star’s tidal response to an external gravitational field. These additional terms yield new Feynman vertices
augmenting the ones sketched in figure B2.1. The observables of the unbound system of the momentum
deflection, spin kick and gravitational wave are given by the Feynman diagrams sketched in figure B2.1
augmented by the new contributions of these additional terms. In order to evaluate them the following pipeline
will be used. (1) Generate the graphs: We use a recursive Berends-Giele type procedure pictorially expressed
as (here the spin-less and tidal free case) with o�-shell open legswhich is implicitly symmetrized on (µ1, �1) and (µ2, �2).
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In ref. [?] (the non-spinning case) the first relationship was generalized
to n points:
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In words: a vertex with (n + 1) external zµ particles, and �n+1 = 0, is
given by a derivative with respect to the impact parameter bµ of the cor-
responding n-point vertex. We claim this continues to hold when spin is
included, and that eq. (1.1) generalizes similarly, regardless of what other
external lines are present on the vertex. In the non-spinning case we con-
firmed this recursive property using an analytic expression for the worldline
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scattering of Kerr-BHs. WP3 is devoted to the resummation of non-spinning WQFT into Schwarzschild vertices.
First the next-to-leading order (NLO) self-force calculation will be addressed, then the NNLO. Depending on
the progress spin will be included in the second phase of WP3. The PM results of WP1 and the resummed
results of WP3 will be fed into the e�ective-one-body construction in the first phase of WP4. The final phase of
WP4 will be devoted to a derivation of the e�ective-one-body formalism from a first principles worldline QFT
analysis.
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where CE,i is a finite-size Wilson coe�cient that vanishes in the Kerr-BH case. The linear in curvature finite size
e�ects in (B2.1) may be removed via a field redefinition. The leading order tidal-e�ects appear quadratically in
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with the tidal Wilson coe�cients (related to the so-called Love numbers) CE2/B2 . They parametrize the neutron
star’s tidal response to an external gravitational field. These additional terms yield new Feynman vertices
augmenting the ones sketched in figure B2.1. The observables of the unbound system of the momentum
deflection, spin kick and gravitational wave are given by the Feynman diagrams sketched in figure B2.1
augmented by the new contributions of these additional terms. In order to evaluate them the following pipeline
will be used. (1) Generate the graphs: We use a recursive Berends-Giele type procedure pictorially expressed
as (here the spin-less and tidal free case) with o�-shell open legswhich is implicitly symmetrized on (µ1, �1) and (µ2, �2).
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In words: a vertex with (n + 1) external zµ particles, and �n+1 = 0, is
given by a derivative with respect to the impact parameter bµ of the cor-
responding n-point vertex. We claim this continues to hold when spin is
included, and that eq. (1.1) generalizes similarly, regardless of what other
external lines are present on the vertex. In the non-spinning case we con-
firmed this recursive property using an analytic expression for the worldline
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scattering of Kerr-BHs. WP3 is devoted to the resummation of non-spinning WQFT into Schwarzschild vertices.
First the next-to-leading order (NLO) self-force calculation will be addressed, then the NNLO. Depending on
the progress spin will be included in the second phase of WP3. The PM results of WP1 and the resummed
results of WP3 will be fed into the e�ective-one-body construction in the first phase of WP4. The final phase of
WP4 will be devoted to a derivation of the e�ective-one-body formalism from a first principles worldline QFT
analysis.

b.2. Methodology of the individual work-packages

WP1 Radiative e�ects: Retarded WQFT including spin, tidal and finite size e�ects
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where CE,i is a finite-size Wilson coe�cient that vanishes in the Kerr-BH case. The linear in curvature finite size
e�ects in (B2.1) may be removed via a field redefinition. The leading order tidal-e�ects appear quadratically in
the Riemann tensor and are given by
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with the tidal Wilson coe�cients (related to the so-called Love numbers) CE2/B2 . They parametrize the neutron
star’s tidal response to an external gravitational field. These additional terms yield new Feynman vertices
augmenting the ones sketched in figure B2.1. The observables of the unbound system of the momentum
deflection, spin kick and gravitational wave are given by the Feynman diagrams sketched in figure B2.1
augmented by the new contributions of these additional terms. In order to evaluate them the following pipeline
will be used. (1) Generate the graphs: We use a recursive Berends-Giele type procedure pictorially expressed
as (here the spin-less and tidal free case) with o�-shell open legswhich is implicitly symmetrized on (µ1, �1) and (µ2, �2).
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In words: a vertex with (n + 1) external zµ particles, and �n+1 = 0, is
given by a derivative with respect to the impact parameter bµ of the cor-
responding n-point vertex. We claim this continues to hold when spin is
included, and that eq. (1.1) generalizes similarly, regardless of what other
external lines are present on the vertex. In the non-spinning case we con-
firmed this recursive property using an analytic expression for the worldline
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RESULTS: SCATTERING ANGLE@ 1PM, 2PM & 3PM PRECISION:

by the inclusion of radiative e↵ects, and involve the integral families I(�1;�2;�3)
n1,n2,...,n7 and

K
(�1;�2;�3)
n1,n2,...,n5 discussed in section 3. There is also a third category of diagrams (not

drawn) relevant in the other test-body limit m1 � m2; however, as these are related

by symmetry to those in Figs. 5 and 6 we do not need to calculate them explicitly.

All integrands can be expressed as a Fourier transform over integrals of the kind

discussed in section 3:
Z

q

e
iq·b

�
�(q · v1)�

�(q · v2)|q|
n
{I

(�1;�2;�3)
n1,...n7

, J
(�1;�2)
n1,...n7

, K
(�1;�2;�3)
n1,...n5

} , (4.8)

where qµ is the total momentum exchanged via gravitons between the two worldlines.

To bring the diagrams into this form, we need to resolve four-dimensional delta

functions in the bulk and integrate over the energies !i of worldline propagators. As

explained in ref. [49], any leftover components of `µ
i
may be conveniently resolved on

a basis of wµ

i
and q

µ, where w
µ

i
are the dual velocities satisfying vi · wj = �ij:

w
µ

1
=

�v
µ

2
� v

µ

1

�2 � 1
, w

µ

2
=

�v
µ

1
� v

µ

2

�2 � 1
. (4.9)

After reducing to the master integrals given in section 3.5, our last step is to perform

the q-Fourier transform.

Our final result for �p
µ

1
up to 3PM order is given in the ancillary file. It takes

the generic form [32]:

�p
µ

1
= p1 sin ✓

b
µ

|b|
+(cos ✓�1)

m1m2

E2
[(�m1 +m2)v

µ

1
�(�m2 +m1)v

µ

2
]� v2 · Prad w

µ

2
,

(4.10)

where the center-of-mass momentum is p1 = µ

p
�2 � 1/�, µ = M⌫ = m1m2/M ,

M = m1+m2 and � = E/M =
p
1 + 2⌫(� � 1). All terms proportional to the impact

parameter b
µ, both conservative and radiative, arise from the real integrals (3.30);

terms proportional to v
µ

i
, including P

µ

rad
, come from the imaginary integrals (3.31).

Here ✓ is the scattering angle in the center-of-mass frame, and P
µ

rad
is the radiated

four-momentum:

sin

✓
✓

2

◆
=

p
��p

2

1

2p1
, P

µ

rad
= ��p

µ

1
��p

µ

2
. (4.11)

The entire dynamics is therefore encoded by ✓ and P
µ

rad
, which we present below.
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This is the well-known result of Amati, Ciafaloni and Veneziano [108], the radia-

tive correction ✓rad being required in order to cancel a logarithmic divergence that
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is the 3PM radiated energy, and

g is another set of rational functions of � up to integer
powers of
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�2 � 1. Note that we include recoil e↵ects

in all dissipative losses, so that the final value of Jµ (3)
is defined in the final CoM frame which starting at 3PM
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The non-spinning part of this result agrees with Ref. [47];
for spins aligned with the orbital angular momentum vec-
tor Lµ we agree with Refs. [12, 48, 49] in the slow-velocity
limit. The full result (17) agrees with Heissenberg [50],
based on a very di↵erent approach using the eikonal op-
erator, who is publishing simultaneously.

Scattering Angle. — We consider now the total scat-
tering angle of the relative momentum p defined in the
(CoM) frame of Pµ by pµ

1
= (E1,p) and pµ

2
= (E2,�p).

Taking into account recoil e↵ects its kick to this order is
given as �p = �p1 +E1Prad/E and the total scattering
angle (with generic spins) is given by (with |p| = µ�v/�):
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with s± = �(a1 ± a2) · L̂. At 4PM order the angle then
takes the schematic form:
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with � being 0 or ±. The coe�cients ✓(4,�)
cons/diss,⌫n depend

only on � and the dissipative ones can be expanded in
terms of F1,...,9(�) with polynomial coe�cients up to in-

teger powers of
p

�2 � 1. In the spinless case our angle
agrees with [19] and the conservative spinning terms with
Ref. [29].

The first dissipative term ✓(4,�)
diss,⌫ gets contributions only

from the (PR) region, while the second ✓(4,�)
diss,⌫2 from both

the (PR) and (RR) regions. The spinless (spinning) con-
tributions from (PR) are strictly odd (even) under the
v ! �v symmetry, while the opposite is true for the
dissipative (RR) contributions. Using this symmetry the

linear-in-⌫ terms ✓(4,�)cons,⌫ and ✓(4,�)
diss,⌫ are uniquely defined

from the full scattering angle.
From Eq. (15a) one may derive a linear response rela-

tion for the scattering angle:
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where the 1PM and 2PM angles and the 2PM and 3PM
kicks of |J | and the 3PM kick of E contribute to the
right-hand-side and the left-hand-side has contributions
at 3PM and 4PM. We have checked that this relation is
satisfied using J (3)µ

rad
from Eq. (17).

Finally, we note that in the equal-mass case (� = 0)
the dependence of ✓, Jµ

rad
and Pµ

rad
on the spins is only

through their sums, a1+a2 – a property recently numer-
ically observed [51] as well (yet known to break at higher
spin orders already at lower PM [16, 28]).
Outlook. — Having now provided a complete set of

scattering observables at 4PM order including spin-orbit
e↵ects, the obvious next step is upgrading these to in-
clude spin-spin e↵ects. To this end, a clear roadmap has
been outlined in Refs. [14, 16] using the N = 2 super-
symmetric WQFT formalism. Alongside this the push
to 5PM order in the non-spinning case will also be vital,
initial progress having already been made in the simpler
case of electrodynamics [52].
Besides the drive towards results at higher perturba-

tive orders in PM and spin, also important will be resum-
ming into the strong-field regime and mapping to bound
orbits — with the ultimate intention of informing future
waveform models. As spin-orbit e↵ects have already been
incorporated into a resummation of the aligned-spin scat-
tering angle up to 3PM order [51], it will be interesting
to see what impact these new 4PM contributions have.
While the presence of tails continues to pose challenges
for mapping 4PM results to bound orbits, due to the
presence of nonlocal-in-time e↵ects in the conservative
dynamics, the absence of tails in the dissipative parts of
our results — and in particular the fluxes — leaves open
the possibility of direct mappings to bound orbits.
Acknowledgments. — We thank Alessandra Buo-
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Gregor Kälin, Jung-Wook Kim, Zhengwen Liu, Donal
O’Connell, Raj Patil, Rafael Porto, Chia-Hsien Shen,
Jan Steinho↵ and Paolo di Vecchia for discussions and
Peter Uwer for help with high-performance computing.
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for mapping 4PM results to bound orbits, due to the
presence of nonlocal-in-time e↵ects in the conservative
dynamics, the absence of tails in the dissipative parts of
our results — and in particular the fluxes — leaves open
the possibility of direct mappings to bound orbits.
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Scattering angle. By performing a Lorentz boost using the value of the total recoil we can derive the relative
spacelike impulse, �p, via (see [26])

�p = �p1 +
E1
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P 2
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. (17)

From here we can obtain a relative scattering angle, given by (recall j ⌘ p1b/(GM
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with p� and p+ ⌘ p� +�p, the relative incoming/outgoing three-momentum at infinity.

We find, in impact parameter space,
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which agrees with the Feynman-only part computed in [66, 67] (including potential and tail terms), and
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where (for the sake of notation) we have introduced a few additional polynomials:
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Due to the di↵erent properties under time reversal, the distinction between the two radiation-reaction terms is
straightforward. This is also manifest after performing a PN expansion in small v21 ⌧ 1. In order to compare with
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which agrees with the Feynman-only part computed in [66, 67] (including potential and tail terms), and
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Due to the di↵erent properties under time reversal, the distinction between the two radiation-reaction terms is
straightforward. This is also manifest after performing a PN expansion in small v21 ⌧ 1. In order to compare with
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Table I. Polynomials entering the total impulse as well as conservative/dissipative parts (see the supplemental material).
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FIG. 3. Scattering angle ω as a function of symmetric mass
ratio ε at fixed ϑ = 1.0200 and ϖ = 4.8000. The points repre-
sent the SpEC data and the lines correspond to the extracted
SF expansion of Eq. (14) using the best-estimate coe!cients
in Eqs. (15)–(16) and the known 0SF term. The known 0SF
term (dotted black line) and the zero mass limit (thin verti-
cal line) are shown for reference. The lower panel shows the
di”erence between the data and the best-estimate fits.

shows the numerical data and the SF fits using the known
geodesic value and the best estimate values with the
shading representing the uncertainty in the fit. As can
be seen, the 1SF fit is a good representation of the data
at low ω but the deviation grows to → 1→ at equal masses.
The 2SF fit is a significant improvement over the 1SF fit
and remains within the error bars across the full range
of mass ratios. This demonstrates that NR data can be
used not only to validate perturbative results but also to
determine new coe!cients, providing a non-perturbative
route to infer higher-order information.

IV. POST-MINKOWSKIAN REGIME

The PM expansion of the scattering angle is given by

ε =
↑∑

n=1

ϑnPM

(
GM

b

)n

, (17)

where ϑnPM is the nth order PM contribution to the scat-
tering angle and we have restored Newton’s constant G
for clarity. The state-of-the-art results are at 5PM(1SF)
which contain all information up to G4 [1] as well as the
contributions up to order ω at G5 [8, 9]. In addition, as
the ω0 contributions are purely geodesic, we have these
contributions for all orders in G.

Here we seek to utilize SpEC’s ability to simulate sys-
tems with large impact parameters to validate state-of-
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FIG. 4. Scattering angle ω as a function of impact param-
eter b at fixed # = 1.02264 and q = 1. The points represent
the SpEC data and the lines represent the analytic PM pre-
dictions. The vertical dotted lines show the first confirmed
capture from SpEC. The bottom panel shows the di”erence
between the data and PM predictions with the inset showing
a zoomed-in view of the weak-field region. The SpEC errors
are too small to be seen on the scale of the main plot, but can
be resolved in the inset.

the-art PM calculations. The simulations used here cover
impact parameters b ↑ [10.2, 37.4]M (including 9 new
simulations with b ↓ 18.7M) at fixed ” = 1.02264 and
q = 1. Figure 4 shows the scattering angle ε as a function
of impact parameter b along with the PM predictions at
various orders. As can be seen, the NR results agree well
with the PM predictions at large b (weak field) and de-
viate more significantly at small b (strong field) where
the PM expansion does not capture the divergent be-
havior of the scattering angle near the scatter-capture
separatrix. The lower panel of Figure 4 shows the dif-
ference between the NR results and the PM predictions.
The inset of the lower panel shows that the state-of-the-
art 5PM(1SF) prediction agrees with the NR results to
within the error bars for b ↭ 35M with the 4PM predic-
tion agreeing within the error bars for b → 37M . This
provides a strong validation of both the NR simulations
and the PM calculations in the weak-field regime.

Another informative way to visualize the agreement
between NR and PM is to plot the NR results with suc-
cessive PM orders subtracted o#, as shown in Figure 5.
If there is agreement, each set of points should tend to-
wards the corresponding PM prediction with increasing
b. As can be seen, the NR results agree well with the
PM predictions at each order, providing a strong valida-
tion between the NR and PM calculations. One interest-
ing observation is that when subtracting the 5PM(1SF)
term, the points appear to follow a trend of → 1/b6 at
large b. This suggests that the next order term, 6PM,

2

and angular momentum to extract high-order SF contri-
butions. In Sec. IV we compare a new set of weak-field
NR simulations of varying impact parameter at fixed en-
ergy and mass ratio to PM calculations, finding good
agreement. We conclude in Sec. V with a summary of
our findings and provide an outlook.

Notation

In this work, we use natural geometrized units with
G = c = 1. Our setup consists of two non-spinning BHs
with masses m1 and m2 with m1 → m2. We denote the
total mass, mass ratio, and symmetric mass ratio by

M = m1 + m2, q =
m1

m2
, ω =

m1m2

M2
. (1)

We use rescaled versions of the Arnowitt-Deser-Misner
(ADM) energy and angular momentum, EADM and
JADM, defined by

! =
EADM

M
=

√
1 + 2ω(ε ↑ 1), ϑ =

JADM

m1m2
, (2)

where ε is the relative Lorentz factor,

ε =
!2M2 ↑ m2

1 ↑ m2
2

2m1m2
. (3)

We define the impact parameter as

b =
ϑ !√
ε2 ↑ 1

M. (4)

II. NUMERICAL RELATIVITY SIMULATIONS

This work uses the Spectral Einstein Code
(SpEC) [43], a multi-domain spectral code for solv-
ing the general relativistic initial value and evolution
problem for BBH systems. The numerical techniques
are summarized in Refs. [44–46]. In particular, SpEC
evolves a first-order representation of the generalized
harmonic evolution system [47] using a multi-domain
spectral method [48–51]. The outer boundary uses
constraint-preserving boundary conditions [47, 52, 53]
with (approximately) no incoming gravitational ra-
diation. Black hole (BH) excision is used inside the
apparent horizons [49–51, 54]. The elliptic solver of
SpEC [55, 56] utilizes the extended conformal-thin
sandwich (XCTS) approach [57–59].

SpEC was recently adapted to perform accurate simu-
lations of hyperbolic encounters. These changes included
modifications to the initial data routines, to account for
larger separations and velocities, as well as the adaptive
mesh refinement procedure during the evolution. Details
of these modifications can be found in Refs. [14, 60].

In this study we analyze the observables from 23 simu-
lations previously presented in Ref. [14], combined with 9
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FIG. 1. Trajectories of equal-mass black-hole scattering
scenarios with ! = 1.02264 and impact parameters b =
[37.4, 30.4, 23.4, 17.1, 12.8, 11.1]M . Shown are the Cartesian
components of the separation vector between the centers of
the BHs, rotated such that the incoming path is aligned with
the x-axis. The b = 17.1M (red) trajectory corresponds to
the largest impact parameter previously studied at this en-
ergy [14, 24, 26, 28].

new equal-mass simulations at fixed ! = 1.02264 deeper
in the weak field (impact parameters ϑ → 8 corresponding
to b → 18.7M). A subset of the equal-mass simulations
are shown in Figure 1. The rest of this section is dedi-
cated to summarizing the details of the simulations per-
formed and our procedure for extracting the scattering
angle from the data.

A. Simulations

The setup of all simulations used here is exactly as
detailed in Sec. II of Ref. [14], to summarize:

Each simulation is specified by the parameters of the
BHs (masses and spins) combined with parameters that
determine the trajectories of the binary, notably the
ADM energy and angular momentum, EADM and JADM,
as well as the initial separation D0 = 250M . In order
to evolve this system, we solve for initial data on the
first slice of the evolution. The SpEC initial data rou-
tine [55, 56] performs a root-finding procedure over ad-
ditional parameters to achieve the desired system. This
includes those that control the initial position and ve-
locity of the BHs as well as the conformal metric, trace
of the extrinsic curvature and their time-derivatives and
the boundary conditions at the BH horizons and spatial
infinity. As discussed in Ref. [14], we can achieve high
accuracy in the desired values of the masses, spins, ADM
energy and angular momentum, etc., with relative errors
↭ 10→5, ensuring that the results here are not a”ected
by uncertainty in the initial parameters.

The evolution starts with the BHs at Cartesian coor-
dinates ϖcA ↓ (D0/(1 + q), 0, 0) and ϖcB ↓ (↑D0 q/(1 +
q), 0, 0), corresponding to the center-of-mass frame (GR
corrections cause small deviations relative to these New-

Trajectories:
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RADIATED ENERGY: COMPARISON TO SEMI-NUMERICAL SELF-FORCE [Warbuton, 2512.02274]
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FIG. 6. Comparison of the energy absorbed by the horizon
between SF and PM for v→ = 0.35. All the data is scaled
by the b7 behaviour of the leading PM result – see Eq. (14).
After subtracting the PM result the residual scales as b↑8. I
fit the residual as described in the main text and then further
subtract the fitted b↑8 term to find a residual that scales as
b↑9.

6PM-3PN curve lying close to the 5PM residual, it is not
su!ciently close to the full 6PM result that I observe a
b→7 fall o” in the residual (not shown).

Next I turn to the comparison for the horizon absorp-
tion. Here only the leading PM term is known, which
enters at 7PM order – see Eq. (14). After subtracting
this term from my SF data I find the residual scales
as b→8, as expected — see Fig. 6 for an example with
v↑ = 0.35. As I only have the leading term to compare
with, the residual does not come as close the numerical
noise in my data (and the numerical noise appears to be
less – compare the infinity and horizon mode spectra in
left and right panels of Fig. 3, respectively). As such,
I am able to fit the residual to a function of the form
a8b→8 + a9b→9 + a10b→10 + a11b→11 where the ak are con-
stants that are fitted for. After further subtracting my
fitted value of a8b→8 I find the residual cleanly scales as
b→9. In future work it should be straightforward to tab-
ulate the coe!cients of the 8PM and 9PM absorption up
to reasonably large value of v↑.

I conclude this comparison section with a first com-
parison of the radiated energy between SF and NR. To
the best of my knowledge, the only published results for
the radiated energy from NR simulations of hyperbolic
is presented in Ref. [46]. That work studies equal mass
binaries with v↓1 = v↓2 → 0.209. Using Eq. (4), this corre-
sponds to a relative velocity of v↑ = 0.4. The NR simu-
lations in Ref. [46] are parameterized in terms the initial
energy and angular momentum of the orbit. Following
Ref. [48], I use Eq. (7) to compute the corresponding im-
pact parameter.3 The results of the comparison between

3 Note that using Eq. (7) results in di!erent values of b from the
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FIG. 7. Comparison of the radiated energy to infinity with
NR and PM for v→/c = 0.4. The NR data comes from the
equal mass binary simulations presented in Ref. [46] The ver-
tical, dashed line shows the location of the critical orbit in
the self-force limit. The self-force result will diverge as bSFcrit is
approached but the NR data diverges at a smaller value of b
as the critical orbit in the NR simulations is shifted from the
SF value by higher order in the mass ratio corrections. The
NR data appears to attaching quite smoothly to the SF data
suggesting that, away from the critical orbit, higher-order in
the mass ratio corrections are small. The solid curves show
the PM results, where I have also included a fit to the 6PM
coe!cient made to the SF data after subtracting the 5PM
result.

NR and SF calculations for the radiated energy are given
in Fig. 7. In order to make the comparison I make the
substitution m1ω2 ↑ Mε2+O(ε3) in the formula for the
self-force total radiated energy.

VII. CONCLUSIONS

In this work I made a RWZ frequency domain calcu-
lation of the gravitational radiation for a body moving
along a hyperbolic orbit of a non-spinning black hole.
The main result is presented in Fig. 5 where I show agree-
ment for the energy radiated to infinity with the latest
5PM-1SF results [28] in the weak-field for initial veloc-
ities as high as v↑ = 0.7. I also found agreement with
the leading-order PM calculation of the energy absorbed
by the black hole and can estimate the coe!cients of the
currently unknown higher-order terms – see Fig. 6. Fi-
nally, I made comparisons with PN results, and a simple
PN-PM hybrid model – see Fig. 4, and made a first com-
parison with numerical relativity data in Fig. 7.
The are many future directions that could build upon

this work. The code is also able to compute the radiated
angular momentum, but this computation and compar-
ison of those results with PM, PN, and NR is left for

ones tabulated in Table I of Ref. [46] as they use a di!erent
definition of the impact parameter.
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FIG. 5. (Left panel) Comparison of the total radiated energy between SF and PM for v→/c = 0.35. After subtracting each PM
order I find the residual has the expected scaling. In particular, after subtracting all highest known term (5PM) the residuals
scales as b↑6. For a reference b↑6 curve I plot the 6PM-3PN result of Cho. Although the coe!cient of this curve is close to
the residual with 5PM, the residual with the 6PM-3PN result (not shown) does not scale as b↑7 across the range of b values
plotted. (Right panel) The same as the left panel but for v→/c = 0.7. There is some noise in the residual with the 5PM result
but the scaling follows the b↑6 reference curve. This noise stems from the need to include many more (ω,m)-modes for this high
velocity orbit, and the high-ω modes have significantly more noise in their frequency spectrum – see the left panel of Fig. 3.

VI. COMPARISON BETWEEN SF, PN, PM
AND NR

In this section I make comparisons between my SF re-
sults with those from PN, PM, and NR. Throughout I
will plot adimensionalized quantities, e.g., unless stated
otherwise !E→

→ !E→/(m1ω2). I focus on hyperbolic
orbits here but also provide results and comparison for
parabolic orbits in Appendix A. I will also focus on the
total radiated energy, but my code computes the total
radiated angular momentum as well.

First I present comparisons for the total radiated en-
ergy for orbits with a fixed periastron radius as a func-
tion of v→. In Fig. 4 I show comparisons with PN, PM
and the 4PM-1PN hybrid model from Sec. II C for an
orbit with rmin = 100m1. At low velocities the PN se-
ries accurately captures the SF data, but this agreement
deteriorates rapidly as the velocity of the orbit increases.
By constrast the the PM series accurately captures the
SF data for large velocities (the largest I consider here
is v→ = 0.45) but becomes less accurate for low veloc-
ities. For this fixed periastron comparison this break-
down of the PM series for low velocities occurs because
the weak-field criteria (9) is no longer satisfied at low ve-
locity, e.g., for rmin = 100m1 and v→ = 0.15 the value of
m1/(v2→b) ↑ 0.32. The comparison with the 4PM-1PN
hybrid model in Fig. 4 improves both the low velocity and
higher velocity results and as such significantly outper-
forms the 4PM results. At low velocity the improvement
stems from incorporating an approximation to the 3PN
result (through 7PM order).

The results in Fig. 4 demonstrate agreement with the
PM results I observe that after subtracting each PM or-
der the residual is subdominant. An even stronger test

can be made if one can show that the residual scales in
the expected way. This is challenging to show in the fixed
periastron radius comparison but as Eq. 13 suggests fix-
ing v→ and varying b will be more illuminating. This is
because although the dependence on v→ in Eq. 13 can
be extremely complicated, the dependence on b is simply
such that after subtracting a PM result at order k we
expect the residual to scale as b↑(k+1).

In Fig. 5 I show the comparison for the total radiated
energy between my SF data and the PM for v→ = 0.35
and v→ = 0.7. In both cases, after I subtract each PM
order I find the residual scales as expected. Crucially,
after I subtract the recent 5PM results, I find the resid-
ual scales as b↑6 (though I note there is some numerical
noise in the 5PM residual for v→ = 0.7). The 3PM and
4PM have been confirmed by multiple calculations from
di”erent groups and they also agree at low velocities with
the relevant PN expansions. Similarly, the 5PM result is
found to the agree with PN expansions for small v→. To
the best of my knowledge, the results presented here are
the first time that the PM results have been tested at high
velocity against an independent calculation. The agree-
ment I observe builds further confidence in the both PM
and SF results. The agreement with 5PM is especially
satisfying due to the extremely complicated dependence
of the 5PM coe#cient on v→.

In Fig. 5 the coe#cient of the reference b↑6 curve comes
from the 6PM-3PN result of Cho [31]. This result ap-
pears to be quite close to the numerical residual. This is
not unexpected as we see from Fig. 1 that the 3PN results
capture the 3PM, 4PM and 5PM results quite well up to
surprising large velocities. It is reasonable to extrapolate
that a similar level of agreement would be found at 6PM
order, and indeed the data supports this. Despite the
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after I subtract the recent 5PM results, I find the resid-
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ment I observe builds further confidence in the both PM
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not unexpected as we see from Fig. 1 that the 3PN results
capture the 3PM, 4PM and 5PM results quite well up to
surprising large velocities. It is reasonable to extrapolate
that a similar level of agreement would be found at 6PM
order, and indeed the data supports this. Despite the
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COMPARISON TO NUMERICAL RELATIVITY USING RESUMMATION
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Effective One Body model: resummation technique

Not done for 5PM-1SF yet!

https://arxiv.org/abs/2411.09652


SCATTERING SPINNING BLACK HOLES: STATE-OF-THE-ART

S0 S1 S2 S3 S4 S5

1PM  
(tree level) G G2 G3 G4 Hoogeveen, 

Jakobsen, JP `25 G6

2PM 
(1 loop) G2 G3 G4 G5

Guevara, Ochirov, Vines ’18 
Chen, Chung,Huang, Kim ’21 
Haddad, Jakobsen, Mogull JP 

‘24

Bern, Kosmopoulos, Luna, 
Roiban, Teng ’22; Aoude, 

Haddad, Helset ’23; Bautista ’23; 
Chen, Wang ’24; Bohnenblust, 

Cangemi, Johansson, Pichini ‘24 

3PM 
(2 loops)

Bern, Cheung, Parra-Martinez, Ruf, 
Herrmann, Roiban, Shen, Solon, 

Zeng, Kälin, Liu, Porto, Di Vecchia, 
Heissenberg, Russo, Veneziano,  

Travaglini, Brandhuber, Damgaard, 
Planté, Vanhove, Bjerrum-Bohr 

Jakobsen, Mogull ’22 
Akpinar, Cordero, 

Kraus, Ruf, Zeng ‘24

Jakobsen, Mogull ’22 
Akpinar, Cordero, 

Kraus, Ruf, Zeng ‘24

Akpinar, Cordero, Kraus, 
Smirnov, Zeng ’25  

Haddad, Jakobsen, Mogull, 
JP `25

Akpinar, Cordero, Kraus, 
Smirnov, Zeng ‘25  

Haddad, Jakobsen, Mogull, 
JP `25

G8

4PM 
(3 loops)

Dlapa, Kälin, Liu, Neef, Porto, 
Damgaard, Hansen, Planté, 

Vanhove, Bern, Parra-Martinez, 
Roiban, Ruf, Shen Solon, Zeng 

Jakobsen, Mogull, 
 JP, Sauer, Xu ’23 G6 G7 G8 G9

5PM 
(4 loops)

Driesse, Jakobsen, 
Klemm, Mogull, 
Nega, JP, Sauer, 
Usovitsch ‘24

G6 G7 G8 G9 G10

Higher orders in spin are suppressed by physical PM counting:
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THE FARFIELD GRAVITATIONAL WAVEFORM

[Jakobsen,Mogull,JP,Sauer]



FAR FIELD WAVEFORM @ LEADING ORDER [Jakobsen,Mogull,JP,Steinhoff]
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FIG. 1. The three diagrams contributing to the
Bremsstrahlung at 2PM order, where !i = k·vi by energy con-
servation at the worldline vertices. All three diagrams have
the integral measure in Eq. (16); in the rest frame of black
hole 1 diagram (a) does not contribute as soon as the outgo-
ing graviton is contracted with a purely spatial polarization
tensor.

these waveforms we furthermore reproduce Damour’s re-
cent result for the total radiated angular momentum [22]
at 2PM order. Our results also complement the recent
result of the total radiated momentum at leading order in
G (3PM) established with amplitude techniques [30]. We
comment on how to achieve this result from our methods.
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with 2 = 32⇡G the gravitational coupling; we have sup-
pressed the ghost contributions in Eq. (1) as they are ir-
relevant in the classical setting. We work in mostly minus
signature, ⌘µ⌫ = diag(1, �1, �1, �1), and set c = ~ = 1.

Correlation functions in the WQFT hO(h, {xi})iWQFT

result from an insertion of the operator O in the path
integral and dividing by ZWQFT. Moving to momentum
space for the graviton hµ⌫(k) and energy space for the
fluctuations zµ(!) we have the retarded propagators
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The energy ! is also taken as outgoing. One also has the
standard bulk graviton vertices, of which we shall need
only the three-graviton vertex — see e.g. Ref. [31].

To determine the Bremsstrahlung of two travers-
ing black holes we compute the expectation value
k2

hhµ⌫(k)iWQFT. At leading (2PM) order there are three
diagrams contributing, cp. Fig. 1. We integrate over the
momenta or energies of internal gravitons or fluctuations
respectively; lack of three-momentum conservation at the
worldline vertices leaves unresolved integrals for the tree-
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traceless we find it unnecessary.
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relevant in the classical setting. We work in mostly minus
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The energy ! is also taken as outgoing. One also has the
standard bulk graviton vertices, of which we shall need
only the three-graviton vertex — see e.g. Ref. [31].
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i ẋ⌫
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result from an insertion of the operator O in the path
integral and dividing by ZWQFT. Moving to momentum
space for the graviton hµ⌫(k) and energy space for the
fluctuations zµ(!) we have the retarded propagators
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The energy ! is also taken as outgoing. One also has the
standard bulk graviton vertices, of which we shall need
only the three-graviton vertex — see e.g. Ref. [31].

To determine the Bremsstrahlung of two travers-
ing black holes we compute the expectation value
k2

hhµ⌫(k)iWQFT. At leading (2PM) order there are three
diagrams contributing, cp. Fig. 1. We integrate over the
momenta or energies of internal gravitons or fluctuations
respectively; lack of three-momentum conservation at the
worldline vertices leaves unresolved integrals for the tree-
level diagrams.

Diagram (a) of Fig. 1 then takes the form1
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1 In principle we should also contract with Pµ⌫;⇢� for an outgo-
ing graviton line; however as the polarization tensors eµ⌫

+,⇥ are
traceless we find it unnecessary.
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FIG. 1. The three diagrams contributing to the
Bremsstrahlung at 2PM order, where !i = k·vi by energy con-
servation at the worldline vertices. All three diagrams have
the integral measure in Eq. (16); in the rest frame of black
hole 1 diagram (a) does not contribute as soon as the outgo-
ing graviton is contracted with a purely spatial polarization
tensor.

these waveforms we furthermore reproduce Damour’s re-
cent result for the total radiated angular momentum [22]
at 2PM order. Our results also complement the recent
result of the total radiated momentum at leading order in
G (3PM) established with amplitude techniques [30]. We
comment on how to achieve this result from our methods.

Worldline Quantum Field Theory. — The classical
gravitational scattering of two massive objects mi mov-
ing on trajectories xµ
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i ẋ⌫
i

i
,
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relevant in the classical setting. We work in mostly minus
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The energy ! is also taken as outgoing. One also has the
standard bulk graviton vertices, of which we shall need
only the three-graviton vertex — see e.g. Ref. [31].

To determine the Bremsstrahlung of two travers-
ing black holes we compute the expectation value
k2

hhµ⌫(k)iWQFT. At leading (2PM) order there are three
diagrams contributing, cp. Fig. 1. We integrate over the
momenta or energies of internal gravitons or fluctuations
respectively; lack of three-momentum conservation at the
worldline vertices leaves unresolved integrals for the tree-
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INTEGRATED WAVEFORM
[Jakobsen,Mogull,JP,Steinhoff]

The wave memory effect:

4

N (q) and M(q) have a uniform power counting in q for
each spin order:

N (q) = Nµqµ + Nµ⌫qµq⌫ + Nµ⌫⇢q
µq⌫q⇢ , (19)

M(q) = Mµ⌫qµq⌫ + Mµ⌫⇢q
µq⌫q⇢ + Mµ⌫⇢�qµq⌫q⇢q� ,

and the non-spinning result involves only Nµ and Mµ⌫ .
We present full expressions for N and M in the ancillary
file attached to the arXiv submission of this Letter.

To lowest order in qµ, the first integral in eq. (18) is
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where Pµ⌫
i := ⌘µ⌫

�vµ
i v⌫

i is a projector into the rest frame
of the i’th body, |b| = �
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are the lengths of the shifted impact parameter b̃µ (16)
in the two rest frames. The second integral in eq. (18) is
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where we have introduced the symmetric tensor

Kµ⌫
i := Pµ⌫

i |b̃|
2
i + (Pi · b̃)µ(Pi · b̃)⌫ , (23)

with the property that Kµ⌫
i vi,⌫ = Kµ⌫

i b̃⌫ = 0. Both
integrals are derived in the Supplementary Material; one
generalizes to higher powers of qµ in the numerators by
taking derivatives with respect to b̃µ.

Results. — The 2PM waveform takes the schematic
form
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where the coe�cients ↵(s)
i , �(s)

i , provided in the ancillary
file, are associated with the N - and M-type contribu-
tions in Eq. (18) respectively; they are functions of ui,
bµ, vµ

i , ⇢µ, and S
µ⌫
i and bi-linear in ✏µ. The waveform f

is invariant under the SUSY transformations in Eq. (8)
to quadratic order in spin regardless of the values of CE,i.
To see this we expand the waveform at all PM orders in
powers of spin:
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with the property that Kµ⌫
i vi,⌫ = Kµ⌫

i b̃⌫ = 0. Both inte-
grals are derived in the Supplementary Material; versions
with higher powers of qµ in the numerators are derived
by taking derivatives with respect to b̃µ.

Results. — The 2PM waveform takes the schematic
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where the coe�cients ↵(s)
i , �(s)

i are associated with the
N - and M-type contributions in Eq. (18) respectively;
they are functions of b, ui, vi, ⇢ and Si and bi-linear
in ✏. In the Kerr-BH case (CE,i = 0) the waveform f
is invariant under the SUSY transformations in Eq. (8):
For this we expand the waveform at any PM order in
powers of spin

f = f0+
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i=1

Si,µ⌫fµ⌫
i +
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i,j=1

Si,µ⌫Sj,⇢� + O(S3) (25)

where SUSY links higher-spin terms to lower ones

1
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4
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@bj,⇢
= vj,� fµ⌫;[⇢�]

ij . (26)

To illustrate the waveform we consider the gravita-
tional wave memory �f(x̂) := f(+1, x̂) � f(�1, x̂).
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FIG. 2. Total radiated angular momenta for the scattering of
two Kerr-BHs with v = 0.2 as a function of the angle between
the total initial spins a3 = a1 + a2 and b (with ai · vi =
0) for a range of ratios |a3|/|b|. We show the normalized
ratio of angular momenta emitted orthogonal to the b,v plane
(left plot) and in the b direction (right plot), normalization
is w.r.t. angular momentum emitted in the spin-less.

The constant spin tensors are decomposed in terms of
the Pauli-Lubanski vectors aµ

i as S
µ⌫
i = ✏µ⌫

⇢�v⇢
i a�

i ; they
satisfy ai · vi = 0. In the aligned-spin case where
ai · b = ai · vj = 0, i.e. the spin vectors are orthogo-

nal to the plane of scattering. Writing li =
p

�a2
i the

wave memory is proportional to the non-spinning result:
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where we have introduced aµ
3 = aµ

1 + aµ
2 with length

|a3|. For two Kerr black holes (CE,i = 0) with equal-
and-opposite spins (aµ

1 = �aµ
2 ) the result is the same as

the non-spinning; we observe this also when the spins are
mis-aligned to the plane of scattering.

There is also a 1PM (non-radiating) contribution to
the waveform consisting of single-graviton emission from
either massive body:

f (1)(x̂) =
2m1

⇢ · v1
(✏ · v1)

2 +
2m2

⇢ · v2
(✏ · v2)

2 . (28)

At 1PM order there is manifestly no dependence on either
the spins S

µ⌫
i or impact parameters bµ

i , so the SUSY
identities in Eq. (26) are trivially satisfied.

Finally, the wave memory and 1PM part of the wave-
form contribute to the total radiated angular momentum
J rad

ij . Using three-dimensional Cartesian basis vectors êi,
we choose a frame of reference with the initial velocities
vµ

i restricted to the t–x plane; b = b ê2 is orthogonal to
these. Then we find two non-zero components of J rad

ij :

FIG. 2. Total radiated angular momenta for the scattering of
two Kerr-BHs with v = 0.2 as a function of the angle between
the total initial spins a3 = a1 + a2 and b (with ai · vi =
0) for a range of ratios |a3|/|b|. We show the normalized
ratio of angular momenta emitted orthogonal to the b,v plane
(left plot) and in the b direction (right plot), normalization
is w.r.t. angular momentum emitted in the spinless case.
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and these identities are satisfied by the waveform (24).
To illustrate the waveform we consider the gravita-

tional wave memory �f(x̂) := f(+1, x̂) � f(�1, x̂).
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FIG. 1. The three diagrams contributing to the
Bremsstrahlung at 2PM order, where !i = k·vi by energy con-
servation at the worldline vertices. All three diagrams have
the integral measure in Eq. (16); in the rest frame of black
hole 1 diagram (a) does not contribute as soon as the outgo-
ing graviton is contracted with a purely spatial polarization
tensor.

these waveforms we furthermore reproduce Damour’s re-
cent result for the total radiated angular momentum [22]
at 2PM order. Our results also complement the recent
result of the total radiated momentum at leading order in
G (3PM) established with amplitude techniques [30]. We
comment on how to achieve this result from our methods.
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The energy ! is also taken as outgoing. One also has the
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hhµ⌫(k)iWQFT. At leading (2PM) order there are three
diagrams contributing, cp. Fig. 1. We integrate over the
momenta or energies of internal gravitons or fluctuations
respectively; lack of three-momentum conservation at the
worldline vertices leaves unresolved integrals for the tree-
level diagrams.

Diagram (a) of Fig. 1 then takes the form1

k2
hhµ⌫(k)iWQFT

���
(a)

= �
m1m23

8

Z

q1,q2

µ1,2(k)
(2!1v

(µ
1

�⌫)

⇢ � vµ
1
v⌫
1
k⇢)(2!1v

(�
1

⌘�)⇢
� v�

1
v�
1
q⇢
2
)

(!1 + i✏)2
P��;↵�

[(q0

2
+ i✏)2 � q2

2]
v↵
2
v�
2
,

(6)

1 In principle we should also contract with Pµ⌫;⇢� for an outgo-
ing graviton line; however as the polarization tensors eµ⌫

+,⇥ are
traceless we find it unnecessary.

FIG. 1. The three diagrams contributing to the
Bremsstrahlung at 2PM order, where !i = k·vi by energy con-
servation at the worldline vertices. All three diagrams have
the integral measure in Eq. (16); in the rest frame of black
hole 1 diagram (a) does not contribute as soon as the outgo-
ing graviton is contracted with a purely spatial polarization
tensor.

these waveforms we furthermore reproduce Damour’s re-
cent result for the total radiated angular momentum [22]
at 2PM order. Our results also complement the recent
result of the total radiated momentum at leading order in
G (3PM) established with amplitude techniques [30]. We
comment on how to achieve this result from our methods.

Worldline Quantum Field Theory. — The classical
gravitational scattering of two massive objects mi mov-
ing on trajectories xµ

i (⌧i) = bµ
i +vµ

i ⌧i+zµ
i (⌧i) is described

by the worldline quantum field theory (WQFT) with par-
tition function [29]

ZWQFT := const ⇥

Z
D[hµ⌫ ]

Z 2Y

i=1

D[zi] e
i(SEH+Sgf ) (1)

exp
h
�i

2X

i=1

Z 1

�1
d⌧i

mi

2
[⌘µ⌫ + hµ⌫(x)]ẋµ
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i ẋ⌫
i

i
,

where SEH+Sgf is the gauge-fixed Einstein-Hilbert action

SEH + Sgf =

Z
d4x

�
�

2

2

p
�gR + (@⌫hµ⌫

�
1

2
@µh⌫

⌫)2
�

,

(2)

with 2 = 32⇡G the gravitational coupling; we have sup-
pressed the ghost contributions in Eq. (1) as they are ir-
relevant in the classical setting. We work in mostly minus
signature, ⌘µ⌫ = diag(1, �1, �1, �1), and set c = ~ = 1.

Correlation functions in the WQFT hO(h, {xi})iWQFT

result from an insertion of the operator O in the path
integral and dividing by ZWQFT. Moving to momentum
space for the graviton hµ⌫(k) and energy space for the
fluctuations zµ(!) we have the retarded propagators

k

µ⌫ ⇢�
= i

Pµ⌫;⇢�

(k0 + i✏)2 � k2
, (3a)

!

µ ⌫ = �i
⌘µ⌫

m (! + i✏)2
, (3b)

with Pµ⌫;⇢� := ⌘µ(⇢⌘�)⌫ �
1

2
⌘µ⌫⌘⇢�. The relevant vertices

for the emission of a graviton o↵ the worldline read

hµ⌫(k)

= �i
m

2
eik·b��(k · v)vµv⌫ , (4)

with k outgoing, ��(!) := (2⇡)�(!) and

hµ⌫(k)

z⇢(!)
=

m

2
eik·b��(k · v + !) (5)

⇥

⇣
2!v(µ�⌫)

⇢ + vµv⌫k⇢

⌘
.

The energy ! is also taken as outgoing. One also has the
standard bulk graviton vertices, of which we shall need
only the three-graviton vertex — see e.g. Ref. [31].

To determine the Bremsstrahlung of two travers-
ing black holes we compute the expectation value
k2

hhµ⌫(k)iWQFT. At leading (2PM) order there are three
diagrams contributing, cp. Fig. 1. We integrate over the
momenta or energies of internal gravitons or fluctuations
respectively; lack of three-momentum conservation at the
worldline vertices leaves unresolved integrals for the tree-
level diagrams.

Diagram (a) of Fig. 1 then takes the form1

k2
hhµ⌫(k)iWQFT

���
(a)

= �
m1m23

8

Z

q1,q2

µ1,2(k)
(2!1v

(µ
1

�⌫)

⇢ � vµ
1
v⌫
1
k⇢)(2!1v

(�
1

⌘�)⇢
� v�

1
v�
1
q⇢
2
)

(!1 + i✏)2
P��;↵�

[(q0

2
+ i✏)2 � q2

2]
v↵
2
v�
2
,

(6)

1 In principle we should also contract with Pµ⌫;⇢� for an outgo-
ing graviton line; however as the polarization tensors eµ⌫

+,⇥ are
traceless we find it unnecessary.

= �i
m

2
eik·b��(k · v)vµv⌫ , (4)

with k outgoing, ��(!) := (2⇡)�(!) and

2

µ,⌫

��
!1

k
q2 �

1

2

(a)

µ,⌫

!2
�� k

q1 �

2

1

(b)

µ,⌫k

q1 �

q2 �

1

2

(c)

FIG. 1. The three diagrams contributing to the
Bremsstrahlung at 2PM order, where !i = k·vi by energy con-
servation at the worldline vertices. All three diagrams have
the integral measure in Eq. (16); in the rest frame of black
hole 1 diagram (a) does not contribute as soon as the outgo-
ing graviton is contracted with a purely spatial polarization
tensor.

these waveforms we furthermore reproduce Damour’s re-
cent result for the total radiated angular momentum [22]
at 2PM order. Our results also complement the recent
result of the total radiated momentum at leading order in
G (3PM) established with amplitude techniques [30]. We
comment on how to achieve this result from our methods.

Worldline Quantum Field Theory. — The classical
gravitational scattering of two massive objects mi mov-
ing on trajectories xµ

i (⌧i) = bµ
i +vµ

i ⌧i+zµ
i (⌧i) is described

by the worldline quantum field theory (WQFT) with par-
tition function [29]

ZWQFT := const ⇥

Z
D[hµ⌫ ]

Z 2Y

i=1

D[zi] e
i(SEH+Sgf ) (1)

exp
h
�i

2X

i=1

Z 1

�1
d⌧i

mi

2
[⌘µ⌫ + hµ⌫(x)]ẋµ
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The energy ! is also taken as outgoing. One also has the
standard bulk graviton vertices, of which we shall need
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The energy ! is also taken as outgoing. One also has the
standard bulk graviton vertices, of which we shall need
only the three-graviton vertex — see e.g. Ref. [31].

To determine the Bremsstrahlung of two travers-
ing black holes we compute the expectation value
k2

hhµ⌫(k)iWQFT. At leading (2PM) order there are three
diagrams contributing, cp. Fig. 1. We integrate over the
momenta or energies of internal gravitons or fluctuations
respectively; lack of three-momentum conservation at the
worldline vertices leaves unresolved integrals for the tree-
level diagrams.

Diagram (a) of Fig. 1 then takes the form1
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1 In principle we should also contract with Pµ⌫;⇢� for an outgo-
ing graviton line; however as the polarization tensors eµ⌫

+,⇥ are
traceless we find it unnecessary.
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N (q) and M(q) have a uniform power counting in q for
each spin order:

N (q) = Nµqµ + Nµ⌫qµq⌫ + Nµ⌫⇢q
µq⌫q⇢ , (19)

M(q) = Mµ⌫qµq⌫ + Mµ⌫⇢q
µq⌫q⇢ + Mµ⌫⇢�qµq⌫q⇢q� ,

and the non-spinning result involves only Nµ and Mµ⌫ .
We present full expressions for N and M in the ancillary
file attached to the arXiv submission of this Letter.
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where Pµ⌫
i := ⌘µ⌫

�vµ
i v⌫

i is a projector into the rest frame
of the i’th body, |b| = �
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bµbµ (the impact parameter is
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are the lengths of the shifted impact parameter b̃µ (16)
in the two rest frames. The second integral in eq. (18) is
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where we have introduced the symmetric tensor

Kµ⌫
i := Pµ⌫

i |b̃|
2
i + (Pi · b̃)µ(Pi · b̃)⌫ , (23)

with the property that Kµ⌫
i vi,⌫ = Kµ⌫

i b̃⌫ = 0. Both
integrals are derived in the Supplementary Material; one
generalizes to higher powers of qµ in the numerators by
taking derivatives with respect to b̃µ.

Results. — The 2PM waveform takes the schematic
form
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where the coe�cients ↵(s)
i , �(s)

i , provided in the ancillary
file, are associated with the N - and M-type contribu-
tions in Eq. (18) respectively; they are functions of ui,
bµ, vµ

i , ⇢µ, and S
µ⌫
i and bi-linear in ✏µ. The waveform f

is invariant under the SUSY transformations in Eq. (8)
to quadratic order in spin regardless of the values of CE,i.
To see this we expand the waveform at all PM orders in
powers of spin:

f = f0+
2X

i=1
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(25)
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where the non-spinning result involves only Nµ and Mµ⌫ .
We present full expressions for N and M in the ancillary
file attached to the arXiv submission of this Letter.
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with the property that Kµ⌫
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i b̃⌫ = 0. Both inte-
grals are derived in the Supplementary Material; versions
with higher powers of qµ in the numerators are derived
by taking derivatives with respect to b̃µ.

Results. — The 2PM waveform takes the schematic
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where the coe�cients ↵(s)
i , �(s)

i are associated with the
N - and M-type contributions in Eq. (18) respectively;
they are functions of b, ui, vi, ⇢ and Si and bi-linear
in ✏. In the Kerr-BH case (CE,i = 0) the waveform f
is invariant under the SUSY transformations in Eq. (8):
For this we expand the waveform at any PM order in
powers of spin

f = f0+
2X

i=1

Si,µ⌫fµ⌫
i +

2X

i,j=1

Si,µ⌫Sj,⇢� + O(S3) (25)

where SUSY links higher-spin terms to lower ones
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= vi,µ f [µ⌫]

i ,
1

4

@fµ⌫
i

@bj,⇢
= vj,� fµ⌫;[⇢�]

ij . (26)

To illustrate the waveform we consider the gravita-
tional wave memory �f(x̂) := f(+1, x̂) � f(�1, x̂).
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FIG. 2. Total radiated angular momenta for the scattering of
two Kerr-BHs with v = 0.2 as a function of the angle between
the total initial spins a3 = a1 + a2 and b (with ai · vi =
0) for a range of ratios |a3|/|b|. We show the normalized
ratio of angular momenta emitted orthogonal to the b,v plane
(left plot) and in the b direction (right plot), normalization
is w.r.t. angular momentum emitted in the spin-less.

The constant spin tensors are decomposed in terms of
the Pauli-Lubanski vectors aµ

i as S
µ⌫
i = ✏µ⌫

⇢�v⇢
i a�

i ; they
satisfy ai · vi = 0. In the aligned-spin case where
ai · b = ai · vj = 0, i.e. the spin vectors are orthogo-

nal to the plane of scattering. Writing li =
p

�a2
i the

wave memory is proportional to the non-spinning result:
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where we have introduced aµ
3 = aµ

1 + aµ
2 with length

|a3|. For two Kerr black holes (CE,i = 0) with equal-
and-opposite spins (aµ

1 = �aµ
2 ) the result is the same as

the non-spinning; we observe this also when the spins are
mis-aligned to the plane of scattering.

There is also a 1PM (non-radiating) contribution to
the waveform consisting of single-graviton emission from
either massive body:

f (1)(x̂) =
2m1

⇢ · v1
(✏ · v1)

2 +
2m2

⇢ · v2
(✏ · v2)

2 . (28)

At 1PM order there is manifestly no dependence on either
the spins S

µ⌫
i or impact parameters bµ

i , so the SUSY
identities in Eq. (26) are trivially satisfied.

Finally, the wave memory and 1PM part of the wave-
form contribute to the total radiated angular momentum
J rad

ij . Using three-dimensional Cartesian basis vectors êi,
we choose a frame of reference with the initial velocities
vµ

i restricted to the t–x plane; b = b ê2 is orthogonal to
these. Then we find two non-zero components of J rad

ij :

FIG. 2. Total radiated angular momenta for the scattering of
two Kerr-BHs with v = 0.2 as a function of the angle between
the total initial spins a3 = a1 + a2 and b (with ai · vi =
0) for a range of ratios |a3|/|b|. We show the normalized
ratio of angular momenta emitted orthogonal to the b,v plane
(left plot) and in the b direction (right plot), normalization
is w.r.t. angular momentum emitted in the spinless case.
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and these identities are satisfied by the waveform (24).
To illustrate the waveform we consider the gravita-

tional wave memory �f(x̂) := f(+1, x̂) � f(�1, x̂).
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form contribute to the total radiated angular momentum
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N (q) and M(q) have a uniform power counting in q for
each spin order:

N (q) = Nµqµ + Nµ⌫qµq⌫ + Nµ⌫⇢q
µq⌫q⇢ , (19)
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and the non-spinning result involves only Nµ and Mµ⌫ .
We present full expressions for N and M in the ancillary
file attached to the arXiv submission of this Letter.
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where Pµ⌫
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are the lengths of the shifted impact parameter b̃µ (16)
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where we have introduced the symmetric tensor
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i + (Pi · b̃)µ(Pi · b̃)⌫ , (23)

with the property that Kµ⌫
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i b̃⌫ = 0. Both
integrals are derived in the Supplementary Material; one
generalizes to higher powers of qµ in the numerators by
taking derivatives with respect to b̃µ.
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where the coe�cients ↵(s)
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i , provided in the ancillary
file, are associated with the N - and M-type contribu-
tions in Eq. (18) respectively; they are functions of ui,
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i , ⇢µ, and S
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i and bi-linear in ✏µ. The waveform f

is invariant under the SUSY transformations in Eq. (8)
to quadratic order in spin regardless of the values of CE,i.
To see this we expand the waveform at all PM orders in
powers of spin:
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To illustrate the waveform we consider the gravita-
tional wave memory �f(x̂) := f(+1, x̂) � f(�1, x̂).
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FIG. 2. Total radiated angular momenta for the scattering of
two Kerr-BHs with v = 0.2 as a function of the angle between
the total initial spins a3 = a1 + a2 and b (with ai · vi =
0) for a range of ratios |a3|/|b|. We show the normalized
ratio of angular momenta emitted orthogonal to the b,v plane
(left plot) and in the b direction (right plot), normalization
is w.r.t. angular momentum emitted in the spin-less.

The constant spin tensors are decomposed in terms of
the Pauli-Lubanski vectors aµ

i as S
µ⌫
i = ✏µ⌫

⇢�v⇢
i a�

i ; they
satisfy ai · vi = 0. In the aligned-spin case where
ai · b = ai · vj = 0, i.e. the spin vectors are orthogo-

nal to the plane of scattering. Writing li =
p

�a2
i the

wave memory is proportional to the non-spinning result:

�f (2) =

 
1 +

2vl3
b(1 + v2)

+
l23
b2

�

2X

i=1

CE,il2i
b2

!
�f (2)

S=0,

�f (2)
S=0

m1m2
=

4(2�2
� 1)✏ · v1(2b · ✏ ⇢ · v1 � b · ⇢ ✏ · v1)

b2
p

�2 � 1(⇢ · v1)2

+ (1 $ 2) , (27)

where we have introduced aµ
3 = aµ

1 + aµ
2 with length

|a3|. For two Kerr black holes (CE,i = 0) with equal-
and-opposite spins (aµ

1 = �aµ
2 ) the result is the same as

the non-spinning; we observe this also when the spins are
mis-aligned to the plane of scattering.

There is also a 1PM (non-radiating) contribution to
the waveform consisting of single-graviton emission from
either massive body:

f (1)(x̂) =
2m1

⇢ · v1
(✏ · v1)

2 +
2m2

⇢ · v2
(✏ · v2)

2 . (28)

At 1PM order there is manifestly no dependence on either
the spins S

µ⌫
i or impact parameters bµ

i , so the SUSY
identities in Eq. (26) are trivially satisfied.

Finally, the wave memory and 1PM part of the wave-
form contribute to the total radiated angular momentum
J rad

ij . Using three-dimensional Cartesian basis vectors êi,
we choose a frame of reference with the initial velocities
vµ

i restricted to the t–x plane; b = b ê2 is orthogonal to
these. Then we find two non-zero components of J rad

ij :

FIG. 2. Total radiated angular momenta for the scattering of
two Kerr-BHs with v = 0.2 as a function of the angle between
the total initial spins a3 = a1 + a2 and b (with ai · vi =
0) for a range of ratios |a3|/|b|. We show the normalized
ratio of angular momenta emitted orthogonal to the b,v plane
(left plot) and in the b direction (right plot), normalization
is w.r.t. angular momentum emitted in the spinless case.

where fµ⌫
i and fµ⌫;⇢�

ij are defined modulo terms that van-
ish on support of vi,µS

µ⌫
i = 0. The SUSY links higher-

spin to lower-spin terms:

1

2

@f0

@bi,µ
= vi,⌫ f [µ⌫]

i ,
1

4

@fµ⌫
i

@bj,⇢
= vj,� fµ⌫;[⇢�]

ij , (26)

and these identities are satisfied by the waveform (24).
To illustrate the waveform we consider the gravita-

tional wave memory �f(x̂) := f(+1, x̂) � f(�1, x̂).
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There is also a 1PM (non-radiating) contribution to

the waveform consisting of single-graviton emission from
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f (1)(x̂) =
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2 +
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At 1PM order there is manifestly no dependence on either
the spins S
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i or impact parameters bµ

i , so the SUSY
identities in Eq. (26) are trivially satisfied.

Finally, the wave memory and 1PM part of the wave-
form contribute to the total radiated angular momentum
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FIG. 1. The four diagram topologies contributing to the 2PM
Bremsstrahlung up to O(S2), where !i = k ·vi by energy con-
servation at the worldline vertices. For diagrams (b)–(d) we
also include the corresponding flipped topologies with massive
bodies 1$2; for diagram (d) (which includes the propagating
fermion  0µ

2 ) we also include the graph with the arrow re-
versed.

where ��(!) := (2⇡)�(!) and we have used S
µ⌫ =

�2i ̄[µ ⌫]. The other worldline-based vertices required
for the 2PM Bremsstrahlung all appear in Fig. 1: the
two-point interaction between a graviton and a single zµ

mode in (b), the two-graviton emission vertex in (c), and
the two-point interaction between a graviton and  0µ in
(d). Full expressions for these vertices are provided in
the Supplementary Material.

Waveform from WQFT. — To describe the
Bremsstrahlung at 2PM order including spin e↵ects we
compute the expectation value k2

hhµ⌫(k)iWQFT. This
requires us to compute four kinds of Feynman graphs,
illustrated in Fig. 1. Explicit expressions for the first
two graphs (a) and (b) were given in the non-spinning
case [16]; these are now modified by terms up to O(S2).
Graphs (c) and (d) are unique to the spinning case — for
the latter we sum over both routings of the fermion line.

From this result we seek to obtain the waveform in
spacetime in the wave zone, where the distance to the
observer |x| = r is large compared to all other lengths.
Following Ref. [16] the gauge-invariant frequency-domain
waveform 4G Sij(kµ = ⌦ (1, x̂)) is extracted from the
WQFT via

Sµ⌫(k) =
2


k2

hhµ⌫(k)iWQFT , (12)

where ⌦ is the GW frequency and x̂ = x/r points to-
wards the observer. However, it is advantageous to study
the time-domain waveform f(u, x̂) which is given by a
Fourier transform:

✏µ⌫hµ⌫ =
f(u, x̂)

r
=

4G

r

Z

⌦
e�ik·x ✏µ⌫ Sµ⌫(k)

���
kµ=⌦ ⇢µ

,

(13)

where we have contracted with a polarization tensor
✏µ⌫ = 1

2✏
µ✏⌫ ,

R
⌦ :=

R 1
�1

d⌦
2⇡ , ⇢µ = (1, x̂) and, in a PM

decomposition f =
P

n Gnf (n), we seek the 2PM compo-
nent f (2). Note that k · x = ⌦(t � r) yields the retarded
time u = t � r, and ✏ · ✏ = ✏ · ⇢ = 0.

Integration. — Our integration procedure follows
closely that used for the non-spinning calculation in
Ref. [16], the main di↵erence being that we maintain
four-dimensional Lorentz covariance. Each diagram con-
tributing to k2

hhµ⌫(k)iWQFT carries the overall factor

µ1,2(k) = ei(q1·b1+q2·b2)��(q1 · v1)�
�(q2 · v2)�

�(k � q1 � q2) .
(14)

We integrate over qi, the momentum emitted from each
worldline (see Fig. 1). When we also integrate over ⌦ —
as in Eq. (13) — the full integration measure becomes

Z

⌦,q1,q2

µ1,2(k)e�ik·x =
1

⇢ · v2

Z

q1

��(q1 · v1)e
�iq1·b̃ , (15)

where
R

qi
:=

R d4qi

(2⇡)4 ; the delta function constraints give

⌦ = q1·v2

⇢·v2

and q2 = k�q1. The shifted impact parameter

b̃µ is

b̃µ = b̃µ
2 � b̃µ

1 , b̃µ
i = bµ

i + uiv
µ
i , (16)

which extends the original impact parameter bµ = bµ
2 �

bµ
1 along the undeflected trajectories of the two bodies.

Finally, ui is the retarded time in the i’th rest frame:

ui =
⇢ · (x � bi)

⇢ · vi
, (17)

This implies ⇢ · b̃i = ⇢ · x = u, so ⇢ · b̃ = 0.
Rewriting the integral measure as in Eq. (15) is con-

venient for performing the integrals of diagrams (b)–(d),
in the rest frame of body 1. The mirrored counterparts
to these diagrams are easily recovered after integration
using the 1 $ 2 symmetry of the waveform. To inte-
grate diagram (a) we insert the partial-fraction identity
q�2
1 q�2

2 = �q�2
1 (2k ·q1)�1

�q�2
2 (2k ·q2)�1 (which is valid

for k on-shell) and focus on the first term.
The full 2PM waveform is then written schematically

as (dropping the subscript on q1)GM: fix margin
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,

+ (1 $ 2) , (18)

the N - and M-contributions corresponding to diagrams
(b)–(d) and (a) in Fig. 1 respectively. The numerators
N (q) and M(q) have a uniform power counting in q for
each spin order:

N (q) = Nµqµ + Nµ⌫qµq⌫ + Nµ⌫⇢q
µq⌫q⇢ , (19)

M(q) = Mµ⌫qµq⌫ + Mµ⌫⇢q
µq⌫q⇢ + Mµ⌫⇢�qµq⌫q⇢q� ,

FIG. 1. The four diagram topologies contributing to the 2PM
Bremsstrahlung up to O(S2), where !i = k ·vi by energy con-
servation at the worldline vertices. For diagrams (b)–(d) we
also include the corresponding flipped topologies with massive
bodies 1$2; for diagram (d) (which includes the propagating
fermion  0µ

2 ) we also include the graph with the arrow re-
versed.

Next we consider the worldline vertices. The simplest
of these is the single-graviton emission vertex:
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where ��(!) := (2⇡)�(!) and we have used S
µ⌫ =

�2i ̄[µ ⌫]. The other worldline-based vertices required
for the 2PM Bremsstrahlung all appear in Fig. 1: the
two-point interaction between a graviton and a single zµ

mode in (b), the two-graviton emission vertex in (c), and
the two-point interaction between a graviton and  0µ in
(d). Full expressions for these vertices are provided in
the Supplementary Material.

Waveform from WQFT. — To describe the
Bremsstrahlung at 2PM order including spin e↵ects we
compute the expectation value k2

hhµ⌫(k)iWQFT. This
requires us to compute four kinds of Feynman graphs,
illustrated in Fig. 1. Explicit expressions for the first
two graphs (a) and (b) were given in the non-spinning
case [16]; these are now modified by terms up to O(S2).
Graphs (c) and (d) are unique to the spinning case — for
the latter we sum over both routings of the fermion line.

From this result we seek to obtain the waveform in
spacetime in the wave zone, where the distance to the
observer |x| = r is large compared to all other lengths.
Following Ref. [16] the gauge-invariant frequency-domain
waveform 4G ✏µ⌫Sµ⌫(kµ = ⌦ (1, x̂)) is extracted from the
WQFT via

Sµ⌫(k) =
2


k2

hhµ⌫(k)iWQFT , (12)

where ⌦ is the GW frequency and x̂ = x/r points to-
wards the observer. However, it is advantageous to study
the time-domain waveform f(u, x̂) which is given by a
Fourier transform:

✏µ⌫hµ⌫ =
f(u, x̂)
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n Gnf (n) we seek the 2PM component
f (2). Note that k · x = ⌦(t � r) yields the retarded time
u = t � r, and ✏ · ✏ = ✏ · ⇢ = 0.

Integration. — Our integration procedure follows
closely that used for the non-spinning calculation in
Ref. [16], the main di↵erence being that we maintain
four-dimensional Lorentz covariance. Each diagram con-
tributing to k2

hhµ⌫(k)iWQFT carries the overall factor

µ1,2(k) = ei(q1·b1+q2·b2)��(q1 · v1)�
�(q2 · v2)�

�(k � q1 � q2) .
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We integrate over qi, the momentum emitted from each
worldline (see Fig. 1). When we also integrate over ⌦ —
as in Eq. (13) — the full integration measure becomes
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where
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(2⇡)4 ; the delta function constraints give
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and q2 = k�q1. The shifted impact parameter,

b̃µ = b̃µ
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1 , b̃µ
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i + uiv
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i , (16)

extends the original impact parameter bµ = bµ
2 �bµ

1 along
the undeflected trajectories of the two bodies. Finally, ui

is the retarded time in the i’th rest frame:

ui =
⇢ · (x � bi)

⇢ · vi
, (17)

This implies ⇢ · b̃i = ⇢ · x = u, so ⇢ · b̃ = 0.
Rewriting the integral measure as in Eq. (15) is con-

venient for performing the integrals of diagrams (b)–(d),
in the rest frame of body 1. The mirrored counterparts
to these diagrams are easily recovered after integration
using the 1 $ 2 symmetry of the waveform. To inte-
grate diagram (a) we insert the partial-fraction identity
q�2
1 q�2

2 = �q�2
1 (2k ·q1)�1

�q�2
2 (2k ·q2)�1 (which is valid

for k on-shell) and focus on the first term.
The full 2PM waveform is then written schematically

as (dropping the subscript on q1)
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the N - and M-contributions corresponding to diagrams
(b)–(d) and (a) in Fig. 1 respectively. The numerators

4

N (q) and M(q) have a uniform power counting in q for
each spin order:

N (q) = Nµqµ + Nµ⌫qµq⌫ + Nµ⌫⇢q
µq⌫q⇢ , (19)

M(q) = Mµ⌫qµq⌫ + Mµ⌫⇢q
µq⌫q⇢ + Mµ⌫⇢�qµq⌫q⇢q� ,

and the non-spinning result involves only Nµ and Mµ⌫ .
We present full expressions for N and M in the ancillary
file attached to the arXiv submission of this Letter.

To lowest order in qµ, the first integral in eq. (18) is
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where Pµ⌫
i := ⌘µ⌫

�vµ
i v⌫

i is a projector into the rest frame
of the i’th body, |b| = �

p
bµbµ (the impact parameter is

spacelike) and

|b̃|1,2 :=
q

�b̃µPµ⌫
1,2 b̃⌫ =

q
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2,1 (21)

are the lengths of the shifted impact parameter b̃µ (16)
in the two rest frames. The second integral in eq. (18) is
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where we have introduced the symmetric tensor

Kµ⌫
i := Pµ⌫

i |b̃|
2
i + (Pi · b̃)µ(Pi · b̃)⌫ , (23)

with the property that Kµ⌫
i vi,⌫ = Kµ⌫

i b̃⌫ = 0. Both
integrals are derived in the Supplementary Material; one
generalizes to higher powers of qµ in the numerators by
taking derivatives with respect to b̃µ.

Results. — The 2PM waveform takes the schematic
form
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where the coe�cients ↵(s)
i , �(s)

i , provided in the ancillary
file, are associated with the N - and M-type contribu-
tions in Eq. (18) respectively; they are functions of ui,
bµ, vµ

i , ⇢µ, and S
µ⌫
i and bi-linear in ✏µ. The waveform f

is invariant under the SUSY transformations in Eq. (8)
to quadratic order in spin regardless of the values of CE,i.
To see this we expand the waveform at all PM orders in
powers of spin:
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(25)
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where the non-spinning result involves only Nµ and Mµ⌫ .
We present full expressions for N and M in the ancillary
file attached to the arXiv submission of this Letter.
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where we have introduced the symmetric tensor
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i + (Pi · b̃)µ(Pi · b̃)⌫ , (23)

with the property that Kµ⌫
i vi,⌫ = Kµ⌫

i b̃⌫ = 0. Both inte-
grals are derived in the Supplementary Material; versions
with higher powers of qµ in the numerators are derived
by taking derivatives with respect to b̃µ.

Results. — The 2PM waveform takes the schematic
form
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where the coe�cients ↵(s)
i , �(s)

i are associated with the
N - and M-type contributions in Eq. (18) respectively;
they are functions of b, ui, vi, ⇢ and Si and bi-linear
in ✏. In the Kerr-BH case (CE,i = 0) the waveform f
is invariant under the SUSY transformations in Eq. (8):
For this we expand the waveform at any PM order in
powers of spin

f = f0+
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i +
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where SUSY links higher-spin terms to lower ones
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To illustrate the waveform we consider the gravita-
tional wave memory �f(x̂) := f(+1, x̂) � f(�1, x̂).
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FIG. 2. Total radiated angular momenta for the scattering of
two Kerr-BHs with v = 0.2 as a function of the angle between
the total initial spins a3 = a1 + a2 and b (with ai · vi =
0) for a range of ratios |a3|/|b|. We show the normalized
ratio of angular momenta emitted orthogonal to the b,v plane
(left plot) and in the b direction (right plot), normalization
is w.r.t. angular momentum emitted in the spin-less.
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nal to the plane of scattering. Writing li =
p

�a2
i the

wave memory is proportional to the non-spinning result:
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�2 � 1(⇢ · v1)2
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where we have introduced aµ
3 = aµ

1 + aµ
2 with length

|a3|. For two Kerr black holes (CE,i = 0) with equal-
and-opposite spins (aµ

1 = �aµ
2 ) the result is the same as

the non-spinning; we observe this also when the spins are
mis-aligned to the plane of scattering.

There is also a 1PM (non-radiating) contribution to
the waveform consisting of single-graviton emission from
either massive body:

f (1)(x̂) =
2m1

⇢ · v1
(✏ · v1)

2 +
2m2

⇢ · v2
(✏ · v2)

2 . (28)

At 1PM order there is manifestly no dependence on either
the spins S

µ⌫
i or impact parameters bµ

i , so the SUSY
identities in Eq. (26) are trivially satisfied.

Finally, the wave memory and 1PM part of the wave-
form contribute to the total radiated angular momentum
J rad

ij . Using three-dimensional Cartesian basis vectors êi,
we choose a frame of reference with the initial velocities
vµ

i restricted to the t–x plane; b = b ê2 is orthogonal to
these. Then we find two non-zero components of J rad

ij :

FIG. 2. Total radiated angular momenta for the scattering of
two Kerr-BHs with v = 0.2 as a function of the angle between
the total initial spins a3 = a1 + a2 and b (with ai · vi =
0) for a range of ratios |a3|/|b|. We show the normalized
ratio of angular momenta emitted orthogonal to the b,v plane
(left plot) and in the b direction (right plot), normalization
is w.r.t. angular momentum emitted in the spinless case.

where fµ⌫
i and fµ⌫;⇢�

ij are defined modulo terms that van-
ish on support of vi,µS
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i = 0. The SUSY links higher-

spin to lower-spin terms:
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and these identities are satisfied by the waveform (24).
To illustrate the waveform we consider the gravita-

tional wave memory �f(x̂) := f(+1, x̂) � f(�1, x̂).
The constant spin tensors are decomposed in terms of
the Pauli-Lubanski vectors aµ

i as S
µ⌫
i = ✏µ⌫
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latter satisfying ai · vi = 0. In the aligned-spin case
ai · b = ai · vj = 0, i.e. the spin vectors are orthogo-
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result:
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2 ) we see that
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S=0, which we observe also when the spins

are mis-aligned to the plane of scattering.
There is also a 1PM (non-radiating) contribution to

the waveform consisting of single-graviton emission from
either massive body:

f (1)(x̂) =
2m1

⇢ · v1
(✏ · v1)

2 +
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⇢ · v2
(✏ · v2)

2 . (28)

At 1PM order there is manifestly no dependence on either
the spins S

µ⌫
i or impact parameters bµ

i , so the SUSY
identities in Eq. (26) are trivially satisfied.

Finally, the wave memory and 1PM part of the wave-
form contribute to the total radiated angular momentum
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FIG. 2. Plots of the wave memories �f+,⇥ for v = 0.2. For a
visualisation of the complete waveforms as they evolve with
retarded time u see f+(u, ✓, �)|v=0.2 and f⇥(u, ✓, �)|v=0.2.

beauty of our result (26) lies in the fact that the memo-
ries only receive contributions from the second term, and
read

�f+,⇥ = �2G2m1m2

bi
N

i
+,⇥

b2
+ O(G3) . (28)

Diagrammatically they exclusively emerge from diagram
(b) of Fig. 1. So they are manifestly insensitive to grav-
itational self-interactions — this was also pointed out in
Ref. [22].

Radiated Energy and Angular Momentum. — One
may now use our result for the waveform (26) to com-
pute the total radiated momentum and angular momen-
tum. Expressions for these quantities in terms of the
asymptotic waveform are given in Refs. [22, 33]:

Pµ
rad

=
1

32⇡G

Z
dud�[ḟij ]

2⇢µ , (29)

J rad

ij =
1

8⇡G

Z
dud�

✓
fk[iḟj]k �

1

2
x[i@j]fklḟkl

◆
, (30)

where ḟij := @ufij and d� = sin ✓d✓d� is the unit sphere
measure.

We first concentrate on J rad

ij as it contributes at lead-
ing order O(G2) and was recently obtained in the center-

of-mass frame [22]. The static nature of f (1)

ij (27) allows
one to trivially perform the u-integration and express the
radiated angular momentum in terms of the wave mem-
ories �f+,⇥. Inserting the basis of polarization tensors

(15) (and using f (1)

⇥ = 0) gives

J rad

xy =
1

8⇡

Z
d�

h sin �

sin ✓
f (1)

+
�f⇥ �

1

2
cos � @✓f

(1)

+
�f+

i

+ O(G3) . (31)

The spherical integral is elementary and yields

J rad

xy

J init
xy

=
4G2m1m2

b2

(2�2
� 1)p

�2 � 1
I(v) + O(G3) , (32a)

I(v) = �
8

3
+

1

v2
+

(3v2
� 1)

v3
arctanh(v) , (32b)

where we have normalized our result with respect to the
initial angular momentum in the rest frame of black hole

1: J init

xy = m2|v2||b| = m2�vb. We find perfect agree-
ment with Ref. [22].3

Similarly, Pµ
rad

of Eq. (29) should reproduce the recent
result of Ref. [30] contributing at O(G3). So far we have
only been able to perform the integral in the PN expan-
sion recovering the result of Ref. [30] to order v6. Yet it is
straightforward to obtain di↵erential quantities derived
from the integrand of Eq. (29). The di↵erential power
spectrum (total energy radiated per unit frequency) as
well as the total energy radiated per unit solid angle are
collected in the supplementary material to this letter.
These results go well beyond Kovacs and Thorne [4] and
may be expanded to any desired order in v.

Conclusions. — Searching for GWs from scattering
events over the full range of impact velocities requires
precision predictions in the PM approximation. While
the potential and radiation of bound systems was calcu-
lated to high PN order [34] (see Refs. [35] for spinning
bodies), a resummation of PN results in the strong-field
and fast-motion regimes is essential for building accu-
rate waveform models [8]. The PM resummation is one
promising recent attempt [21, 36, 37].

Our results provide a stepping stone for higher-order
calculations, where a repertoire of advanced integration
techniques can be put to use [17, 24, 30, 38]. In fact the
3PM integrand has essentially been presented in Ref. [29].
The present challenge lies in the multi-scale integrals,
which despite their tree-level structure are of higher loop
three-momentum type as the worldline only preserves en-
ergy. Generalizations to spin and finite-size e↵ects are
possible and lead to the same families of integrations at
2PM. Also the extensions to bound systems using map-
pings between bound and unbound orbits [24, 39] would
be of great utility.
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GUJ’s and GM’s research is funded by the Deutsche
Forschungsgemeinschaft (DFG, German Research Foun-
dation) Projektnummer 417533893/GRK2575 “Rethink-
ing Quantum Field Theory”.

SUPPLEMENTAL MATERIAL

Integrals. — We begin with the simpler integral in
Eq. (22), corresponding to diagram (b) in Fig. 1. Work-
ing in Cartesian components with b = (b1, b2, b3) (in the

main text we replace b ! eb) and q = (q1, q2, q3) it is
su�cient to show

Z

q
eiq·b q2

q2(q1 � i✏)
= �

b2

4⇡(b2 � b2

1
)

✓
1 +

b1

|b|

◆
. (33)

3 As the two frames are related by a boost in the x direction this
implies that Jrad

0y = 0 in both frames.

Our NLO result reproduces [Kovacs,Thorne ’75] obtained with traditional GR techniques in 4 long papers

LO is non-radiating:
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FIG. 1. The four diagram topologies contributing to the 2PM
Bremsstrahlung up to O(S2), where !i = k ·vi by energy con-
servation at the worldline vertices. For diagrams (b)–(d) we
also include the corresponding flipped topologies with massive
bodies 1$2; for diagram (d) (which includes the propagating
fermion  0µ

2 ) we also include the graph with the arrow re-
versed.

where ��(!) := (2⇡)�(!) and we have used S
µ⌫ =

�2i ̄[µ ⌫]. The other worldline-based vertices required
for the 2PM Bremsstrahlung all appear in Fig. 1: the
two-point interaction between a graviton and a single zµ

mode in (b), the two-graviton emission vertex in (c), and
the two-point interaction between a graviton and  0µ in
(d). Full expressions for these vertices are provided in
the Supplementary Material.

Waveform from WQFT. — To describe the
Bremsstrahlung at 2PM order including spin e↵ects we
compute the expectation value k2

hhµ⌫(k)iWQFT. This
requires us to compute four kinds of Feynman graphs,
illustrated in Fig. 1. Explicit expressions for the first
two graphs (a) and (b) were given in the non-spinning
case [16]; these are now modified by terms up to O(S2).
Graphs (c) and (d) are unique to the spinning case — for
the latter we sum over both routings of the fermion line.

From this result we seek to obtain the waveform in
spacetime in the wave zone, where the distance to the
observer |x| = r is large compared to all other lengths.
Following Ref. [16] the gauge-invariant frequency-domain
waveform 4G Sij(kµ = ⌦ (1, x̂)) is extracted from the
WQFT via

Sµ⌫(k) =
2


k2

hhµ⌫(k)iWQFT , (12)

where ⌦ is the GW frequency and x̂ = x/r points to-
wards the observer. However, it is advantageous to study
the time-domain waveform f(u, x̂) which is given by a
Fourier transform:

✏µ⌫hµ⌫ =
f(u, x̂)

r
=

4G

r

Z

⌦
e�ik·x ✏µ⌫ Sµ⌫(k)

���
kµ=⌦ ⇢µ

,

(13)

where we have contracted with a polarization tensor
✏µ⌫ = 1

2✏
µ✏⌫ ,

R
⌦ :=

R 1
�1

d⌦
2⇡ , ⇢µ = (1, x̂) and, in a PM

decomposition f =
P

n Gnf (n), we seek the 2PM compo-
nent f (2). Note that k · x = ⌦(t � r) yields the retarded
time u = t � r, and ✏ · ✏ = ✏ · ⇢ = 0.

Integration. — Our integration procedure follows
closely that used for the non-spinning calculation in
Ref. [16], the main di↵erence being that we maintain
four-dimensional Lorentz covariance. Each diagram con-
tributing to k2

hhµ⌫(k)iWQFT carries the overall factor

µ1,2(k) = ei(q1·b1+q2·b2)��(q1 · v1)�
�(q2 · v2)�

�(k � q1 � q2) .
(14)

We integrate over qi, the momentum emitted from each
worldline (see Fig. 1). When we also integrate over ⌦ —
as in Eq. (13) — the full integration measure becomes

Z

⌦,q1,q2

µ1,2(k)e�ik·x =
1

⇢ · v2

Z

q1

��(q1 · v1)e
�iq1·b̃ , (15)

where
R

qi
:=

R d4qi

(2⇡)4 ; the delta function constraints give

⌦ = q1·v2

⇢·v2

and q2 = k�q1. The shifted impact parameter

b̃µ is

b̃µ = b̃µ
2 � b̃µ

1 , b̃µ
i = bµ

i + uiv
µ
i , (16)

which extends the original impact parameter bµ = bµ
2 �

bµ
1 along the undeflected trajectories of the two bodies.

Finally, ui is the retarded time in the i’th rest frame:

ui =
⇢ · (x � bi)

⇢ · vi
, (17)

This implies ⇢ · b̃i = ⇢ · x = u, so ⇢ · b̃ = 0.
Rewriting the integral measure as in Eq. (15) is con-

venient for performing the integrals of diagrams (b)–(d),
in the rest frame of body 1. The mirrored counterparts
to these diagrams are easily recovered after integration
using the 1 $ 2 symmetry of the waveform. To inte-
grate diagram (a) we insert the partial-fraction identity
q�2
1 q�2

2 = �q�2
1 (2k ·q1)�1

�q�2
2 (2k ·q2)�1 (which is valid

for k on-shell) and focus on the first term.
The full 2PM waveform is then written schematically

as (dropping the subscript on q1)GM: fix margin

f (2)

m1m2
= 4⇡
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q
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✓
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q · v2 + i✏
+

M(q)

(q · v2)(q · ⇢)

◆
,

+ (1 $ 2) , (18)

the N - and M-contributions corresponding to diagrams
(b)–(d) and (a) in Fig. 1 respectively. The numerators
N (q) and M(q) have a uniform power counting in q for
each spin order:

N (q) = Nµqµ + Nµ⌫qµq⌫ + Nµ⌫⇢q
µq⌫q⇢ , (19)

M(q) = Mµ⌫qµq⌫ + Mµ⌫⇢q
µq⌫q⇢ + Mµ⌫⇢�qµq⌫q⇢q� ,

FIG. 1. The four diagram topologies contributing to the 2PM
Bremsstrahlung up to O(S2), where !i = k ·vi by energy con-
servation at the worldline vertices. For diagrams (b)–(d) we
also include the corresponding flipped topologies with massive
bodies 1$2; for diagram (d) (which includes the propagating
fermion  0µ

2 ) we also include the graph with the arrow re-
versed.

Next we consider the worldline vertices. The simplest
of these is the single-graviton emission vertex:

hµ⌫(k)

= �i
m

2
eik·b��(k · v)

✓
vµv⌫ + ik⇢S
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vµv⌫(k · S · S · k)

◆
,

(11)

where ��(!) := (2⇡)�(!) and we have used S
µ⌫ =

�2i ̄[µ ⌫]. The other worldline-based vertices required
for the 2PM Bremsstrahlung all appear in Fig. 1: the
two-point interaction between a graviton and a single zµ

mode in (b), the two-graviton emission vertex in (c), and
the two-point interaction between a graviton and  0µ in
(d). Full expressions for these vertices are provided in
the Supplementary Material.

Waveform from WQFT. — To describe the
Bremsstrahlung at 2PM order including spin e↵ects we
compute the expectation value k2

hhµ⌫(k)iWQFT. This
requires us to compute four kinds of Feynman graphs,
illustrated in Fig. 1. Explicit expressions for the first
two graphs (a) and (b) were given in the non-spinning
case [16]; these are now modified by terms up to O(S2).
Graphs (c) and (d) are unique to the spinning case — for
the latter we sum over both routings of the fermion line.

From this result we seek to obtain the waveform in
spacetime in the wave zone, where the distance to the
observer |x| = r is large compared to all other lengths.
Following Ref. [16] the gauge-invariant frequency-domain
waveform 4G ✏µ⌫Sµ⌫(kµ = ⌦ (1, x̂)) is extracted from the
WQFT via

Sµ⌫(k) =
2


k2

hhµ⌫(k)iWQFT , (12)

where ⌦ is the GW frequency and x̂ = x/r points to-
wards the observer. However, it is advantageous to study
the time-domain waveform f(u, x̂) which is given by a
Fourier transform:

✏µ⌫hµ⌫ =
f(u, x̂)

r
=
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We have contracted with a polarization tensor ✏µ⌫ =
1
2✏

µ✏⌫ ,
R
⌦ :=

R 1
�1

d⌦
2⇡ , and ⇢µ = (1, x̂); in a PM decom-

position f =
P

n Gnf (n) we seek the 2PM component
f (2). Note that k · x = ⌦(t � r) yields the retarded time
u = t � r, and ✏ · ✏ = ✏ · ⇢ = 0.

Integration. — Our integration procedure follows
closely that used for the non-spinning calculation in
Ref. [16], the main di↵erence being that we maintain
four-dimensional Lorentz covariance. Each diagram con-
tributing to k2

hhµ⌫(k)iWQFT carries the overall factor

µ1,2(k) = ei(q1·b1+q2·b2)��(q1 · v1)�
�(q2 · v2)�

�(k � q1 � q2) .
(14)

We integrate over qi, the momentum emitted from each
worldline (see Fig. 1). When we also integrate over ⌦ —
as in Eq. (13) — the full integration measure becomes
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1
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where
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qi
:=

R d4qi

(2⇡)4 ; the delta function constraints give

⌦ = q1·v2
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and q2 = k�q1. The shifted impact parameter,

b̃µ = b̃µ
2 � b̃µ

1 , b̃µ
i = bµ

i + uiv
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i , (16)

extends the original impact parameter bµ = bµ
2 �bµ

1 along
the undeflected trajectories of the two bodies. Finally, ui

is the retarded time in the i’th rest frame:

ui =
⇢ · (x � bi)

⇢ · vi
, (17)

This implies ⇢ · b̃i = ⇢ · x = u, so ⇢ · b̃ = 0.
Rewriting the integral measure as in Eq. (15) is con-

venient for performing the integrals of diagrams (b)–(d),
in the rest frame of body 1. The mirrored counterparts
to these diagrams are easily recovered after integration
using the 1 $ 2 symmetry of the waveform. To inte-
grate diagram (a) we insert the partial-fraction identity
q�2
1 q�2

2 = �q�2
1 (2k ·q1)�1

�q�2
2 (2k ·q2)�1 (which is valid

for k on-shell) and focus on the first term.
The full 2PM waveform is then written schematically

as (dropping the subscript on q1)
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FIG. 1. The four diagram topologies contributing to the 2PM
Bremsstrahlung up to O(S

2
), where !i = k ·vi by energy con-

servation at the worldline vertices. For diagrams (b)–(d) we
also include the corresponding flipped topologies with massive
bodies 1$2; for diagram (d) (which includes the propagating
fermion  

0µ
2 ) we also include the graph with the arrow re-

versed.

where ��(!) := (2⇡)�(!) and we have used Sµ⌫ =
�2i ̄[µ ⌫]. The other worldline-based vertices required
for the 2PM Bremsstrahlung all appear in Fig. 1: the
two-point interaction between a graviton and a single zµ

mode in (b), the two-graviton emission vertex in (c), and
the two-point interaction between a graviton and  0µ

in
(d). Full expressions for these vertices are provided in
the Supplementary Material.

Waveform from WQFT. — To describe the
Bremsstrahlung at 2PM order including spin e↵ects we
compute the expectation value k2hhµ⌫(k)iWQFT. This
requires us to compute four kinds of Feynman graphs,
illustrated in Fig. 1. Explicit expressions for the first
two graphs (a) and (b) were given in the non-spinning
case [16]; these are now modified by terms up to O(S2).
Graphs (c) and (d) are unique to the spinning case — for
the latter we sum over both routings of the fermion line.

From this result we seek to obtain the waveform in
spacetime in the wave zone, where the distance to the
observer |x| = r is large compared to all other lengths.
Following Ref. [16] the gauge-invariant frequency-domain
waveform 4G Sij(kµ = ⌦ (1, x̂)) is extracted from the
WQFT via

Sµ⌫(k) =
2


k

2
hhµ⌫(k)iWQFT , (12)

where ⌦ is the GW frequency and x̂ = x/r points to-
wards the observer. However, it is advantageous to study
the time-domain waveform f(u, x̂) which is given by a
Fourier transform:

✏
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hµ⌫ =
f(u, x̂)
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(13)

where we have contracted with a polarization tensor
✏µ⌫ =

1
2✏µ✏⌫ ,

R
⌦ :=

R 1
�1

d⌦
2⇡ , ⇢µ = (1, x̂) and, in a PM

decomposition f =
P

n Gnf (n), we seek the 2PM compo-
nent f (2). Note that k · x = ⌦(t � r) yields the retarded
time u = t � r, and ✏ · ✏ = ✏ · ⇢ = 0.

Integration. — Our integration procedure follows
closely that used for the non-spinning calculation in
Ref. [16], the main di↵erence being that we maintain
four-dimensional Lorentz covariance. Each diagram con-
tributing to k2hhµ⌫(k)iWQFT carries the overall factor

µ1,2(k) = e
i(q1·b1+q2·b2)��(q1 · v1)��(q2 · v2)��(k � q1 � q2) .

(14)
We integrate over qi, the momentum emitted from each
worldline (see Fig. 1). When we also integrate over ⌦ —
as in Eq. (13) — the full integration measure becomes
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FIG. 1. The three diagrams contributing to the
Bremsstrahlung at 2PM order, where !i = k·vi by energy con-
servation at the worldline vertices. All three diagrams have
the integral measure in Eq. (16); in the rest frame of black
hole 1 diagram (a) does not contribute as soon as the outgo-
ing graviton is contracted with a purely spatial polarization
tensor.

these waveforms we furthermore reproduce Damour’s re-
cent result for the total radiated angular momentum [22]
at 2PM order. Our results also complement the recent
result of the total radiated momentum at leading order in
G (3PM) established with amplitude techniques [30]. We
comment on how to achieve this result from our methods.

Worldline Quantum Field Theory. — The classical
gravitational scattering of two massive objects mi mov-
ing on trajectories xµ
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i ẋ⌫
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with 2 = 32⇡G the gravitational coupling; we have sup-
pressed the ghost contributions in Eq. (1) as they are ir-
relevant in the classical setting. We work in mostly minus
signature, ⌘µ⌫ = diag(1, �1, �1, �1), and set c = ~ = 1.

Correlation functions in the WQFT hO(h, {xi})iWQFT

result from an insertion of the operator O in the path
integral and dividing by ZWQFT. Moving to momentum
space for the graviton hµ⌫(k) and energy space for the
fluctuations zµ(!) we have the retarded propagators
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The energy ! is also taken as outgoing. One also has the
standard bulk graviton vertices, of which we shall need
only the three-graviton vertex — see e.g. Ref. [31].

To determine the Bremsstrahlung of two travers-
ing black holes we compute the expectation value
k2

hhµ⌫(k)iWQFT. At leading (2PM) order there are three
diagrams contributing, cp. Fig. 1. We integrate over the
momenta or energies of internal gravitons or fluctuations
respectively; lack of three-momentum conservation at the
worldline vertices leaves unresolved integrals for the tree-
level diagrams.

Diagram (a) of Fig. 1 then takes the form1
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traceless we find it unnecessary.
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signature, ⌘µ⌫ = diag(1, �1, �1, �1), and set c = ~ = 1.

Correlation functions in the WQFT hO(h, {xi})iWQFT

result from an insertion of the operator O in the path
integral and dividing by ZWQFT. Moving to momentum
space for the graviton hµ⌫(k) and energy space for the
fluctuations zµ(!) we have the retarded propagators

2

µ,⌫

��
!1

k
q2 �

1

2

(a)

µ,⌫

!2
�� k

q1 �

2

1

(b)

µ,⌫k

q1 �

q2 �

1

2

(c)

FIG. 1. The three diagrams contributing to the
Bremsstrahlung at 2PM order, where !i = k·vi by energy con-
servation at the worldline vertices. All three diagrams have
the integral measure in Eq. (16); in the rest frame of black
hole 1 diagram (a) does not contribute as soon as the outgo-
ing graviton is contracted with a purely spatial polarization
tensor.

these waveforms we furthermore reproduce Damour’s re-
cent result for the total radiated angular momentum [22]
at 2PM order. Our results also complement the recent
result of the total radiated momentum at leading order in
G (3PM) established with amplitude techniques [30]. We
comment on how to achieve this result from our methods.

Worldline Quantum Field Theory. — The classical
gravitational scattering of two massive objects mi mov-
ing on trajectories xµ

i (⌧i) = bµ
i +vµ

i ⌧i+zµ
i (⌧i) is described

by the worldline quantum field theory (WQFT) with par-
tition function [29]

ZWQFT := const ⇥

Z
D[hµ⌫ ]

Z 2Y

i=1

D[zi] e
i(SEH+Sgf ) (1)

exp
h
�i

2X

i=1

Z 1

�1
d⌧i

mi

2
[⌘µ⌫ + hµ⌫(x)]ẋµ
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The energy ! is also taken as outgoing. One also has the
standard bulk graviton vertices, of which we shall need
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space for the graviton hµ⌫(k) and energy space for the
fluctuations zµ(!) we have the retarded propagators
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The energy ! is also taken as outgoing. One also has the
standard bulk graviton vertices, of which we shall need
only the three-graviton vertex — see e.g. Ref. [31].

To determine the Bremsstrahlung of two travers-
ing black holes we compute the expectation value
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hhµ⌫(k)iWQFT. At leading (2PM) order there are three
diagrams contributing, cp. Fig. 1. We integrate over the
momenta or energies of internal gravitons or fluctuations
respectively; lack of three-momentum conservation at the
worldline vertices leaves unresolved integrals for the tree-
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FIG. 1. The three diagrams contributing to the
Bremsstrahlung at 2PM order, where !i = k·vi by energy con-
servation at the worldline vertices. All three diagrams have
the integral measure in Eq. (16); in the rest frame of black
hole 1 diagram (a) does not contribute as soon as the outgo-
ing graviton is contracted with a purely spatial polarization
tensor.

these waveforms we furthermore reproduce Damour’s re-
cent result for the total radiated angular momentum [22]
at 2PM order. Our results also complement the recent
result of the total radiated momentum at leading order in
G (3PM) established with amplitude techniques [30]. We
comment on how to achieve this result from our methods.
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with 2 = 32⇡G the gravitational coupling; we have sup-
pressed the ghost contributions in Eq. (1) as they are ir-
relevant in the classical setting. We work in mostly minus
signature, ⌘µ⌫ = diag(1, �1, �1, �1), and set c = ~ = 1.
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The energy ! is also taken as outgoing. One also has the
standard bulk graviton vertices, of which we shall need
only the three-graviton vertex — see e.g. Ref. [31].

To determine the Bremsstrahlung of two travers-
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with 2 = 32⇡G the gravitational coupling; we have sup-
pressed the ghost contributions in Eq. (1) as they are ir-
relevant in the classical setting. We work in mostly minus
signature, ⌘µ⌫ = diag(1, �1, �1, �1), and set c = ~ = 1.

Correlation functions in the WQFT hO(h, {xi})iWQFT

result from an insertion of the operator O in the path
integral and dividing by ZWQFT. Moving to momentum
space for the graviton hµ⌫(k) and energy space for the
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The energy ! is also taken as outgoing. One also has the
standard bulk graviton vertices, of which we shall need
only the three-graviton vertex — see e.g. Ref. [31].

To determine the Bremsstrahlung of two travers-
ing black holes we compute the expectation value
k2

hhµ⌫(k)iWQFT. At leading (2PM) order there are three
diagrams contributing, cp. Fig. 1. We integrate over the
momenta or energies of internal gravitons or fluctuations
respectively; lack of three-momentum conservation at the
worldline vertices leaves unresolved integrals for the tree-
level diagrams.
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1 In principle we should also contract with Pµ⌫;⇢� for an outgo-
ing graviton line; however as the polarization tensors eµ⌫

+,⇥ are
traceless we find it unnecessary.
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4

N (q) and M(q) have a uniform power counting in q for
each spin order:

N (q) = Nµqµ + Nµ⌫qµq⌫ + Nµ⌫⇢q
µq⌫q⇢ , (19)

M(q) = Mµ⌫qµq⌫ + Mµ⌫⇢q
µq⌫q⇢ + Mµ⌫⇢�qµq⌫q⇢q� ,

and the non-spinning result involves only Nµ and Mµ⌫ .
We present full expressions for N and M in the ancillary
file attached to the arXiv submission of this Letter.

To lowest order in qµ, the first integral in eq. (18) is
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where Pµ⌫
i := ⌘µ⌫

�vµ
i v⌫

i is a projector into the rest frame
of the i’th body, |b| = �

p
bµbµ (the impact parameter is
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are the lengths of the shifted impact parameter b̃µ (16)
in the two rest frames. The second integral in eq. (18) is
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where we have introduced the symmetric tensor

Kµ⌫
i := Pµ⌫

i |b̃|
2
i + (Pi · b̃)µ(Pi · b̃)⌫ , (23)

with the property that Kµ⌫
i vi,⌫ = Kµ⌫

i b̃⌫ = 0. Both
integrals are derived in the Supplementary Material; one
generalizes to higher powers of qµ in the numerators by
taking derivatives with respect to b̃µ.

Results. — The 2PM waveform takes the schematic
form
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where the coe�cients ↵(s)
i , �(s)

i , provided in the ancillary
file, are associated with the N - and M-type contribu-
tions in Eq. (18) respectively; they are functions of ui,
bµ, vµ

i , ⇢µ, and S
µ⌫
i and bi-linear in ✏µ. The waveform f

is invariant under the SUSY transformations in Eq. (8)
to quadratic order in spin regardless of the values of CE,i.
To see this we expand the waveform at all PM orders in
powers of spin:

f = f0+
2X
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i +
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i,j=1
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(25)
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where the coe�cients ↵(s)
i , �(s)

i are associated with the
N - and M-type contributions in Eq. (18) respectively;
they are functions of b, ui, vi, ⇢ and Si and bi-linear
in ✏. In the Kerr-BH case (CE,i = 0) the waveform f
is invariant under the SUSY transformations in Eq. (8):
For this we expand the waveform at any PM order in
powers of spin

f = f0+
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Si,µ⌫fµ⌫
i +
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where SUSY links higher-spin terms to lower ones
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@bj,⇢
= vj,� fµ⌫;[⇢�]

ij . (26)

To illustrate the waveform we consider the gravita-
tional wave memory �f(x̂) := f(+1, x̂) � f(�1, x̂).
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FIG. 2. Total radiated angular momenta for the scattering of
two Kerr-BHs with v = 0.2 as a function of the angle between
the total initial spins a3 = a1 + a2 and b (with ai · vi =
0) for a range of ratios |a3|/|b|. We show the normalized
ratio of angular momenta emitted orthogonal to the b,v plane
(left plot) and in the b direction (right plot), normalization
is w.r.t. angular momentum emitted in the spin-less.

The constant spin tensors are decomposed in terms of
the Pauli-Lubanski vectors aµ

i as S
µ⌫
i = ✏µ⌫

⇢�v⇢
i a�

i ; they
satisfy ai · vi = 0. In the aligned-spin case where
ai · b = ai · vj = 0, i.e. the spin vectors are orthogo-

nal to the plane of scattering. Writing li =
p

�a2
i the

wave memory is proportional to the non-spinning result:

�f (2) =

 
1 +

2vl3
b(1 + v2)

+
l23
b2

�

2X

i=1

CE,il2i
b2

!
�f (2)

S=0,

�f (2)
S=0

m1m2
=

4(2�2
� 1)✏ · v1(2b · ✏ ⇢ · v1 � b · ⇢ ✏ · v1)

b2
p

�2 � 1(⇢ · v1)2

+ (1 $ 2) , (27)

where we have introduced aµ
3 = aµ

1 + aµ
2 with length

|a3|. For two Kerr black holes (CE,i = 0) with equal-
and-opposite spins (aµ

1 = �aµ
2 ) the result is the same as

the non-spinning; we observe this also when the spins are
mis-aligned to the plane of scattering.

There is also a 1PM (non-radiating) contribution to
the waveform consisting of single-graviton emission from
either massive body:

f (1)(x̂) =
2m1

⇢ · v1
(✏ · v1)

2 +
2m2

⇢ · v2
(✏ · v2)

2 . (28)

At 1PM order there is manifestly no dependence on either
the spins S

µ⌫
i or impact parameters bµ

i , so the SUSY
identities in Eq. (26) are trivially satisfied.

Finally, the wave memory and 1PM part of the wave-
form contribute to the total radiated angular momentum
J rad

ij . Using three-dimensional Cartesian basis vectors êi,
we choose a frame of reference with the initial velocities
vµ

i restricted to the t–x plane; b = b ê2 is orthogonal to
these. Then we find two non-zero components of J rad

ij :

FIG. 2. Total radiated angular momenta for the scattering of
two Kerr-BHs with v = 0.2 as a function of the angle between
the total initial spins a3 = a1 + a2 and b (with ai · vi =
0) for a range of ratios |a3|/|b|. We show the normalized
ratio of angular momenta emitted orthogonal to the b,v plane
(left plot) and in the b direction (right plot), normalization
is w.r.t. angular momentum emitted in the spinless case.
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and these identities are satisfied by the waveform (24).
To illustrate the waveform we consider the gravita-

tional wave memory �f(x̂) := f(+1, x̂) � f(�1, x̂).
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where aµ
3 = aµ

1 +aµ
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with equal-and-opposite spins (aµ
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2 ) we see that
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At 1PM order there is manifestly no dependence on either
the spins S
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i or impact parameters bµ

i , so the SUSY
identities in Eq. (26) are trivially satisfied.

Finally, the wave memory and 1PM part of the wave-
form contribute to the total radiated angular momentum
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and the non-spinning result involves only Nµ and Mµ⌫ .
We present full expressions for N and M in the ancillary
file attached to the arXiv submission of this Letter.
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taking derivatives with respect to b̃µ.

Results. — The 2PM waveform takes the schematic
form

f (2)

m1m2
=

2X

s=0

1

|b̃|
2s+1
1

"
↵(s)

1 +
�(s)

1

|b̃|2s+2

#
+ (1 $ 2) , (24)
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where the non-spinning result involves only Nµ and Mµ⌫ .
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N - and M-type contributions in Eq. (18) respectively;
they are functions of b, ui, vi, ⇢ and Si and bi-linear
in ✏. In the Kerr-BH case (CE,i = 0) the waveform f
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where SUSY links higher-spin terms to lower ones
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To illustrate the waveform we consider the gravita-
tional wave memory �f(x̂) := f(+1, x̂) � f(�1, x̂).
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FIG. 2. Total radiated angular momenta for the scattering of
two Kerr-BHs with v = 0.2 as a function of the angle between
the total initial spins a3 = a1 + a2 and b (with ai · vi =
0) for a range of ratios |a3|/|b|. We show the normalized
ratio of angular momenta emitted orthogonal to the b,v plane
(left plot) and in the b direction (right plot), normalization
is w.r.t. angular momentum emitted in the spin-less.
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where we have introduced aµ
3 = aµ

1 + aµ
2 with length

|a3|. For two Kerr black holes (CE,i = 0) with equal-
and-opposite spins (aµ

1 = �aµ
2 ) the result is the same as

the non-spinning; we observe this also when the spins are
mis-aligned to the plane of scattering.

There is also a 1PM (non-radiating) contribution to
the waveform consisting of single-graviton emission from
either massive body:

f (1)(x̂) =
2m1

⇢ · v1
(✏ · v1)

2 +
2m2

⇢ · v2
(✏ · v2)

2 . (28)

At 1PM order there is manifestly no dependence on either
the spins S

µ⌫
i or impact parameters bµ

i , so the SUSY
identities in Eq. (26) are trivially satisfied.

Finally, the wave memory and 1PM part of the wave-
form contribute to the total radiated angular momentum
J rad

ij . Using three-dimensional Cartesian basis vectors êi,
we choose a frame of reference with the initial velocities
vµ

i restricted to the t–x plane; b = b ê2 is orthogonal to
these. Then we find two non-zero components of J rad

ij :

FIG. 2. Total radiated angular momenta for the scattering of
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the total initial spins a3 = a1 + a2 and b (with ai · vi =
0) for a range of ratios |a3|/|b|. We show the normalized
ratio of angular momenta emitted orthogonal to the b,v plane
(left plot) and in the b direction (right plot), normalization
is w.r.t. angular momentum emitted in the spinless case.
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To illustrate the waveform we consider the gravita-
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At 1PM order there is manifestly no dependence on either
the spins S
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i or impact parameters bµ

i , so the SUSY
identities in Eq. (26) are trivially satisfied.

Finally, the wave memory and 1PM part of the wave-
form contribute to the total radiated angular momentum
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N (q) and M(q) have a uniform power counting in q for
each spin order:
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and the non-spinning result involves only Nµ and Mµ⌫ .
We present full expressions for N and M in the ancillary
file attached to the arXiv submission of this Letter.
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integrals are derived in the Supplementary Material; one
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i are associated with the
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they are functions of b, ui, vi, ⇢ and Si and bi-linear
in ✏. In the Kerr-BH case (CE,i = 0) the waveform f
is invariant under the SUSY transformations in Eq. (8):
For this we expand the waveform at any PM order in
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To illustrate the waveform we consider the gravita-
tional wave memory �f(x̂) := f(+1, x̂) � f(�1, x̂).
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FIG. 2. Total radiated angular momenta for the scattering of
two Kerr-BHs with v = 0.2 as a function of the angle between
the total initial spins a3 = a1 + a2 and b (with ai · vi =
0) for a range of ratios |a3|/|b|. We show the normalized
ratio of angular momenta emitted orthogonal to the b,v plane
(left plot) and in the b direction (right plot), normalization
is w.r.t. angular momentum emitted in the spin-less.
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|a3|. For two Kerr black holes (CE,i = 0) with equal-
and-opposite spins (aµ
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2 ) the result is the same as

the non-spinning; we observe this also when the spins are
mis-aligned to the plane of scattering.

There is also a 1PM (non-radiating) contribution to
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At 1PM order there is manifestly no dependence on either
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Finally, the wave memory and 1PM part of the wave-
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the total initial spins a3 = a1 + a2 and b (with ai · vi =
0) for a range of ratios |a3|/|b|. We show the normalized
ratio of angular momenta emitted orthogonal to the b,v plane
(left plot) and in the b direction (right plot), normalization
is w.r.t. angular momentum emitted in the spinless case.

where fµ⌫
i and fµ⌫;⇢�

ij are defined modulo terms that van-
ish on support of vi,µS

µ⌫
i = 0. The SUSY links higher-

spin to lower-spin terms:

1
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@f0

@bi,µ
= vi,⌫ f [µ⌫]

i ,
1

4

@fµ⌫
i

@bj,⇢
= vj,� fµ⌫;[⇢�]

ij , (26)

and these identities are satisfied by the waveform (24).
To illustrate the waveform we consider the gravita-

tional wave memory �f(x̂) := f(+1, x̂) � f(�1, x̂).
The constant spin tensors are decomposed in terms of
the Pauli-Lubanski vectors aµ

i as S
µ⌫
i = ✏µ⌫

⇢�v⇢
i a�

i , the
latter satisfying ai · vi = 0. In the aligned-spin case
ai · b = ai · vj = 0, i.e. the spin vectors are orthogo-

nal to the plane of scattering. Writing |ai| =
p

�a2
i the

wave memory is then proportional to the non-spinning
result:

�f (2) =
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2v|a3|

b(1 + v2)
+

|a3|
2

|b|2
�

2X

i=1

CE,i|ai|
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!
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�f (2)
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m1m2
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4(2�2
� 1)✏ · v1(2b · ✏ ⇢ · v1 � b · ⇢ ✏ · v1)

|b|2
p

�2 � 1(⇢ · v1)2

+ (1 $ 2) , (27)

where aµ
3 = aµ

1 +aµ
2 . For two Kerr black holes (CE,i = 0)

with equal-and-opposite spins (aµ
1 = �aµ

2 ) we see that

�f (2) = �f (2)
S=0, which we observe also when the spins

are mis-aligned to the plane of scattering.
There is also a 1PM (non-radiating) contribution to

the waveform consisting of single-graviton emission from
either massive body:

f (1)(x̂) =
2m1

⇢ · v1
(✏ · v1)

2 +
2m2

⇢ · v2
(✏ · v2)

2 . (28)

At 1PM order there is manifestly no dependence on either
the spins S

µ⌫
i or impact parameters bµ

i , so the SUSY
identities in Eq. (26) are trivially satisfied.

Finally, the wave memory and 1PM part of the wave-
form contribute to the total radiated angular momentum
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FIG. 1. The four diagram topologies contributing to the 2PM
Bremsstrahlung up to O(S2), where !i = k ·vi by energy con-
servation at the worldline vertices. For diagrams (b)–(d) we
also include the corresponding flipped topologies with massive
bodies 1$2; for diagram (d) (which includes the propagating
fermion  0µ

2 ) we also include the graph with the arrow re-
versed.

where ��(!) := (2⇡)�(!) and we have used S
µ⌫ =

�2i ̄[µ ⌫]. The other worldline-based vertices required
for the 2PM Bremsstrahlung all appear in Fig. 1: the
two-point interaction between a graviton and a single zµ

mode in (b), the two-graviton emission vertex in (c), and
the two-point interaction between a graviton and  0µ in
(d). Full expressions for these vertices are provided in
the Supplementary Material.

Waveform from WQFT. — To describe the
Bremsstrahlung at 2PM order including spin e↵ects we
compute the expectation value k2

hhµ⌫(k)iWQFT. This
requires us to compute four kinds of Feynman graphs,
illustrated in Fig. 1. Explicit expressions for the first
two graphs (a) and (b) were given in the non-spinning
case [16]; these are now modified by terms up to O(S2).
Graphs (c) and (d) are unique to the spinning case — for
the latter we sum over both routings of the fermion line.

From this result we seek to obtain the waveform in
spacetime in the wave zone, where the distance to the
observer |x| = r is large compared to all other lengths.
Following Ref. [16] the gauge-invariant frequency-domain
waveform 4G Sij(kµ = ⌦ (1, x̂)) is extracted from the
WQFT via

Sµ⌫(k) =
2


k2

hhµ⌫(k)iWQFT , (12)

where ⌦ is the GW frequency and x̂ = x/r points to-
wards the observer. However, it is advantageous to study
the time-domain waveform f(u, x̂) which is given by a
Fourier transform:

✏µ⌫hµ⌫ =
f(u, x̂)

r
=

4G

r

Z

⌦
e�ik·x ✏µ⌫ Sµ⌫(k)

���
kµ=⌦ ⇢µ

,

(13)

where we have contracted with a polarization tensor
✏µ⌫ = 1

2✏
µ✏⌫ ,

R
⌦ :=

R 1
�1

d⌦
2⇡ , ⇢µ = (1, x̂) and, in a PM

decomposition f =
P

n Gnf (n), we seek the 2PM compo-
nent f (2). Note that k · x = ⌦(t � r) yields the retarded
time u = t � r, and ✏ · ✏ = ✏ · ⇢ = 0.

Integration. — Our integration procedure follows
closely that used for the non-spinning calculation in
Ref. [16], the main di↵erence being that we maintain
four-dimensional Lorentz covariance. Each diagram con-
tributing to k2

hhµ⌫(k)iWQFT carries the overall factor

µ1,2(k) = ei(q1·b1+q2·b2)��(q1 · v1)�
�(q2 · v2)�

�(k � q1 � q2) .
(14)

We integrate over qi, the momentum emitted from each
worldline (see Fig. 1). When we also integrate over ⌦ —
as in Eq. (13) — the full integration measure becomes

Z

⌦,q1,q2

µ1,2(k)e�ik·x =
1

⇢ · v2

Z

q1

��(q1 · v1)e
�iq1·b̃ , (15)

where
R

qi
:=

R d4qi

(2⇡)4 ; the delta function constraints give

⌦ = q1·v2

⇢·v2

and q2 = k�q1. The shifted impact parameter

b̃µ is

b̃µ = b̃µ
2 � b̃µ

1 , b̃µ
i = bµ

i + uiv
µ
i , (16)

which extends the original impact parameter bµ = bµ
2 �

bµ
1 along the undeflected trajectories of the two bodies.

Finally, ui is the retarded time in the i’th rest frame:

ui =
⇢ · (x � bi)

⇢ · vi
, (17)

This implies ⇢ · b̃i = ⇢ · x = u, so ⇢ · b̃ = 0.
Rewriting the integral measure as in Eq. (15) is con-

venient for performing the integrals of diagrams (b)–(d),
in the rest frame of body 1. The mirrored counterparts
to these diagrams are easily recovered after integration
using the 1 $ 2 symmetry of the waveform. To inte-
grate diagram (a) we insert the partial-fraction identity
q�2
1 q�2

2 = �q�2
1 (2k ·q1)�1

�q�2
2 (2k ·q2)�1 (which is valid

for k on-shell) and focus on the first term.
The full 2PM waveform is then written schematically

as (dropping the subscript on q1)GM: fix margin
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m1m2
= 4⇡

Z

q
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e�iq·b̃

q2

✓
N (q)

q · v2 + i✏
+

M(q)

(q · v2)(q · ⇢)

◆
,

+ (1 $ 2) , (18)

the N - and M-contributions corresponding to diagrams
(b)–(d) and (a) in Fig. 1 respectively. The numerators
N (q) and M(q) have a uniform power counting in q for
each spin order:

N (q) = Nµqµ + Nµ⌫qµq⌫ + Nµ⌫⇢q
µq⌫q⇢ , (19)

M(q) = Mµ⌫qµq⌫ + Mµ⌫⇢q
µq⌫q⇢ + Mµ⌫⇢�qµq⌫q⇢q� ,

FIG. 1. The four diagram topologies contributing to the 2PM
Bremsstrahlung up to O(S2), where !i = k ·vi by energy con-
servation at the worldline vertices. For diagrams (b)–(d) we
also include the corresponding flipped topologies with massive
bodies 1$2; for diagram (d) (which includes the propagating
fermion  0µ

2 ) we also include the graph with the arrow re-
versed.

Next we consider the worldline vertices. The simplest
of these is the single-graviton emission vertex:
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= �i
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2
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,

(11)

where ��(!) := (2⇡)�(!) and we have used S
µ⌫ =

�2i ̄[µ ⌫]. The other worldline-based vertices required
for the 2PM Bremsstrahlung all appear in Fig. 1: the
two-point interaction between a graviton and a single zµ

mode in (b), the two-graviton emission vertex in (c), and
the two-point interaction between a graviton and  0µ in
(d). Full expressions for these vertices are provided in
the Supplementary Material.

Waveform from WQFT. — To describe the
Bremsstrahlung at 2PM order including spin e↵ects we
compute the expectation value k2

hhµ⌫(k)iWQFT. This
requires us to compute four kinds of Feynman graphs,
illustrated in Fig. 1. Explicit expressions for the first
two graphs (a) and (b) were given in the non-spinning
case [16]; these are now modified by terms up to O(S2).
Graphs (c) and (d) are unique to the spinning case — for
the latter we sum over both routings of the fermion line.

From this result we seek to obtain the waveform in
spacetime in the wave zone, where the distance to the
observer |x| = r is large compared to all other lengths.
Following Ref. [16] the gauge-invariant frequency-domain
waveform 4G ✏µ⌫Sµ⌫(kµ = ⌦ (1, x̂)) is extracted from the
WQFT via

Sµ⌫(k) =
2


k2

hhµ⌫(k)iWQFT , (12)

where ⌦ is the GW frequency and x̂ = x/r points to-
wards the observer. However, it is advantageous to study
the time-domain waveform f(u, x̂) which is given by a
Fourier transform:

✏µ⌫hµ⌫ =
f(u, x̂)
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=

4G
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We have contracted with a polarization tensor ✏µ⌫ =
1
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µ✏⌫ ,
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⌦ :=

R 1
�1
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2⇡ , and ⇢µ = (1, x̂); in a PM decom-

position f =
P

n Gnf (n) we seek the 2PM component
f (2). Note that k · x = ⌦(t � r) yields the retarded time
u = t � r, and ✏ · ✏ = ✏ · ⇢ = 0.

Integration. — Our integration procedure follows
closely that used for the non-spinning calculation in
Ref. [16], the main di↵erence being that we maintain
four-dimensional Lorentz covariance. Each diagram con-
tributing to k2

hhµ⌫(k)iWQFT carries the overall factor

µ1,2(k) = ei(q1·b1+q2·b2)��(q1 · v1)�
�(q2 · v2)�

�(k � q1 � q2) .
(14)

We integrate over qi, the momentum emitted from each
worldline (see Fig. 1). When we also integrate over ⌦ —
as in Eq. (13) — the full integration measure becomes

Z
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µ1,2(k)e�ik·x =
1
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Z
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��(q1 · v1)e
�iq1·b̃ , (15)

where
R

qi
:=

R d4qi

(2⇡)4 ; the delta function constraints give

⌦ = q1·v2

⇢·v2

and q2 = k�q1. The shifted impact parameter,

b̃µ = b̃µ
2 � b̃µ

1 , b̃µ
i = bµ

i + uiv
µ
i , (16)

extends the original impact parameter bµ = bµ
2 �bµ

1 along
the undeflected trajectories of the two bodies. Finally, ui

is the retarded time in the i’th rest frame:

ui =
⇢ · (x � bi)

⇢ · vi
, (17)

This implies ⇢ · b̃i = ⇢ · x = u, so ⇢ · b̃ = 0.
Rewriting the integral measure as in Eq. (15) is con-

venient for performing the integrals of diagrams (b)–(d),
in the rest frame of body 1. The mirrored counterparts
to these diagrams are easily recovered after integration
using the 1 $ 2 symmetry of the waveform. To inte-
grate diagram (a) we insert the partial-fraction identity
q�2
1 q�2

2 = �q�2
1 (2k ·q1)�1

�q�2
2 (2k ·q2)�1 (which is valid

for k on-shell) and focus on the first term.
The full 2PM waveform is then written schematically

as (dropping the subscript on q1)
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m1m2
= 4⇡
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e�iq·b̃

q2

✓
N (q)

q · v2 + i✏
+

M(q)

(q · v2)(q · ⇢)
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,

+ (1 $ 2) , (18)

the N - and M-contributions corresponding to diagrams
(b)–(d) and (a) in Fig. 1 respectively. The numerators

4

N (q) and M(q) have a uniform power counting in q for
each spin order:

N (q) = Nµqµ + Nµ⌫qµq⌫ + Nµ⌫⇢q
µq⌫q⇢ , (19)

M(q) = Mµ⌫qµq⌫ + Mµ⌫⇢q
µq⌫q⇢ + Mµ⌫⇢�qµq⌫q⇢q� ,

and the non-spinning result involves only Nµ and Mµ⌫ .
We present full expressions for N and M in the ancillary
file attached to the arXiv submission of this Letter.

To lowest order in qµ, the first integral in eq. (18) is

4⇡

Z

q
��(q · v1)

e�iq·b̃

q2

qµ

q · v2 + i✏

=
Pµ⌫
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|b|2
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�2 � 1
+

u2

|b̃|1

!
,

(20)

where Pµ⌫
i := ⌘µ⌫

�vµ
i v⌫

i is a projector into the rest frame
of the i’th body, |b| = �

p
bµbµ (the impact parameter is

spacelike) and

|b̃|1,2 :=
q

�b̃µPµ⌫
1,2 b̃⌫ =

q
|b|2 + (�2 � 1)u2

2,1 (21)

are the lengths of the shifted impact parameter b̃µ (16)
in the two rest frames. The second integral in eq. (18) is

4⇡

Z

q
��(q · v1)

e�iq·b̃

q2

qµq⌫

q · v2 q · ⇢
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Kµ⌫

1 v2 · K1 · ⇢ � 2(v2 · K1)(µ(⇢ · K1)⌫)

(�2 � 1) (⇢ · v1)2 |b|2 |b̃|2 |b̃|1

,

(22)

where we have introduced the symmetric tensor

Kµ⌫
i := Pµ⌫

i |b̃|
2
i + (Pi · b̃)µ(Pi · b̃)⌫ , (23)

with the property that Kµ⌫
i vi,⌫ = Kµ⌫

i b̃⌫ = 0. Both
integrals are derived in the Supplementary Material; one
generalizes to higher powers of qµ in the numerators by
taking derivatives with respect to b̃µ.

Results. — The 2PM waveform takes the schematic
form

f (2)

m1m2
=

2X

s=0

1

|b̃|
2s+1
1

"
↵(s)

1 +
�(s)

1

|b̃|2s+2

#
+ (1 $ 2) , (24)

where the coe�cients ↵(s)
i , �(s)

i , provided in the ancillary
file, are associated with the N - and M-type contribu-
tions in Eq. (18) respectively; they are functions of ui,
bµ, vµ

i , ⇢µ, and S
µ⌫
i and bi-linear in ✏µ. The waveform f

is invariant under the SUSY transformations in Eq. (8)
to quadratic order in spin regardless of the values of CE,i.
To see this we expand the waveform at all PM orders in
powers of spin:

f = f0+
2X

i=1

Si,µ⌫fµ⌫
i +

2X

i,j=1

Si,µ⌫Sj,⇢�fµ⌫;⇢�
ij + O(S3) ,

(25)
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where the non-spinning result involves only Nµ and Mµ⌫ .
We present full expressions for N and M in the ancillary
file attached to the arXiv submission of this Letter.

To lowest order in qµ, the first integral in eq. (18) is
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where Pµ⌫
i := ⌘µ⌫

� vµ
i v⌫

i is a projector into the rest
frame of the i’th body; b2 = |b|2 = �bµbµ (the impact
parameter is spacelike) and

|b̃|1,2 :=
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1,2 b̃⌫ =
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are the lengths of the shifted impact parameter b̃µ (16)
in the two rest frames. The second integral in eq. (18) is
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where we have introduced the symmetric tensor

Kµ⌫
i := Pµ⌫

i |b̃|
2
i + (Pi · b̃)µ(Pi · b̃)⌫ , (23)

with the property that Kµ⌫
i vi,⌫ = Kµ⌫

i b̃⌫ = 0. Both inte-
grals are derived in the Supplementary Material; versions
with higher powers of qµ in the numerators are derived
by taking derivatives with respect to b̃µ.

Results. — The 2PM waveform takes the schematic
form
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where the coe�cients ↵(s)
i , �(s)

i are associated with the
N - and M-type contributions in Eq. (18) respectively;
they are functions of b, ui, vi, ⇢ and Si and bi-linear
in ✏. In the Kerr-BH case (CE,i = 0) the waveform f
is invariant under the SUSY transformations in Eq. (8):
For this we expand the waveform at any PM order in
powers of spin

f = f0+
2X

i=1

Si,µ⌫fµ⌫
i +

2X

i,j=1

Si,µ⌫Sj,⇢� + O(S3) (25)

where SUSY links higher-spin terms to lower ones
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@bi,⌫
= vi,µ f [µ⌫]

i ,
1

4

@fµ⌫
i

@bj,⇢
= vj,� fµ⌫;[⇢�]

ij . (26)

To illustrate the waveform we consider the gravita-
tional wave memory �f(x̂) := f(+1, x̂) � f(�1, x̂).
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FIG. 2. Total radiated angular momenta for the scattering of
two Kerr-BHs with v = 0.2 as a function of the angle between
the total initial spins a3 = a1 + a2 and b (with ai · vi =
0) for a range of ratios |a3|/|b|. We show the normalized
ratio of angular momenta emitted orthogonal to the b,v plane
(left plot) and in the b direction (right plot), normalization
is w.r.t. angular momentum emitted in the spin-less.

The constant spin tensors are decomposed in terms of
the Pauli-Lubanski vectors aµ

i as S
µ⌫
i = ✏µ⌫

⇢�v⇢
i a�

i ; they
satisfy ai · vi = 0. In the aligned-spin case where
ai · b = ai · vj = 0, i.e. the spin vectors are orthogo-

nal to the plane of scattering. Writing li =
p

�a2
i the

wave memory is proportional to the non-spinning result:
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where we have introduced aµ
3 = aµ

1 + aµ
2 with length

|a3|. For two Kerr black holes (CE,i = 0) with equal-
and-opposite spins (aµ

1 = �aµ
2 ) the result is the same as

the non-spinning; we observe this also when the spins are
mis-aligned to the plane of scattering.

There is also a 1PM (non-radiating) contribution to
the waveform consisting of single-graviton emission from
either massive body:

f (1)(x̂) =
2m1

⇢ · v1
(✏ · v1)

2 +
2m2

⇢ · v2
(✏ · v2)

2 . (28)

At 1PM order there is manifestly no dependence on either
the spins S

µ⌫
i or impact parameters bµ

i , so the SUSY
identities in Eq. (26) are trivially satisfied.

Finally, the wave memory and 1PM part of the wave-
form contribute to the total radiated angular momentum
J rad

ij . Using three-dimensional Cartesian basis vectors êi,
we choose a frame of reference with the initial velocities
vµ

i restricted to the t–x plane; b = b ê2 is orthogonal to
these. Then we find two non-zero components of J rad

ij :

FIG. 2. Total radiated angular momenta for the scattering of
two Kerr-BHs with v = 0.2 as a function of the angle between
the total initial spins a3 = a1 + a2 and b (with ai · vi =
0) for a range of ratios |a3|/|b|. We show the normalized
ratio of angular momenta emitted orthogonal to the b,v plane
(left plot) and in the b direction (right plot), normalization
is w.r.t. angular momentum emitted in the spinless case.

where fµ⌫
i and fµ⌫;⇢�

ij are defined modulo terms that van-
ish on support of vi,µS

µ⌫
i = 0. The SUSY links higher-

spin to lower-spin terms:
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and these identities are satisfied by the waveform (24).
To illustrate the waveform we consider the gravita-

tional wave memory �f(x̂) := f(+1, x̂) � f(�1, x̂).
The constant spin tensors are decomposed in terms of
the Pauli-Lubanski vectors aµ

i as S
µ⌫
i = ✏µ⌫

⇢�v⇢
i a�

i , the
latter satisfying ai · vi = 0. In the aligned-spin case
ai · b = ai · vj = 0, i.e. the spin vectors are orthogo-

nal to the plane of scattering. Writing |ai| =
p

�a2
i the

wave memory is then proportional to the non-spinning
result:

�f (2) =

 
1 +

2v|a3|

b(1 + v2)
+

|a3|
2

|b|2
�

2X

i=1

CE,i|ai|
2

|b|2

!
�f (2)

S=0,

�f (2)
S=0

m1m2
=

4(2�2
� 1)✏ · v1(2b · ✏ ⇢ · v1 � b · ⇢ ✏ · v1)

|b|2
p

�2 � 1(⇢ · v1)2

+ (1 $ 2) , (27)

where aµ
3 = aµ

1 +aµ
2 . For two Kerr black holes (CE,i = 0)

with equal-and-opposite spins (aµ
1 = �aµ

2 ) we see that

�f (2) = �f (2)
S=0, which we observe also when the spins

are mis-aligned to the plane of scattering.
There is also a 1PM (non-radiating) contribution to

the waveform consisting of single-graviton emission from
either massive body:

f (1)(x̂) =
2m1

⇢ · v1
(✏ · v1)

2 +
2m2

⇢ · v2
(✏ · v2)

2 . (28)

At 1PM order there is manifestly no dependence on either
the spins S

µ⌫
i or impact parameters bµ

i , so the SUSY
identities in Eq. (26) are trivially satisfied.

Finally, the wave memory and 1PM part of the wave-
form contribute to the total radiated angular momentum

5

FIG. 2. Plots of the wave memories �f+,⇥ for v = 0.2. For a
visualisation of the complete waveforms as they evolve with
retarded time u see f+(u, ✓, �)|v=0.2 and f⇥(u, ✓, �)|v=0.2.

beauty of our result (26) lies in the fact that the memo-
ries only receive contributions from the second term, and
read

�f+,⇥ = �2G2m1m2

bi
N

i
+,⇥

b2
+ O(G3) . (28)

Diagrammatically they exclusively emerge from diagram
(b) of Fig. 1. So they are manifestly insensitive to grav-
itational self-interactions — this was also pointed out in
Ref. [22].

Radiated Energy and Angular Momentum. — One
may now use our result for the waveform (26) to com-
pute the total radiated momentum and angular momen-
tum. Expressions for these quantities in terms of the
asymptotic waveform are given in Refs. [22, 33]:

Pµ
rad

=
1

32⇡G

Z
dud�[ḟij ]

2⇢µ , (29)

J rad

ij =
1

8⇡G

Z
dud�

✓
fk[iḟj]k �

1

2
x[i@j]fklḟkl

◆
, (30)

where ḟij := @ufij and d� = sin ✓d✓d� is the unit sphere
measure.

We first concentrate on J rad

ij as it contributes at lead-
ing order O(G2) and was recently obtained in the center-

of-mass frame [22]. The static nature of f (1)

ij (27) allows
one to trivially perform the u-integration and express the
radiated angular momentum in terms of the wave mem-
ories �f+,⇥. Inserting the basis of polarization tensors

(15) (and using f (1)

⇥ = 0) gives

J rad

xy =
1

8⇡

Z
d�

h sin �

sin ✓
f (1)

+
�f⇥ �

1

2
cos � @✓f

(1)

+
�f+

i

+ O(G3) . (31)

The spherical integral is elementary and yields

J rad

xy

J init
xy

=
4G2m1m2

b2

(2�2
� 1)p

�2 � 1
I(v) + O(G3) , (32a)

I(v) = �
8

3
+

1

v2
+

(3v2
� 1)

v3
arctanh(v) , (32b)

where we have normalized our result with respect to the
initial angular momentum in the rest frame of black hole

1: J init

xy = m2|v2||b| = m2�vb. We find perfect agree-
ment with Ref. [22].3

Similarly, Pµ
rad

of Eq. (29) should reproduce the recent
result of Ref. [30] contributing at O(G3). So far we have
only been able to perform the integral in the PN expan-
sion recovering the result of Ref. [30] to order v6. Yet it is
straightforward to obtain di↵erential quantities derived
from the integrand of Eq. (29). The di↵erential power
spectrum (total energy radiated per unit frequency) as
well as the total energy radiated per unit solid angle are
collected in the supplementary material to this letter.
These results go well beyond Kovacs and Thorne [4] and
may be expanded to any desired order in v.

Conclusions. — Searching for GWs from scattering
events over the full range of impact velocities requires
precision predictions in the PM approximation. While
the potential and radiation of bound systems was calcu-
lated to high PN order [34] (see Refs. [35] for spinning
bodies), a resummation of PN results in the strong-field
and fast-motion regimes is essential for building accu-
rate waveform models [8]. The PM resummation is one
promising recent attempt [21, 36, 37].

Our results provide a stepping stone for higher-order
calculations, where a repertoire of advanced integration
techniques can be put to use [17, 24, 30, 38]. In fact the
3PM integrand has essentially been presented in Ref. [29].
The present challenge lies in the multi-scale integrals,
which despite their tree-level structure are of higher loop
three-momentum type as the worldline only preserves en-
ergy. Generalizations to spin and finite-size e↵ects are
possible and lead to the same families of integrations at
2PM. Also the extensions to bound systems using map-
pings between bound and unbound orbits [24, 39] would
be of great utility.
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SUPPLEMENTAL MATERIAL

Integrals. — We begin with the simpler integral in
Eq. (22), corresponding to diagram (b) in Fig. 1. Work-
ing in Cartesian components with b = (b1, b2, b3) (in the

main text we replace b ! eb) and q = (q1, q2, q3) it is
su�cient to show

Z

q
eiq·b q2

q2(q1 � i✏)
= �

b2

4⇡(b2 � b2

1
)

✓
1 +

b1

|b|

◆
. (33)

3 As the two frames are related by a boost in the x direction this
implies that Jrad

0y = 0 in both frames.

Our NLO result reproduces [Kovacs,Thorne ’75] obtained with traditional
GR techniques in 4 long papers
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FIG. 1. The four diagram topologies contributing to the 2PM
Bremsstrahlung up to O(S2), where !i = k ·vi by energy con-
servation at the worldline vertices. For diagrams (b)–(d) we
also include the corresponding flipped topologies with massive
bodies 1$2; for diagram (d) (which includes the propagating
fermion  0µ

2 ) we also include the graph with the arrow re-
versed.

where ��(!) := (2⇡)�(!) and we have used S
µ⌫ =

�2i ̄[µ ⌫]. The other worldline-based vertices required
for the 2PM Bremsstrahlung all appear in Fig. 1: the
two-point interaction between a graviton and a single zµ

mode in (b), the two-graviton emission vertex in (c), and
the two-point interaction between a graviton and  0µ in
(d). Full expressions for these vertices are provided in
the Supplementary Material.

Waveform from WQFT. — To describe the
Bremsstrahlung at 2PM order including spin e↵ects we
compute the expectation value k2

hhµ⌫(k)iWQFT. This
requires us to compute four kinds of Feynman graphs,
illustrated in Fig. 1. Explicit expressions for the first
two graphs (a) and (b) were given in the non-spinning
case [16]; these are now modified by terms up to O(S2).
Graphs (c) and (d) are unique to the spinning case — for
the latter we sum over both routings of the fermion line.

From this result we seek to obtain the waveform in
spacetime in the wave zone, where the distance to the
observer |x| = r is large compared to all other lengths.
Following Ref. [16] the gauge-invariant frequency-domain
waveform 4G Sij(kµ = ⌦ (1, x̂)) is extracted from the
WQFT via

Sµ⌫(k) =
2


k2

hhµ⌫(k)iWQFT , (12)

where ⌦ is the GW frequency and x̂ = x/r points to-
wards the observer. However, it is advantageous to study
the time-domain waveform f(u, x̂) which is given by a
Fourier transform:

✏µ⌫hµ⌫ =
f(u, x̂)

r
=

4G

r

Z

⌦
e�ik·x ✏µ⌫ Sµ⌫(k)

���
kµ=⌦ ⇢µ

,

(13)

where we have contracted with a polarization tensor
✏µ⌫ = 1

2✏
µ✏⌫ ,

R
⌦ :=

R 1
�1

d⌦
2⇡ , ⇢µ = (1, x̂) and, in a PM

decomposition f =
P

n Gnf (n), we seek the 2PM compo-
nent f (2). Note that k · x = ⌦(t � r) yields the retarded
time u = t � r, and ✏ · ✏ = ✏ · ⇢ = 0.

Integration. — Our integration procedure follows
closely that used for the non-spinning calculation in
Ref. [16], the main di↵erence being that we maintain
four-dimensional Lorentz covariance. Each diagram con-
tributing to k2

hhµ⌫(k)iWQFT carries the overall factor

µ1,2(k) = ei(q1·b1+q2·b2)��(q1 · v1)�
�(q2 · v2)�

�(k � q1 � q2) .
(14)

We integrate over qi, the momentum emitted from each
worldline (see Fig. 1). When we also integrate over ⌦ —
as in Eq. (13) — the full integration measure becomes

Z

⌦,q1,q2

µ1,2(k)e�ik·x =
1

⇢ · v2

Z

q1

��(q1 · v1)e
�iq1·b̃ , (15)

where
R

qi
:=

R d4qi

(2⇡)4 ; the delta function constraints give

⌦ = q1·v2

⇢·v2

and q2 = k�q1. The shifted impact parameter

b̃µ is

b̃µ = b̃µ
2 � b̃µ

1 , b̃µ
i = bµ

i + uiv
µ
i , (16)

which extends the original impact parameter bµ = bµ
2 �

bµ
1 along the undeflected trajectories of the two bodies.

Finally, ui is the retarded time in the i’th rest frame:

ui =
⇢ · (x � bi)

⇢ · vi
, (17)

This implies ⇢ · b̃i = ⇢ · x = u, so ⇢ · b̃ = 0.
Rewriting the integral measure as in Eq. (15) is con-

venient for performing the integrals of diagrams (b)–(d),
in the rest frame of body 1. The mirrored counterparts
to these diagrams are easily recovered after integration
using the 1 $ 2 symmetry of the waveform. To inte-
grate diagram (a) we insert the partial-fraction identity
q�2
1 q�2

2 = �q�2
1 (2k ·q1)�1

�q�2
2 (2k ·q2)�1 (which is valid

for k on-shell) and focus on the first term.
The full 2PM waveform is then written schematically

as (dropping the subscript on q1)GM: fix margin

f (2)
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= 4⇡
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q
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✓
N (q)

q · v2 + i✏
+

M(q)

(q · v2)(q · ⇢)

◆
,

+ (1 $ 2) , (18)

the N - and M-contributions corresponding to diagrams
(b)–(d) and (a) in Fig. 1 respectively. The numerators
N (q) and M(q) have a uniform power counting in q for
each spin order:

N (q) = Nµqµ + Nµ⌫qµq⌫ + Nµ⌫⇢q
µq⌫q⇢ , (19)

M(q) = Mµ⌫qµq⌫ + Mµ⌫⇢q
µq⌫q⇢ + Mµ⌫⇢�qµq⌫q⇢q� ,

FIG. 1. The four diagram topologies contributing to the 2PM
Bremsstrahlung up to O(S2), where !i = k ·vi by energy con-
servation at the worldline vertices. For diagrams (b)–(d) we
also include the corresponding flipped topologies with massive
bodies 1$2; for diagram (d) (which includes the propagating
fermion  0µ

2 ) we also include the graph with the arrow re-
versed.

Next we consider the worldline vertices. The simplest
of these is the single-graviton emission vertex:

hµ⌫(k)

= �i
m

2
eik·b��(k · v)

✓
vµv⌫ + ik⇢S
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1

2
k⇢k�S

⇢µ
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CE
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vµv⌫(k · S · S · k)

◆
,

(11)

where ��(!) := (2⇡)�(!) and we have used S
µ⌫ =

�2i ̄[µ ⌫]. The other worldline-based vertices required
for the 2PM Bremsstrahlung all appear in Fig. 1: the
two-point interaction between a graviton and a single zµ

mode in (b), the two-graviton emission vertex in (c), and
the two-point interaction between a graviton and  0µ in
(d). Full expressions for these vertices are provided in
the Supplementary Material.

Waveform from WQFT. — To describe the
Bremsstrahlung at 2PM order including spin e↵ects we
compute the expectation value k2

hhµ⌫(k)iWQFT. This
requires us to compute four kinds of Feynman graphs,
illustrated in Fig. 1. Explicit expressions for the first
two graphs (a) and (b) were given in the non-spinning
case [16]; these are now modified by terms up to O(S2).
Graphs (c) and (d) are unique to the spinning case — for
the latter we sum over both routings of the fermion line.

From this result we seek to obtain the waveform in
spacetime in the wave zone, where the distance to the
observer |x| = r is large compared to all other lengths.
Following Ref. [16] the gauge-invariant frequency-domain
waveform 4G ✏µ⌫Sµ⌫(kµ = ⌦ (1, x̂)) is extracted from the
WQFT via

Sµ⌫(k) =
2


k2

hhµ⌫(k)iWQFT , (12)

where ⌦ is the GW frequency and x̂ = x/r points to-
wards the observer. However, it is advantageous to study
the time-domain waveform f(u, x̂) which is given by a
Fourier transform:

✏µ⌫hµ⌫ =
f(u, x̂)

r
=

4G

r

Z
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(13)
We have contracted with a polarization tensor ✏µ⌫ =
1
2✏

µ✏⌫ ,
R
⌦ :=

R 1
�1

d⌦
2⇡ , and ⇢µ = (1, x̂); in a PM decom-

position f =
P

n Gnf (n) we seek the 2PM component
f (2). Note that k · x = ⌦(t � r) yields the retarded time
u = t � r, and ✏ · ✏ = ✏ · ⇢ = 0.

Integration. — Our integration procedure follows
closely that used for the non-spinning calculation in
Ref. [16], the main di↵erence being that we maintain
four-dimensional Lorentz covariance. Each diagram con-
tributing to k2

hhµ⌫(k)iWQFT carries the overall factor

µ1,2(k) = ei(q1·b1+q2·b2)��(q1 · v1)�
�(q2 · v2)�

�(k � q1 � q2) .
(14)

We integrate over qi, the momentum emitted from each
worldline (see Fig. 1). When we also integrate over ⌦ —
as in Eq. (13) — the full integration measure becomes

Z

⌦,q1,q2

µ1,2(k)e�ik·x =
1

⇢ · v2

Z

q1

��(q1 · v1)e
�iq1·b̃ , (15)

where
R

qi
:=

R d4qi

(2⇡)4 ; the delta function constraints give

⌦ = q1·v2

⇢·v2

and q2 = k�q1. The shifted impact parameter,

b̃µ = b̃µ
2 � b̃µ

1 , b̃µ
i = bµ

i + uiv
µ
i , (16)

extends the original impact parameter bµ = bµ
2 �bµ

1 along
the undeflected trajectories of the two bodies. Finally, ui

is the retarded time in the i’th rest frame:

ui =
⇢ · (x � bi)

⇢ · vi
, (17)

This implies ⇢ · b̃i = ⇢ · x = u, so ⇢ · b̃ = 0.
Rewriting the integral measure as in Eq. (15) is con-

venient for performing the integrals of diagrams (b)–(d),
in the rest frame of body 1. The mirrored counterparts
to these diagrams are easily recovered after integration
using the 1 $ 2 symmetry of the waveform. To inte-
grate diagram (a) we insert the partial-fraction identity
q�2
1 q�2

2 = �q�2
1 (2k ·q1)�1

�q�2
2 (2k ·q2)�1 (which is valid

for k on-shell) and focus on the first term.
The full 2PM waveform is then written schematically

as (dropping the subscript on q1)

f (2)

m1m2
= 4⇡

Z

q
��(q · v1)

e�iq·b̃

q2

✓
N (q)

q · v2 + i✏
+

M(q)

(q · v2)(q · ⇢)

◆
,

+ (1 $ 2) , (18)

the N - and M-contributions corresponding to diagrams
(b)–(d) and (a) in Fig. 1 respectively. The numerators
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FIG. 1. The four diagram topologies contributing to the 2PM
Bremsstrahlung up to O(S

2
), where !i = k ·vi by energy con-

servation at the worldline vertices. For diagrams (b)–(d) we
also include the corresponding flipped topologies with massive
bodies 1$2; for diagram (d) (which includes the propagating
fermion  

0µ
2 ) we also include the graph with the arrow re-

versed.

where ��(!) := (2⇡)�(!) and we have used Sµ⌫ =
�2i ̄[µ ⌫]. The other worldline-based vertices required
for the 2PM Bremsstrahlung all appear in Fig. 1: the
two-point interaction between a graviton and a single zµ

mode in (b), the two-graviton emission vertex in (c), and
the two-point interaction between a graviton and  0µ

in
(d). Full expressions for these vertices are provided in
the Supplementary Material.

Waveform from WQFT. — To describe the
Bremsstrahlung at 2PM order including spin e↵ects we
compute the expectation value k2hhµ⌫(k)iWQFT. This
requires us to compute four kinds of Feynman graphs,
illustrated in Fig. 1. Explicit expressions for the first
two graphs (a) and (b) were given in the non-spinning
case [16]; these are now modified by terms up to O(S2).
Graphs (c) and (d) are unique to the spinning case — for
the latter we sum over both routings of the fermion line.

From this result we seek to obtain the waveform in
spacetime in the wave zone, where the distance to the
observer |x| = r is large compared to all other lengths.
Following Ref. [16] the gauge-invariant frequency-domain
waveform 4G Sij(kµ = ⌦ (1, x̂)) is extracted from the
WQFT via

Sµ⌫(k) =
2


k

2
hhµ⌫(k)iWQFT , (12)

where ⌦ is the GW frequency and x̂ = x/r points to-
wards the observer. However, it is advantageous to study
the time-domain waveform f(u, x̂) which is given by a
Fourier transform:
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f(u, x̂)
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where we have contracted with a polarization tensor
✏µ⌫ =

1
2✏µ✏⌫ ,

R
⌦ :=

R 1
�1

d⌦
2⇡ , ⇢µ = (1, x̂) and, in a PM

decomposition f =
P

n Gnf (n), we seek the 2PM compo-
nent f (2). Note that k · x = ⌦(t � r) yields the retarded
time u = t � r, and ✏ · ✏ = ✏ · ⇢ = 0.

Integration. — Our integration procedure follows
closely that used for the non-spinning calculation in
Ref. [16], the main di↵erence being that we maintain
four-dimensional Lorentz covariance. Each diagram con-
tributing to k2hhµ⌫(k)iWQFT carries the overall factor

µ1,2(k) = e
i(q1·b1+q2·b2)��(q1 · v1)��(q2 · v2)��(k � q1 � q2) .

(14)
We integrate over qi, the momentum emitted from each
worldline (see Fig. 1). When we also integrate over ⌦ —
as in Eq. (13) — the full integration measure becomes
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Finally, ui is the retarded time in the i’th rest frame:
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, (17)

This implies ⇢ · b̃i = ⇢ · x = u, so ⇢ · b̃ = 0.
Rewriting the integral measure as in Eq. (15) is con-

venient for performing the integrals of diagrams (b)–(d),
in the rest frame of body 1. The mirrored counterparts
to these diagrams are easily recovered after integration
using the 1 $ 2 symmetry of the waveform. To inte-
grate diagram (a) we insert the partial-fraction identity
q�2
1 q�2

2 = �q�2
1 (2k ·q1)�1 �q�2

2 (2k ·q2)�1 (which is valid
for k on-shell) and focus on the first term.

The full 2PM waveform is then written schematically
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the N - and M-contributions corresponding to diagrams
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fermion  

0µ
2 ) we also include the graph with the arrow re-

versed.
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where ��(!) := (2⇡)�(!) and we have used Sµ⌫ =
�2i ̄[µ ⌫]. The other worldline-based vertices required
for the 2PM Bremsstrahlung all appear in Fig. 1: the
two-point interaction between a graviton and a single zµ

mode in (b), the two-graviton emission vertex in (c), and
the two-point interaction between a graviton and  0µ

in
(d). Full expressions for these vertices are provided in
the Supplementary Material.
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where ⌦ is the GW frequency and x̂ = x/r points to-
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We integrate over qi, the momentum emitted from each
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as in Eq. (13) — the full integration measure becomes

Z

⌦,q1,q2

µ1,2(k)e�ik·x =
1

⇢ · v2

Z

q1

��(q1 · v1)e�iq1·b̃ , (15)

where
R

qi :=
R d

4
qi

(2⇡)
4 ; the delta function constraints give

⌦ =
q1·v2

⇢·v2 and q2 = k�q1. The shifted impact parameter,

b̃
µ

= b̃
µ
2 � b̃

µ
1 , b̃

µ
i = b

µ
i + uiv

µ
i , (16)
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µ
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µ
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the undeflected trajectories of the two bodies. Finally, ui

is the retarded time in the i’th rest frame:
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This implies ⇢ · b̃i = ⇢ · x = u, so ⇢ · b̃ = 0.
Rewriting the integral measure as in Eq. (15) is con-
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the N - and M-contributions corresponding to diagrams
(b)–(d) and (a) in Fig. 1 respectively. The numerators
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FIG. 1. The three diagrams contributing to the
Bremsstrahlung at 2PM order, where !i = k·vi by energy con-
servation at the worldline vertices. All three diagrams have
the integral measure in Eq. (16); in the rest frame of black
hole 1 diagram (a) does not contribute as soon as the outgo-
ing graviton is contracted with a purely spatial polarization
tensor.

these waveforms we furthermore reproduce Damour’s re-
cent result for the total radiated angular momentum [22]
at 2PM order. Our results also complement the recent
result of the total radiated momentum at leading order in
G (3PM) established with amplitude techniques [30]. We
comment on how to achieve this result from our methods.

Worldline Quantum Field Theory. — The classical
gravitational scattering of two massive objects mi mov-
ing on trajectories xµ
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i ẋ⌫
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with 2 = 32⇡G the gravitational coupling; we have sup-
pressed the ghost contributions in Eq. (1) as they are ir-
relevant in the classical setting. We work in mostly minus
signature, ⌘µ⌫ = diag(1, �1, �1, �1), and set c = ~ = 1.

Correlation functions in the WQFT hO(h, {xi})iWQFT

result from an insertion of the operator O in the path
integral and dividing by ZWQFT. Moving to momentum
space for the graviton hµ⌫(k) and energy space for the
fluctuations zµ(!) we have the retarded propagators
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The energy ! is also taken as outgoing. One also has the
standard bulk graviton vertices, of which we shall need
only the three-graviton vertex — see e.g. Ref. [31].

To determine the Bremsstrahlung of two travers-
ing black holes we compute the expectation value
k2

hhµ⌫(k)iWQFT. At leading (2PM) order there are three
diagrams contributing, cp. Fig. 1. We integrate over the
momenta or energies of internal gravitons or fluctuations
respectively; lack of three-momentum conservation at the
worldline vertices leaves unresolved integrals for the tree-
level diagrams.

Diagram (a) of Fig. 1 then takes the form1
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1 In principle we should also contract with Pµ⌫;⇢� for an outgo-
ing graviton line; however as the polarization tensors eµ⌫

+,⇥ are
traceless we find it unnecessary.
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relevant in the classical setting. We work in mostly minus
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The energy ! is also taken as outgoing. One also has the
standard bulk graviton vertices, of which we shall need
only the three-graviton vertex — see e.g. Ref. [31].
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The energy ! is also taken as outgoing. One also has the
standard bulk graviton vertices, of which we shall need
only the three-graviton vertex — see e.g. Ref. [31].

To determine the Bremsstrahlung of two travers-
ing black holes we compute the expectation value
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diagrams contributing, cp. Fig. 1. We integrate over the
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standard bulk graviton vertices, of which we shall need
only the three-graviton vertex — see e.g. Ref. [31].

To determine the Bremsstrahlung of two travers-
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servation at the worldline vertices. All three diagrams have
the integral measure in Eq. (16); in the rest frame of black
hole 1 diagram (a) does not contribute as soon as the outgo-
ing graviton is contracted with a purely spatial polarization
tensor.

these waveforms we furthermore reproduce Damour’s re-
cent result for the total radiated angular momentum [22]
at 2PM order. Our results also complement the recent
result of the total radiated momentum at leading order in
G (3PM) established with amplitude techniques [30]. We
comment on how to achieve this result from our methods.

Worldline Quantum Field Theory. — The classical
gravitational scattering of two massive objects mi mov-
ing on trajectories xµ
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with 2 = 32⇡G the gravitational coupling; we have sup-
pressed the ghost contributions in Eq. (1) as they are ir-
relevant in the classical setting. We work in mostly minus
signature, ⌘µ⌫ = diag(1, �1, �1, �1), and set c = ~ = 1.

Correlation functions in the WQFT hO(h, {xi})iWQFT

result from an insertion of the operator O in the path
integral and dividing by ZWQFT. Moving to momentum
space for the graviton hµ⌫(k) and energy space for the
fluctuations zµ(!) we have the retarded propagators
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The energy ! is also taken as outgoing. One also has the
standard bulk graviton vertices, of which we shall need
only the three-graviton vertex — see e.g. Ref. [31].

To determine the Bremsstrahlung of two travers-
ing black holes we compute the expectation value
k2

hhµ⌫(k)iWQFT. At leading (2PM) order there are three
diagrams contributing, cp. Fig. 1. We integrate over the
momenta or energies of internal gravitons or fluctuations
respectively; lack of three-momentum conservation at the
worldline vertices leaves unresolved integrals for the tree-
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ing graviton line; however as the polarization tensors eµ⌫

+,⇥ are
traceless we find it unnecessary.
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standard bulk graviton vertices, of which we shall need
only the three-graviton vertex — see e.g. Ref. [31].

To determine the Bremsstrahlung of two travers-
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N (q) and M(q) have a uniform power counting in q for
each spin order:

N (q) = Nµqµ + Nµ⌫qµq⌫ + Nµ⌫⇢q
µq⌫q⇢ , (19)

M(q) = Mµ⌫qµq⌫ + Mµ⌫⇢q
µq⌫q⇢ + Mµ⌫⇢�qµq⌫q⇢q� ,

and the non-spinning result involves only Nµ and Mµ⌫ .
We present full expressions for N and M in the ancillary
file attached to the arXiv submission of this Letter.

To lowest order in qµ, the first integral in eq. (18) is
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where Pµ⌫
i := ⌘µ⌫

�vµ
i v⌫

i is a projector into the rest frame
of the i’th body, |b| = �
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bµbµ (the impact parameter is
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are the lengths of the shifted impact parameter b̃µ (16)
in the two rest frames. The second integral in eq. (18) is
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where we have introduced the symmetric tensor

Kµ⌫
i := Pµ⌫

i |b̃|
2
i + (Pi · b̃)µ(Pi · b̃)⌫ , (23)

with the property that Kµ⌫
i vi,⌫ = Kµ⌫

i b̃⌫ = 0. Both
integrals are derived in the Supplementary Material; one
generalizes to higher powers of qµ in the numerators by
taking derivatives with respect to b̃µ.

Results. — The 2PM waveform takes the schematic
form
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where the coe�cients ↵(s)
i , �(s)

i , provided in the ancillary
file, are associated with the N - and M-type contribu-
tions in Eq. (18) respectively; they are functions of ui,
bµ, vµ

i , ⇢µ, and S
µ⌫
i and bi-linear in ✏µ. The waveform f

is invariant under the SUSY transformations in Eq. (8)
to quadratic order in spin regardless of the values of CE,i.
To see this we expand the waveform at all PM orders in
powers of spin:
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i are associated with the
N - and M-type contributions in Eq. (18) respectively;
they are functions of b, ui, vi, ⇢ and Si and bi-linear
in ✏. In the Kerr-BH case (CE,i = 0) the waveform f
is invariant under the SUSY transformations in Eq. (8):
For this we expand the waveform at any PM order in
powers of spin
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where SUSY links higher-spin terms to lower ones
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To illustrate the waveform we consider the gravita-
tional wave memory �f(x̂) := f(+1, x̂) � f(�1, x̂).
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FIG. 2. Total radiated angular momenta for the scattering of
two Kerr-BHs with v = 0.2 as a function of the angle between
the total initial spins a3 = a1 + a2 and b (with ai · vi =
0) for a range of ratios |a3|/|b|. We show the normalized
ratio of angular momenta emitted orthogonal to the b,v plane
(left plot) and in the b direction (right plot), normalization
is w.r.t. angular momentum emitted in the spin-less.

The constant spin tensors are decomposed in terms of
the Pauli-Lubanski vectors aµ

i as S
µ⌫
i = ✏µ⌫

⇢�v⇢
i a�

i ; they
satisfy ai · vi = 0. In the aligned-spin case where
ai · b = ai · vj = 0, i.e. the spin vectors are orthogo-

nal to the plane of scattering. Writing li =
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�a2
i the

wave memory is proportional to the non-spinning result:
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where we have introduced aµ
3 = aµ

1 + aµ
2 with length

|a3|. For two Kerr black holes (CE,i = 0) with equal-
and-opposite spins (aµ

1 = �aµ
2 ) the result is the same as

the non-spinning; we observe this also when the spins are
mis-aligned to the plane of scattering.

There is also a 1PM (non-radiating) contribution to
the waveform consisting of single-graviton emission from
either massive body:

f (1)(x̂) =
2m1

⇢ · v1
(✏ · v1)

2 +
2m2

⇢ · v2
(✏ · v2)

2 . (28)

At 1PM order there is manifestly no dependence on either
the spins S

µ⌫
i or impact parameters bµ

i , so the SUSY
identities in Eq. (26) are trivially satisfied.

Finally, the wave memory and 1PM part of the wave-
form contribute to the total radiated angular momentum
J rad

ij . Using three-dimensional Cartesian basis vectors êi,
we choose a frame of reference with the initial velocities
vµ

i restricted to the t–x plane; b = b ê2 is orthogonal to
these. Then we find two non-zero components of J rad

ij :
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two Kerr-BHs with v = 0.2 as a function of the angle between
the total initial spins a3 = a1 + a2 and b (with ai · vi =
0) for a range of ratios |a3|/|b|. We show the normalized
ratio of angular momenta emitted orthogonal to the b,v plane
(left plot) and in the b direction (right plot), normalization
is w.r.t. angular momentum emitted in the spinless case.
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i are associated with the
N - and M-type contributions in Eq. (18) respectively;
they are functions of b, ui, vi, ⇢ and Si and bi-linear
in ✏. In the Kerr-BH case (CE,i = 0) the waveform f
is invariant under the SUSY transformations in Eq. (8):
For this we expand the waveform at any PM order in
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where SUSY links higher-spin terms to lower ones
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To illustrate the waveform we consider the gravita-
tional wave memory �f(x̂) := f(+1, x̂) � f(�1, x̂).
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FIG. 2. Total radiated angular momenta for the scattering of
two Kerr-BHs with v = 0.2 as a function of the angle between
the total initial spins a3 = a1 + a2 and b (with ai · vi =
0) for a range of ratios |a3|/|b|. We show the normalized
ratio of angular momenta emitted orthogonal to the b,v plane
(left plot) and in the b direction (right plot), normalization
is w.r.t. angular momentum emitted in the spin-less.
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where we have introduced aµ
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1 + aµ
2 with length

|a3|. For two Kerr black holes (CE,i = 0) with equal-
and-opposite spins (aµ

1 = �aµ
2 ) the result is the same as

the non-spinning; we observe this also when the spins are
mis-aligned to the plane of scattering.

There is also a 1PM (non-radiating) contribution to
the waveform consisting of single-graviton emission from
either massive body:

f (1)(x̂) =
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At 1PM order there is manifestly no dependence on either
the spins S

µ⌫
i or impact parameters bµ

i , so the SUSY
identities in Eq. (26) are trivially satisfied.

Finally, the wave memory and 1PM part of the wave-
form contribute to the total radiated angular momentum
J rad

ij . Using three-dimensional Cartesian basis vectors êi,
we choose a frame of reference with the initial velocities
vµ

i restricted to the t–x plane; b = b ê2 is orthogonal to
these. Then we find two non-zero components of J rad

ij :
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(left plot) and in the b direction (right plot), normalization
is w.r.t. angular momentum emitted in the spinless case.
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To illustrate the waveform we consider the gravita-
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Finally, the wave memory and 1PM part of the wave-
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N (q) and M(q) have a uniform power counting in q for
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and the non-spinning result involves only Nµ and Mµ⌫ .
We present full expressions for N and M in the ancillary
file attached to the arXiv submission of this Letter.
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To illustrate the waveform we consider the gravita-
tional wave memory �f(x̂) := f(+1, x̂) � f(�1, x̂).

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5

0.96

0.98

1.00

1.02

1.04

1.06

1.08

1.10

Angle[a3,b]

Jxy / Jxy(a3=0)

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
0.00

0.02

0.04

0.06

0.08

Angle[a3,b]

| Jzx / Jxy(a3=0) |

�������

-1.5-1.0-0.5 0.0 0.5 1.0 1.5
0.00

0.02

0.04

0.06

0.08

Angle[a3,b]

| Jzx / Jxy |

v=0.2

a3/b=
0.00

0.02

0.05

0.07

0.10

0.12

0.15

0.17

FIG. 2. Total radiated angular momenta for the scattering of
two Kerr-BHs with v = 0.2 as a function of the angle between
the total initial spins a3 = a1 + a2 and b (with ai · vi =
0) for a range of ratios |a3|/|b|. We show the normalized
ratio of angular momenta emitted orthogonal to the b,v plane
(left plot) and in the b direction (right plot), normalization
is w.r.t. angular momentum emitted in the spin-less.
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where we have introduced aµ
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1 + aµ
2 with length

|a3|. For two Kerr black holes (CE,i = 0) with equal-
and-opposite spins (aµ

1 = �aµ
2 ) the result is the same as

the non-spinning; we observe this also when the spins are
mis-aligned to the plane of scattering.

There is also a 1PM (non-radiating) contribution to
the waveform consisting of single-graviton emission from
either massive body:

f (1)(x̂) =
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At 1PM order there is manifestly no dependence on either
the spins S
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i or impact parameters bµ

i , so the SUSY
identities in Eq. (26) are trivially satisfied.

Finally, the wave memory and 1PM part of the wave-
form contribute to the total radiated angular momentum
J rad

ij . Using three-dimensional Cartesian basis vectors êi,
we choose a frame of reference with the initial velocities
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i restricted to the t–x plane; b = b ê2 is orthogonal to
these. Then we find two non-zero components of J rad
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(left plot) and in the b direction (right plot), normalization
is w.r.t. angular momentum emitted in the spinless case.
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FIG. 1. The four diagram topologies contributing to the 2PM
Bremsstrahlung up to O(S2), where !i = k ·vi by energy con-
servation at the worldline vertices. For diagrams (b)–(d) we
also include the corresponding flipped topologies with massive
bodies 1$2; for diagram (d) (which includes the propagating
fermion  0µ

2 ) we also include the graph with the arrow re-
versed.

where ��(!) := (2⇡)�(!) and we have used S
µ⌫ =

�2i ̄[µ ⌫]. The other worldline-based vertices required
for the 2PM Bremsstrahlung all appear in Fig. 1: the
two-point interaction between a graviton and a single zµ

mode in (b), the two-graviton emission vertex in (c), and
the two-point interaction between a graviton and  0µ in
(d). Full expressions for these vertices are provided in
the Supplementary Material.

Waveform from WQFT. — To describe the
Bremsstrahlung at 2PM order including spin e↵ects we
compute the expectation value k2

hhµ⌫(k)iWQFT. This
requires us to compute four kinds of Feynman graphs,
illustrated in Fig. 1. Explicit expressions for the first
two graphs (a) and (b) were given in the non-spinning
case [16]; these are now modified by terms up to O(S2).
Graphs (c) and (d) are unique to the spinning case — for
the latter we sum over both routings of the fermion line.

From this result we seek to obtain the waveform in
spacetime in the wave zone, where the distance to the
observer |x| = r is large compared to all other lengths.
Following Ref. [16] the gauge-invariant frequency-domain
waveform 4G Sij(kµ = ⌦ (1, x̂)) is extracted from the
WQFT via

Sµ⌫(k) =
2


k2

hhµ⌫(k)iWQFT , (12)

where ⌦ is the GW frequency and x̂ = x/r points to-
wards the observer. However, it is advantageous to study
the time-domain waveform f(u, x̂) which is given by a
Fourier transform:

✏µ⌫hµ⌫ =
f(u, x̂)

r
=

4G

r

Z

⌦
e�ik·x ✏µ⌫ Sµ⌫(k)

���
kµ=⌦ ⇢µ

,

(13)

where we have contracted with a polarization tensor
✏µ⌫ = 1

2✏
µ✏⌫ ,

R
⌦ :=

R 1
�1

d⌦
2⇡ , ⇢µ = (1, x̂) and, in a PM

decomposition f =
P

n Gnf (n), we seek the 2PM compo-
nent f (2). Note that k · x = ⌦(t � r) yields the retarded
time u = t � r, and ✏ · ✏ = ✏ · ⇢ = 0.

Integration. — Our integration procedure follows
closely that used for the non-spinning calculation in
Ref. [16], the main di↵erence being that we maintain
four-dimensional Lorentz covariance. Each diagram con-
tributing to k2

hhµ⌫(k)iWQFT carries the overall factor

µ1,2(k) = ei(q1·b1+q2·b2)��(q1 · v1)�
�(q2 · v2)�

�(k � q1 � q2) .
(14)

We integrate over qi, the momentum emitted from each
worldline (see Fig. 1). When we also integrate over ⌦ —
as in Eq. (13) — the full integration measure becomes

Z

⌦,q1,q2

µ1,2(k)e�ik·x =
1

⇢ · v2

Z

q1

��(q1 · v1)e
�iq1·b̃ , (15)

where
R

qi
:=

R d4qi

(2⇡)4 ; the delta function constraints give

⌦ = q1·v2

⇢·v2

and q2 = k�q1. The shifted impact parameter

b̃µ is

b̃µ = b̃µ
2 � b̃µ

1 , b̃µ
i = bµ

i + uiv
µ
i , (16)

which extends the original impact parameter bµ = bµ
2 �

bµ
1 along the undeflected trajectories of the two bodies.

Finally, ui is the retarded time in the i’th rest frame:

ui =
⇢ · (x � bi)

⇢ · vi
, (17)

This implies ⇢ · b̃i = ⇢ · x = u, so ⇢ · b̃ = 0.
Rewriting the integral measure as in Eq. (15) is con-

venient for performing the integrals of diagrams (b)–(d),
in the rest frame of body 1. The mirrored counterparts
to these diagrams are easily recovered after integration
using the 1 $ 2 symmetry of the waveform. To inte-
grate diagram (a) we insert the partial-fraction identity
q�2
1 q�2

2 = �q�2
1 (2k ·q1)�1

�q�2
2 (2k ·q2)�1 (which is valid

for k on-shell) and focus on the first term.
The full 2PM waveform is then written schematically

as (dropping the subscript on q1)GM: fix margin
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+ (1 $ 2) , (18)

the N - and M-contributions corresponding to diagrams
(b)–(d) and (a) in Fig. 1 respectively. The numerators
N (q) and M(q) have a uniform power counting in q for
each spin order:

N (q) = Nµqµ + Nµ⌫qµq⌫ + Nµ⌫⇢q
µq⌫q⇢ , (19)
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FIG. 1. The four diagram topologies contributing to the 2PM
Bremsstrahlung up to O(S2), where !i = k ·vi by energy con-
servation at the worldline vertices. For diagrams (b)–(d) we
also include the corresponding flipped topologies with massive
bodies 1$2; for diagram (d) (which includes the propagating
fermion  0µ

2 ) we also include the graph with the arrow re-
versed.

Next we consider the worldline vertices. The simplest
of these is the single-graviton emission vertex:
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where ��(!) := (2⇡)�(!) and we have used S
µ⌫ =

�2i ̄[µ ⌫]. The other worldline-based vertices required
for the 2PM Bremsstrahlung all appear in Fig. 1: the
two-point interaction between a graviton and a single zµ

mode in (b), the two-graviton emission vertex in (c), and
the two-point interaction between a graviton and  0µ in
(d). Full expressions for these vertices are provided in
the Supplementary Material.

Waveform from WQFT. — To describe the
Bremsstrahlung at 2PM order including spin e↵ects we
compute the expectation value k2

hhµ⌫(k)iWQFT. This
requires us to compute four kinds of Feynman graphs,
illustrated in Fig. 1. Explicit expressions for the first
two graphs (a) and (b) were given in the non-spinning
case [16]; these are now modified by terms up to O(S2).
Graphs (c) and (d) are unique to the spinning case — for
the latter we sum over both routings of the fermion line.

From this result we seek to obtain the waveform in
spacetime in the wave zone, where the distance to the
observer |x| = r is large compared to all other lengths.
Following Ref. [16] the gauge-invariant frequency-domain
waveform 4G ✏µ⌫Sµ⌫(kµ = ⌦ (1, x̂)) is extracted from the
WQFT via

Sµ⌫(k) =
2


k2

hhµ⌫(k)iWQFT , (12)

where ⌦ is the GW frequency and x̂ = x/r points to-
wards the observer. However, it is advantageous to study
the time-domain waveform f(u, x̂) which is given by a
Fourier transform:

✏µ⌫hµ⌫ =
f(u, x̂)
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1
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position f =
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n Gnf (n) we seek the 2PM component
f (2). Note that k · x = ⌦(t � r) yields the retarded time
u = t � r, and ✏ · ✏ = ✏ · ⇢ = 0.

Integration. — Our integration procedure follows
closely that used for the non-spinning calculation in
Ref. [16], the main di↵erence being that we maintain
four-dimensional Lorentz covariance. Each diagram con-
tributing to k2

hhµ⌫(k)iWQFT carries the overall factor

µ1,2(k) = ei(q1·b1+q2·b2)��(q1 · v1)�
�(q2 · v2)�

�(k � q1 � q2) .
(14)

We integrate over qi, the momentum emitted from each
worldline (see Fig. 1). When we also integrate over ⌦ —
as in Eq. (13) — the full integration measure becomes
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where
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(2⇡)4 ; the delta function constraints give
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and q2 = k�q1. The shifted impact parameter,

b̃µ = b̃µ
2 � b̃µ

1 , b̃µ
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i + uiv
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i , (16)

extends the original impact parameter bµ = bµ
2 �bµ

1 along
the undeflected trajectories of the two bodies. Finally, ui

is the retarded time in the i’th rest frame:

ui =
⇢ · (x � bi)

⇢ · vi
, (17)

This implies ⇢ · b̃i = ⇢ · x = u, so ⇢ · b̃ = 0.
Rewriting the integral measure as in Eq. (15) is con-

venient for performing the integrals of diagrams (b)–(d),
in the rest frame of body 1. The mirrored counterparts
to these diagrams are easily recovered after integration
using the 1 $ 2 symmetry of the waveform. To inte-
grate diagram (a) we insert the partial-fraction identity
q�2
1 q�2

2 = �q�2
1 (2k ·q1)�1

�q�2
2 (2k ·q2)�1 (which is valid

for k on-shell) and focus on the first term.
The full 2PM waveform is then written schematically

as (dropping the subscript on q1)
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+ (1 $ 2) , (18)

the N - and M-contributions corresponding to diagrams
(b)–(d) and (a) in Fig. 1 respectively. The numerators

4

N (q) and M(q) have a uniform power counting in q for
each spin order:

N (q) = Nµqµ + Nµ⌫qµq⌫ + Nµ⌫⇢q
µq⌫q⇢ , (19)

M(q) = Mµ⌫qµq⌫ + Mµ⌫⇢q
µq⌫q⇢ + Mµ⌫⇢�qµq⌫q⇢q� ,

and the non-spinning result involves only Nµ and Mµ⌫ .
We present full expressions for N and M in the ancillary
file attached to the arXiv submission of this Letter.

To lowest order in qµ, the first integral in eq. (18) is

4⇡
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q
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u2
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!
,

(20)

where Pµ⌫
i := ⌘µ⌫

�vµ
i v⌫

i is a projector into the rest frame
of the i’th body, |b| = �

p
bµbµ (the impact parameter is

spacelike) and

|b̃|1,2 :=
q

�b̃µPµ⌫
1,2 b̃⌫ =

q
|b|2 + (�2 � 1)u2

2,1 (21)

are the lengths of the shifted impact parameter b̃µ (16)
in the two rest frames. The second integral in eq. (18) is
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e�iq·b̃

q2

qµq⌫

q · v2 q · ⇢
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(�2 � 1) (⇢ · v1)2 |b|2 |b̃|2 |b̃|1

,

(22)

where we have introduced the symmetric tensor

Kµ⌫
i := Pµ⌫

i |b̃|
2
i + (Pi · b̃)µ(Pi · b̃)⌫ , (23)

with the property that Kµ⌫
i vi,⌫ = Kµ⌫

i b̃⌫ = 0. Both
integrals are derived in the Supplementary Material; one
generalizes to higher powers of qµ in the numerators by
taking derivatives with respect to b̃µ.

Results. — The 2PM waveform takes the schematic
form
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m1m2
=

2X
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1

|b̃|
2s+1
1

"
↵(s)

1 +
�(s)

1
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#
+ (1 $ 2) , (24)

where the coe�cients ↵(s)
i , �(s)

i , provided in the ancillary
file, are associated with the N - and M-type contribu-
tions in Eq. (18) respectively; they are functions of ui,
bµ, vµ

i , ⇢µ, and S
µ⌫
i and bi-linear in ✏µ. The waveform f

is invariant under the SUSY transformations in Eq. (8)
to quadratic order in spin regardless of the values of CE,i.
To see this we expand the waveform at all PM orders in
powers of spin:

f = f0+
2X

i=1

Si,µ⌫fµ⌫
i +

2X

i,j=1

Si,µ⌫Sj,⇢�fµ⌫;⇢�
ij + O(S3) ,

(25)
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where the non-spinning result involves only Nµ and Mµ⌫ .
We present full expressions for N and M in the ancillary
file attached to the arXiv submission of this Letter.
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i |b̃|
2
i + (Pi · b̃)µ(Pi · b̃)⌫ , (23)

with the property that Kµ⌫
i vi,⌫ = Kµ⌫

i b̃⌫ = 0. Both inte-
grals are derived in the Supplementary Material; versions
with higher powers of qµ in the numerators are derived
by taking derivatives with respect to b̃µ.

Results. — The 2PM waveform takes the schematic
form
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where the coe�cients ↵(s)
i , �(s)

i are associated with the
N - and M-type contributions in Eq. (18) respectively;
they are functions of b, ui, vi, ⇢ and Si and bi-linear
in ✏. In the Kerr-BH case (CE,i = 0) the waveform f
is invariant under the SUSY transformations in Eq. (8):
For this we expand the waveform at any PM order in
powers of spin

f = f0+
2X

i=1

Si,µ⌫fµ⌫
i +

2X

i,j=1

Si,µ⌫Sj,⇢� + O(S3) (25)

where SUSY links higher-spin terms to lower ones

1
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@f0

@bi,⌫
= vi,µ f [µ⌫]

i ,
1

4

@fµ⌫
i

@bj,⇢
= vj,� fµ⌫;[⇢�]

ij . (26)

To illustrate the waveform we consider the gravita-
tional wave memory �f(x̂) := f(+1, x̂) � f(�1, x̂).
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FIG. 2. Total radiated angular momenta for the scattering of
two Kerr-BHs with v = 0.2 as a function of the angle between
the total initial spins a3 = a1 + a2 and b (with ai · vi =
0) for a range of ratios |a3|/|b|. We show the normalized
ratio of angular momenta emitted orthogonal to the b,v plane
(left plot) and in the b direction (right plot), normalization
is w.r.t. angular momentum emitted in the spin-less.

The constant spin tensors are decomposed in terms of
the Pauli-Lubanski vectors aµ

i as S
µ⌫
i = ✏µ⌫

⇢�v⇢
i a�

i ; they
satisfy ai · vi = 0. In the aligned-spin case where
ai · b = ai · vj = 0, i.e. the spin vectors are orthogo-

nal to the plane of scattering. Writing li =
p

�a2
i the

wave memory is proportional to the non-spinning result:
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where we have introduced aµ
3 = aµ

1 + aµ
2 with length

|a3|. For two Kerr black holes (CE,i = 0) with equal-
and-opposite spins (aµ

1 = �aµ
2 ) the result is the same as

the non-spinning; we observe this also when the spins are
mis-aligned to the plane of scattering.

There is also a 1PM (non-radiating) contribution to
the waveform consisting of single-graviton emission from
either massive body:

f (1)(x̂) =
2m1

⇢ · v1
(✏ · v1)

2 +
2m2

⇢ · v2
(✏ · v2)

2 . (28)

At 1PM order there is manifestly no dependence on either
the spins S

µ⌫
i or impact parameters bµ

i , so the SUSY
identities in Eq. (26) are trivially satisfied.

Finally, the wave memory and 1PM part of the wave-
form contribute to the total radiated angular momentum
J rad

ij . Using three-dimensional Cartesian basis vectors êi,
we choose a frame of reference with the initial velocities
vµ

i restricted to the t–x plane; b = b ê2 is orthogonal to
these. Then we find two non-zero components of J rad

ij :

FIG. 2. Total radiated angular momenta for the scattering of
two Kerr-BHs with v = 0.2 as a function of the angle between
the total initial spins a3 = a1 + a2 and b (with ai · vi =
0) for a range of ratios |a3|/|b|. We show the normalized
ratio of angular momenta emitted orthogonal to the b,v plane
(left plot) and in the b direction (right plot), normalization
is w.r.t. angular momentum emitted in the spinless case.

where fµ⌫
i and fµ⌫;⇢�

ij are defined modulo terms that van-
ish on support of vi,µS

µ⌫
i = 0. The SUSY links higher-

spin to lower-spin terms:

1

2

@f0

@bi,µ
= vi,⌫ f [µ⌫]

i ,
1

4

@fµ⌫
i

@bj,⇢
= vj,� fµ⌫;[⇢�]

ij , (26)

and these identities are satisfied by the waveform (24).
To illustrate the waveform we consider the gravita-

tional wave memory �f(x̂) := f(+1, x̂) � f(�1, x̂).
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At 1PM order there is manifestly no dependence on either
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Finally, the wave memory and 1PM part of the wave-
form contribute to the total radiated angular momentum

5

FIG. 2. Plots of the wave memories �f+,⇥ for v = 0.2. For a
visualisation of the complete waveforms as they evolve with
retarded time u see f+(u, ✓, �)|v=0.2 and f⇥(u, ✓, �)|v=0.2.

beauty of our result (26) lies in the fact that the memo-
ries only receive contributions from the second term, and
read

�f+,⇥ = �2G2m1m2

bi
N

i
+,⇥

b2
+ O(G3) . (28)

Diagrammatically they exclusively emerge from diagram
(b) of Fig. 1. So they are manifestly insensitive to grav-
itational self-interactions — this was also pointed out in
Ref. [22].

Radiated Energy and Angular Momentum. — One
may now use our result for the waveform (26) to com-
pute the total radiated momentum and angular momen-
tum. Expressions for these quantities in terms of the
asymptotic waveform are given in Refs. [22, 33]:

Pµ
rad

=
1

32⇡G

Z
dud�[ḟij ]

2⇢µ , (29)

J rad

ij =
1

8⇡G

Z
dud�

✓
fk[iḟj]k �

1

2
x[i@j]fklḟkl

◆
, (30)

where ḟij := @ufij and d� = sin ✓d✓d� is the unit sphere
measure.

We first concentrate on J rad

ij as it contributes at lead-
ing order O(G2) and was recently obtained in the center-

of-mass frame [22]. The static nature of f (1)

ij (27) allows
one to trivially perform the u-integration and express the
radiated angular momentum in terms of the wave mem-
ories �f+,⇥. Inserting the basis of polarization tensors

(15) (and using f (1)

⇥ = 0) gives

J rad

xy =
1

8⇡

Z
d�

h sin �

sin ✓
f (1)

+
�f⇥ �

1

2
cos � @✓f

(1)

+
�f+

i

+ O(G3) . (31)

The spherical integral is elementary and yields

J rad

xy

J init
xy

=
4G2m1m2

b2

(2�2
� 1)p

�2 � 1
I(v) + O(G3) , (32a)

I(v) = �
8

3
+

1

v2
+

(3v2
� 1)

v3
arctanh(v) , (32b)

where we have normalized our result with respect to the
initial angular momentum in the rest frame of black hole

1: J init

xy = m2|v2||b| = m2�vb. We find perfect agree-
ment with Ref. [22].3

Similarly, Pµ
rad

of Eq. (29) should reproduce the recent
result of Ref. [30] contributing at O(G3). So far we have
only been able to perform the integral in the PN expan-
sion recovering the result of Ref. [30] to order v6. Yet it is
straightforward to obtain di↵erential quantities derived
from the integrand of Eq. (29). The di↵erential power
spectrum (total energy radiated per unit frequency) as
well as the total energy radiated per unit solid angle are
collected in the supplementary material to this letter.
These results go well beyond Kovacs and Thorne [4] and
may be expanded to any desired order in v.

Conclusions. — Searching for GWs from scattering
events over the full range of impact velocities requires
precision predictions in the PM approximation. While
the potential and radiation of bound systems was calcu-
lated to high PN order [34] (see Refs. [35] for spinning
bodies), a resummation of PN results in the strong-field
and fast-motion regimes is essential for building accu-
rate waveform models [8]. The PM resummation is one
promising recent attempt [21, 36, 37].

Our results provide a stepping stone for higher-order
calculations, where a repertoire of advanced integration
techniques can be put to use [17, 24, 30, 38]. In fact the
3PM integrand has essentially been presented in Ref. [29].
The present challenge lies in the multi-scale integrals,
which despite their tree-level structure are of higher loop
three-momentum type as the worldline only preserves en-
ergy. Generalizations to spin and finite-size e↵ects are
possible and lead to the same families of integrations at
2PM. Also the extensions to bound systems using map-
pings between bound and unbound orbits [24, 39] would
be of great utility.
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SUPPLEMENTAL MATERIAL

Integrals. — We begin with the simpler integral in
Eq. (22), corresponding to diagram (b) in Fig. 1. Work-
ing in Cartesian components with b = (b1, b2, b3) (in the

main text we replace b ! eb) and q = (q1, q2, q3) it is
su�cient to show

Z

q
eiq·b q2

q2(q1 � i✏)
= �

b2

4⇡(b2 � b2

1
)

✓
1 +

b1

|b|

◆
. (33)

3 As the two frames are related by a boost in the x direction this
implies that Jrad

0y = 0 in both frames.
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FIG. 1. The four diagram topologies contributing to the 2PM
Bremsstrahlung up to O(S2), where !i = k ·vi by energy con-
servation at the worldline vertices. For diagrams (b)–(d) we
also include the corresponding flipped topologies with massive
bodies 1$2; for diagram (d) (which includes the propagating
fermion  0µ

2 ) we also include the graph with the arrow re-
versed.

where ��(!) := (2⇡)�(!) and we have used S
µ⌫ =

�2i ̄[µ ⌫]. The other worldline-based vertices required
for the 2PM Bremsstrahlung all appear in Fig. 1: the
two-point interaction between a graviton and a single zµ

mode in (b), the two-graviton emission vertex in (c), and
the two-point interaction between a graviton and  0µ in
(d). Full expressions for these vertices are provided in
the Supplementary Material.

Waveform from WQFT. — To describe the
Bremsstrahlung at 2PM order including spin e↵ects we
compute the expectation value k2

hhµ⌫(k)iWQFT. This
requires us to compute four kinds of Feynman graphs,
illustrated in Fig. 1. Explicit expressions for the first
two graphs (a) and (b) were given in the non-spinning
case [16]; these are now modified by terms up to O(S2).
Graphs (c) and (d) are unique to the spinning case — for
the latter we sum over both routings of the fermion line.

From this result we seek to obtain the waveform in
spacetime in the wave zone, where the distance to the
observer |x| = r is large compared to all other lengths.
Following Ref. [16] the gauge-invariant frequency-domain
waveform 4G Sij(kµ = ⌦ (1, x̂)) is extracted from the
WQFT via

Sµ⌫(k) =
2


k2

hhµ⌫(k)iWQFT , (12)

where ⌦ is the GW frequency and x̂ = x/r points to-
wards the observer. However, it is advantageous to study
the time-domain waveform f(u, x̂) which is given by a
Fourier transform:

✏µ⌫hµ⌫ =
f(u, x̂)

r
=

4G

r

Z

⌦
e�ik·x ✏µ⌫ Sµ⌫(k)

���
kµ=⌦ ⇢µ

,

(13)

where we have contracted with a polarization tensor
✏µ⌫ = 1

2✏
µ✏⌫ ,

R
⌦ :=

R 1
�1

d⌦
2⇡ , ⇢µ = (1, x̂) and, in a PM

decomposition f =
P

n Gnf (n), we seek the 2PM compo-
nent f (2). Note that k · x = ⌦(t � r) yields the retarded
time u = t � r, and ✏ · ✏ = ✏ · ⇢ = 0.

Integration. — Our integration procedure follows
closely that used for the non-spinning calculation in
Ref. [16], the main di↵erence being that we maintain
four-dimensional Lorentz covariance. Each diagram con-
tributing to k2

hhµ⌫(k)iWQFT carries the overall factor

µ1,2(k) = ei(q1·b1+q2·b2)��(q1 · v1)�
�(q2 · v2)�

�(k � q1 � q2) .
(14)

We integrate over qi, the momentum emitted from each
worldline (see Fig. 1). When we also integrate over ⌦ —
as in Eq. (13) — the full integration measure becomes

Z

⌦,q1,q2

µ1,2(k)e�ik·x =
1

⇢ · v2

Z

q1

��(q1 · v1)e
�iq1·b̃ , (15)

where
R

qi
:=

R d4qi

(2⇡)4 ; the delta function constraints give

⌦ = q1·v2

⇢·v2

and q2 = k�q1. The shifted impact parameter

b̃µ is

b̃µ = b̃µ
2 � b̃µ

1 , b̃µ
i = bµ

i + uiv
µ
i , (16)

which extends the original impact parameter bµ = bµ
2 �

bµ
1 along the undeflected trajectories of the two bodies.

Finally, ui is the retarded time in the i’th rest frame:

ui =
⇢ · (x � bi)

⇢ · vi
, (17)

This implies ⇢ · b̃i = ⇢ · x = u, so ⇢ · b̃ = 0.
Rewriting the integral measure as in Eq. (15) is con-

venient for performing the integrals of diagrams (b)–(d),
in the rest frame of body 1. The mirrored counterparts
to these diagrams are easily recovered after integration
using the 1 $ 2 symmetry of the waveform. To inte-
grate diagram (a) we insert the partial-fraction identity
q�2
1 q�2

2 = �q�2
1 (2k ·q1)�1

�q�2
2 (2k ·q2)�1 (which is valid

for k on-shell) and focus on the first term.
The full 2PM waveform is then written schematically

as (dropping the subscript on q1)GM: fix margin
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,

+ (1 $ 2) , (18)

the N - and M-contributions corresponding to diagrams
(b)–(d) and (a) in Fig. 1 respectively. The numerators
N (q) and M(q) have a uniform power counting in q for
each spin order:

N (q) = Nµqµ + Nµ⌫qµq⌫ + Nµ⌫⇢q
µq⌫q⇢ , (19)

M(q) = Mµ⌫qµq⌫ + Mµ⌫⇢q
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FIG. 1. The four diagram topologies contributing to the 2PM
Bremsstrahlung up to O(S2), where !i = k ·vi by energy con-
servation at the worldline vertices. For diagrams (b)–(d) we
also include the corresponding flipped topologies with massive
bodies 1$2; for diagram (d) (which includes the propagating
fermion  0µ

2 ) we also include the graph with the arrow re-
versed.

Next we consider the worldline vertices. The simplest
of these is the single-graviton emission vertex:
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where ��(!) := (2⇡)�(!) and we have used S
µ⌫ =

�2i ̄[µ ⌫]. The other worldline-based vertices required
for the 2PM Bremsstrahlung all appear in Fig. 1: the
two-point interaction between a graviton and a single zµ

mode in (b), the two-graviton emission vertex in (c), and
the two-point interaction between a graviton and  0µ in
(d). Full expressions for these vertices are provided in
the Supplementary Material.

Waveform from WQFT. — To describe the
Bremsstrahlung at 2PM order including spin e↵ects we
compute the expectation value k2

hhµ⌫(k)iWQFT. This
requires us to compute four kinds of Feynman graphs,
illustrated in Fig. 1. Explicit expressions for the first
two graphs (a) and (b) were given in the non-spinning
case [16]; these are now modified by terms up to O(S2).
Graphs (c) and (d) are unique to the spinning case — for
the latter we sum over both routings of the fermion line.

From this result we seek to obtain the waveform in
spacetime in the wave zone, where the distance to the
observer |x| = r is large compared to all other lengths.
Following Ref. [16] the gauge-invariant frequency-domain
waveform 4G ✏µ⌫Sµ⌫(kµ = ⌦ (1, x̂)) is extracted from the
WQFT via

Sµ⌫(k) =
2


k2

hhµ⌫(k)iWQFT , (12)

where ⌦ is the GW frequency and x̂ = x/r points to-
wards the observer. However, it is advantageous to study
the time-domain waveform f(u, x̂) which is given by a
Fourier transform:

✏µ⌫hµ⌫ =
f(u, x̂)

r
=

4G
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(13)
We have contracted with a polarization tensor ✏µ⌫ =
1
2✏

µ✏⌫ ,
R
⌦ :=

R 1
�1

d⌦
2⇡ , and ⇢µ = (1, x̂); in a PM decom-

position f =
P

n Gnf (n) we seek the 2PM component
f (2). Note that k · x = ⌦(t � r) yields the retarded time
u = t � r, and ✏ · ✏ = ✏ · ⇢ = 0.

Integration. — Our integration procedure follows
closely that used for the non-spinning calculation in
Ref. [16], the main di↵erence being that we maintain
four-dimensional Lorentz covariance. Each diagram con-
tributing to k2

hhµ⌫(k)iWQFT carries the overall factor

µ1,2(k) = ei(q1·b1+q2·b2)��(q1 · v1)�
�(q2 · v2)�

�(k � q1 � q2) .
(14)

We integrate over qi, the momentum emitted from each
worldline (see Fig. 1). When we also integrate over ⌦ —
as in Eq. (13) — the full integration measure becomes
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µ1,2(k)e�ik·x =
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where
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qi
:=

R d4qi

(2⇡)4 ; the delta function constraints give

⌦ = q1·v2

⇢·v2

and q2 = k�q1. The shifted impact parameter,

b̃µ = b̃µ
2 � b̃µ

1 , b̃µ
i = bµ

i + uiv
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i , (16)

extends the original impact parameter bµ = bµ
2 �bµ

1 along
the undeflected trajectories of the two bodies. Finally, ui

is the retarded time in the i’th rest frame:

ui =
⇢ · (x � bi)

⇢ · vi
, (17)

This implies ⇢ · b̃i = ⇢ · x = u, so ⇢ · b̃ = 0.
Rewriting the integral measure as in Eq. (15) is con-

venient for performing the integrals of diagrams (b)–(d),
in the rest frame of body 1. The mirrored counterparts
to these diagrams are easily recovered after integration
using the 1 $ 2 symmetry of the waveform. To inte-
grate diagram (a) we insert the partial-fraction identity
q�2
1 q�2

2 = �q�2
1 (2k ·q1)�1

�q�2
2 (2k ·q2)�1 (which is valid

for k on-shell) and focus on the first term.
The full 2PM waveform is then written schematically
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(b)–(d) and (a) in Fig. 1 respectively. The numerators
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FIG. 1. The four diagram topologies contributing to the 2PM
Bremsstrahlung up to O(S

2
), where !i = k ·vi by energy con-

servation at the worldline vertices. For diagrams (b)–(d) we
also include the corresponding flipped topologies with massive
bodies 1$2; for diagram (d) (which includes the propagating
fermion  

0µ
2 ) we also include the graph with the arrow re-

versed.

where ��(!) := (2⇡)�(!) and we have used Sµ⌫ =
�2i ̄[µ ⌫]. The other worldline-based vertices required
for the 2PM Bremsstrahlung all appear in Fig. 1: the
two-point interaction between a graviton and a single zµ

mode in (b), the two-graviton emission vertex in (c), and
the two-point interaction between a graviton and  0µ

in
(d). Full expressions for these vertices are provided in
the Supplementary Material.

Waveform from WQFT. — To describe the
Bremsstrahlung at 2PM order including spin e↵ects we
compute the expectation value k2hhµ⌫(k)iWQFT. This
requires us to compute four kinds of Feynman graphs,
illustrated in Fig. 1. Explicit expressions for the first
two graphs (a) and (b) were given in the non-spinning
case [16]; these are now modified by terms up to O(S2).
Graphs (c) and (d) are unique to the spinning case — for
the latter we sum over both routings of the fermion line.

From this result we seek to obtain the waveform in
spacetime in the wave zone, where the distance to the
observer |x| = r is large compared to all other lengths.
Following Ref. [16] the gauge-invariant frequency-domain
waveform 4G Sij(kµ = ⌦ (1, x̂)) is extracted from the
WQFT via

Sµ⌫(k) =
2


k

2
hhµ⌫(k)iWQFT , (12)

where ⌦ is the GW frequency and x̂ = x/r points to-
wards the observer. However, it is advantageous to study
the time-domain waveform f(u, x̂) which is given by a
Fourier transform:
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f(u, x̂)
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where we have contracted with a polarization tensor
✏µ⌫ =

1
2✏µ✏⌫ ,
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⌦ :=

R 1
�1
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2⇡ , ⇢µ = (1, x̂) and, in a PM

decomposition f =
P

n Gnf (n), we seek the 2PM compo-
nent f (2). Note that k · x = ⌦(t � r) yields the retarded
time u = t � r, and ✏ · ✏ = ✏ · ⇢ = 0.

Integration. — Our integration procedure follows
closely that used for the non-spinning calculation in
Ref. [16], the main di↵erence being that we maintain
four-dimensional Lorentz covariance. Each diagram con-
tributing to k2hhµ⌫(k)iWQFT carries the overall factor

µ1,2(k) = e
i(q1·b1+q2·b2)��(q1 · v1)��(q2 · v2)��(k � q1 � q2) .

(14)
We integrate over qi, the momentum emitted from each
worldline (see Fig. 1). When we also integrate over ⌦ —
as in Eq. (13) — the full integration measure becomes
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This implies ⇢ · b̃i = ⇢ · x = u, so ⇢ · b̃ = 0.
Rewriting the integral measure as in Eq. (15) is con-

venient for performing the integrals of diagrams (b)–(d),
in the rest frame of body 1. The mirrored counterparts
to these diagrams are easily recovered after integration
using the 1 $ 2 symmetry of the waveform. To inte-
grate diagram (a) we insert the partial-fraction identity
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2 (2k ·q2)�1 (which is valid
for k on-shell) and focus on the first term.
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also include the corresponding flipped topologies with massive
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where ��(!) := (2⇡)�(!) and we have used Sµ⌫ =
�2i ̄[µ ⌫]. The other worldline-based vertices required
for the 2PM Bremsstrahlung all appear in Fig. 1: the
two-point interaction between a graviton and a single zµ

mode in (b), the two-graviton emission vertex in (c), and
the two-point interaction between a graviton and  0µ

in
(d). Full expressions for these vertices are provided in
the Supplementary Material.

Waveform from WQFT. — To describe the
Bremsstrahlung at 2PM order including spin e↵ects we
compute the expectation value k2hhµ⌫(k)iWQFT. This
requires us to compute four kinds of Feynman graphs,
illustrated in Fig. 1. Explicit expressions for the first
two graphs (a) and (b) were given in the non-spinning
case [16]; these are now modified by terms up to O(S2).
Graphs (c) and (d) are unique to the spinning case — for
the latter we sum over both routings of the fermion line.

From this result we seek to obtain the waveform in
spacetime in the wave zone, where the distance to the
observer |x| = r is large compared to all other lengths.
Following Ref. [16] the gauge-invariant frequency-domain
waveform 4G ✏µ⌫Sµ⌫(kµ = ⌦ (1, x̂)) is extracted from the
WQFT via

Sµ⌫(k) =
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2
hhµ⌫(k)iWQFT , (12)

where ⌦ is the GW frequency and x̂ = x/r points to-
wards the observer. However, it is advantageous to study
the time-domain waveform f(u, x̂) which is given by a
Fourier transform:
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1
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n Gnf (n) we seek the 2PM component
f (2). Note that k · x = ⌦(t � r) yields the retarded time
u = t � r, and ✏ · ✏ = ✏ · ⇢ = 0.

Integration. — Our integration procedure follows
closely that used for the non-spinning calculation in
Ref. [16], the main di↵erence being that we maintain
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the N - and M-contributions corresponding to diagrams
(b)–(d) and (a) in Fig. 1 respectively. The numerators
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these waveforms we furthermore reproduce Damour’s re-
cent result for the total radiated angular momentum [22]
at 2PM order. Our results also complement the recent
result of the total radiated momentum at leading order in
G (3PM) established with amplitude techniques [30]. We
comment on how to achieve this result from our methods.
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with 2 = 32⇡G the gravitational coupling; we have sup-
pressed the ghost contributions in Eq. (1) as they are ir-
relevant in the classical setting. We work in mostly minus
signature, ⌘µ⌫ = diag(1, �1, �1, �1), and set c = ~ = 1.

Correlation functions in the WQFT hO(h, {xi})iWQFT

result from an insertion of the operator O in the path
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The energy ! is also taken as outgoing. One also has the
standard bulk graviton vertices, of which we shall need
only the three-graviton vertex — see e.g. Ref. [31].

To determine the Bremsstrahlung of two travers-
ing black holes we compute the expectation value
k2

hhµ⌫(k)iWQFT. At leading (2PM) order there are three
diagrams contributing, cp. Fig. 1. We integrate over the
momenta or energies of internal gravitons or fluctuations
respectively; lack of three-momentum conservation at the
worldline vertices leaves unresolved integrals for the tree-
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The energy ! is also taken as outgoing. One also has the
standard bulk graviton vertices, of which we shall need
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k2

hhµ⌫(k)iWQFT. At leading (2PM) order there are three
diagrams contributing, cp. Fig. 1. We integrate over the
momenta or energies of internal gravitons or fluctuations
respectively; lack of three-momentum conservation at the
worldline vertices leaves unresolved integrals for the tree-
level diagrams.

Diagram (a) of Fig. 1 then takes the form1

k2
hhµ⌫(k)iWQFT

���
(a)

= �
m1m23

8

Z

q1,q2

µ1,2(k)
(2!1v

(µ
1

�⌫)

⇢ � vµ
1
v⌫
1
k⇢)(2!1v

(�
1

⌘�)⇢
� v�

1
v�
1
q⇢
2
)

(!1 + i✏)2
P��;↵�

[(q0

2
+ i✏)2 � q2

2]
v↵
2
v�
2
,

(6)

1 In principle we should also contract with Pµ⌫;⇢� for an outgo-
ing graviton line; however as the polarization tensors eµ⌫

+,⇥ are
traceless we find it unnecessary.

=
m

2
eik·b��(k · v + !) (5)

⇥

⇣
2!v(µ�⌫)

⇢ + vµv⌫k⇢

⌘
.

The energy ! is also taken as outgoing. One also has the
standard bulk graviton vertices, of which we shall need
only the three-graviton vertex — see e.g. Ref. [31].

To determine the Bremsstrahlung of two travers-
ing black holes we compute the expectation value
k2

hhµ⌫(k)iWQFT. At leading (2PM) order there are three
diagrams contributing, cp. Fig. 1. We integrate over the
momenta or energies of internal gravitons or fluctuations
respectively; lack of three-momentum conservation at the
worldline vertices leaves unresolved integrals for the tree-
level diagrams.

Diagram (a) of Fig. 1 then takes the form1

k2
hhµ⌫(k)iWQFT

���
(a)

= �
m1m23

8

Z

q1,q2

µ1,2(k)
(2!1v

(µ
1

�⌫)

⇢ � vµ
1
v⌫
1
k⇢)(2!1v

(�
1

⌘�)⇢
� v�

1
v�
1
q⇢
2
)

(!1 + i✏)2
P��;↵�

[(q0

2
+ i✏)2 � q2

2]
v↵
2
v�
2
,

(6)

1 In principle we should also contract with Pµ⌫;⇢� for an outgo-
ing graviton line; however as the polarization tensors eµ⌫

+,⇥ are
traceless we find it unnecessary.

2
2

µ,⌫

��
!1

k
q2 �

1

2

(a)

µ,⌫

!2
�� k

q1 �

2

1

(b)

µ,⌫k

q1 �

q2 �

1

2

(c)

FIG. 1. The three diagrams contributing to the
Bremsstrahlung at 2PM order, where !i = k·vi by energy con-
servation at the worldline vertices. All three diagrams have
the integral measure in Eq. (16); in the rest frame of black
hole 1 diagram (a) does not contribute as soon as the outgo-
ing graviton is contracted with a purely spatial polarization
tensor.

these waveforms we furthermore reproduce Damour’s re-
cent result for the total radiated angular momentum [22]
at 2PM order. Our results also complement the recent
result of the total radiated momentum at leading order in
G (3PM) established with amplitude techniques [30]. We
comment on how to achieve this result from our methods.

Worldline Quantum Field Theory. — The classical
gravitational scattering of two massive objects mi mov-
ing on trajectories xµ

i (⌧i) = bµ
i +vµ

i ⌧i+zµ
i (⌧i) is described

by the worldline quantum field theory (WQFT) with par-
tition function [29]

ZWQFT := const ⇥

Z
D[hµ⌫ ]

Z 2Y

i=1

D[zi] e
i(SEH+Sgf ) (1)

exp
h
�i

2X

i=1

Z 1

�1
d⌧i

mi

2
[⌘µ⌫ + hµ⌫(x)]ẋµ
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The energy ! is also taken as outgoing. One also has the
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hhµ⌫(k)iWQFT. At leading (2PM) order there are three
diagrams contributing, cp. Fig. 1. We integrate over the
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The energy ! is also taken as outgoing. One also has the
standard bulk graviton vertices, of which we shall need
only the three-graviton vertex — see e.g. Ref. [31].
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N (q) and M(q) have a uniform power counting in q for
each spin order:

N (q) = Nµqµ + Nµ⌫qµq⌫ + Nµ⌫⇢q
µq⌫q⇢ , (19)

M(q) = Mµ⌫qµq⌫ + Mµ⌫⇢q
µq⌫q⇢ + Mµ⌫⇢�qµq⌫q⇢q� ,

and the non-spinning result involves only Nµ and Mµ⌫ .
We present full expressions for N and M in the ancillary
file attached to the arXiv submission of this Letter.

To lowest order in qµ, the first integral in eq. (18) is
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where Pµ⌫
i := ⌘µ⌫

�vµ
i v⌫

i is a projector into the rest frame
of the i’th body, |b| = �
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|b̃|1,2 :=
q

�b̃µPµ⌫
1,2 b̃⌫ =

q
|b|2 + (�2 � 1)u2

2,1 (21)

are the lengths of the shifted impact parameter b̃µ (16)
in the two rest frames. The second integral in eq. (18) is
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where we have introduced the symmetric tensor

Kµ⌫
i := Pµ⌫

i |b̃|
2
i + (Pi · b̃)µ(Pi · b̃)⌫ , (23)

with the property that Kµ⌫
i vi,⌫ = Kµ⌫

i b̃⌫ = 0. Both
integrals are derived in the Supplementary Material; one
generalizes to higher powers of qµ in the numerators by
taking derivatives with respect to b̃µ.

Results. — The 2PM waveform takes the schematic
form
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where the coe�cients ↵(s)
i , �(s)

i , provided in the ancillary
file, are associated with the N - and M-type contribu-
tions in Eq. (18) respectively; they are functions of ui,
bµ, vµ

i , ⇢µ, and S
µ⌫
i and bi-linear in ✏µ. The waveform f

is invariant under the SUSY transformations in Eq. (8)
to quadratic order in spin regardless of the values of CE,i.
To see this we expand the waveform at all PM orders in
powers of spin:

f = f0+
2X

i=1

Si,µ⌫fµ⌫
i +

2X

i,j=1

Si,µ⌫Sj,⇢�fµ⌫;⇢�
ij + O(S3) ,

(25)
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where the non-spinning result involves only Nµ and Mµ⌫ .
We present full expressions for N and M in the ancillary
file attached to the arXiv submission of this Letter.
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with the property that Kµ⌫
i vi,⌫ = Kµ⌫

i b̃⌫ = 0. Both inte-
grals are derived in the Supplementary Material; versions
with higher powers of qµ in the numerators are derived
by taking derivatives with respect to b̃µ.

Results. — The 2PM waveform takes the schematic
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where the coe�cients ↵(s)
i , �(s)

i are associated with the
N - and M-type contributions in Eq. (18) respectively;
they are functions of b, ui, vi, ⇢ and Si and bi-linear
in ✏. In the Kerr-BH case (CE,i = 0) the waveform f
is invariant under the SUSY transformations in Eq. (8):
For this we expand the waveform at any PM order in
powers of spin

f = f0+
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Si,µ⌫fµ⌫
i +
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i,j=1

Si,µ⌫Sj,⇢� + O(S3) (25)

where SUSY links higher-spin terms to lower ones
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To illustrate the waveform we consider the gravita-
tional wave memory �f(x̂) := f(+1, x̂) � f(�1, x̂).
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FIG. 2. Total radiated angular momenta for the scattering of
two Kerr-BHs with v = 0.2 as a function of the angle between
the total initial spins a3 = a1 + a2 and b (with ai · vi =
0) for a range of ratios |a3|/|b|. We show the normalized
ratio of angular momenta emitted orthogonal to the b,v plane
(left plot) and in the b direction (right plot), normalization
is w.r.t. angular momentum emitted in the spin-less.

The constant spin tensors are decomposed in terms of
the Pauli-Lubanski vectors aµ

i as S
µ⌫
i = ✏µ⌫

⇢�v⇢
i a�

i ; they
satisfy ai · vi = 0. In the aligned-spin case where
ai · b = ai · vj = 0, i.e. the spin vectors are orthogo-

nal to the plane of scattering. Writing li =
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wave memory is proportional to the non-spinning result:
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where we have introduced aµ
3 = aµ

1 + aµ
2 with length

|a3|. For two Kerr black holes (CE,i = 0) with equal-
and-opposite spins (aµ

1 = �aµ
2 ) the result is the same as

the non-spinning; we observe this also when the spins are
mis-aligned to the plane of scattering.

There is also a 1PM (non-radiating) contribution to
the waveform consisting of single-graviton emission from
either massive body:

f (1)(x̂) =
2m1

⇢ · v1
(✏ · v1)

2 +
2m2

⇢ · v2
(✏ · v2)

2 . (28)

At 1PM order there is manifestly no dependence on either
the spins S

µ⌫
i or impact parameters bµ

i , so the SUSY
identities in Eq. (26) are trivially satisfied.

Finally, the wave memory and 1PM part of the wave-
form contribute to the total radiated angular momentum
J rad

ij . Using three-dimensional Cartesian basis vectors êi,
we choose a frame of reference with the initial velocities
vµ

i restricted to the t–x plane; b = b ê2 is orthogonal to
these. Then we find two non-zero components of J rad

ij :

FIG. 2. Total radiated angular momenta for the scattering of
two Kerr-BHs with v = 0.2 as a function of the angle between
the total initial spins a3 = a1 + a2 and b (with ai · vi =
0) for a range of ratios |a3|/|b|. We show the normalized
ratio of angular momenta emitted orthogonal to the b,v plane
(left plot) and in the b direction (right plot), normalization
is w.r.t. angular momentum emitted in the spinless case.
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and these identities are satisfied by the waveform (24).
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where we have introduced the symmetric tensor
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grals are derived in the Supplementary Material; versions
with higher powers of qµ in the numerators are derived
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where the coe�cients ↵(s)
i , �(s)

i are associated with the
N - and M-type contributions in Eq. (18) respectively;
they are functions of b, ui, vi, ⇢ and Si and bi-linear
in ✏. In the Kerr-BH case (CE,i = 0) the waveform f
is invariant under the SUSY transformations in Eq. (8):
For this we expand the waveform at any PM order in
powers of spin

f = f0+
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where SUSY links higher-spin terms to lower ones
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To illustrate the waveform we consider the gravita-
tional wave memory �f(x̂) := f(+1, x̂) � f(�1, x̂).
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FIG. 2. Total radiated angular momenta for the scattering of
two Kerr-BHs with v = 0.2 as a function of the angle between
the total initial spins a3 = a1 + a2 and b (with ai · vi =
0) for a range of ratios |a3|/|b|. We show the normalized
ratio of angular momenta emitted orthogonal to the b,v plane
(left plot) and in the b direction (right plot), normalization
is w.r.t. angular momentum emitted in the spin-less.
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satisfy ai · vi = 0. In the aligned-spin case where
ai · b = ai · vj = 0, i.e. the spin vectors are orthogo-
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where we have introduced aµ
3 = aµ

1 + aµ
2 with length

|a3|. For two Kerr black holes (CE,i = 0) with equal-
and-opposite spins (aµ

1 = �aµ
2 ) the result is the same as

the non-spinning; we observe this also when the spins are
mis-aligned to the plane of scattering.

There is also a 1PM (non-radiating) contribution to
the waveform consisting of single-graviton emission from
either massive body:

f (1)(x̂) =
2m1

⇢ · v1
(✏ · v1)

2 +
2m2

⇢ · v2
(✏ · v2)

2 . (28)

At 1PM order there is manifestly no dependence on either
the spins S

µ⌫
i or impact parameters bµ

i , so the SUSY
identities in Eq. (26) are trivially satisfied.

Finally, the wave memory and 1PM part of the wave-
form contribute to the total radiated angular momentum
J rad

ij . Using three-dimensional Cartesian basis vectors êi,
we choose a frame of reference with the initial velocities
vµ

i restricted to the t–x plane; b = b ê2 is orthogonal to
these. Then we find two non-zero components of J rad

ij :
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the total initial spins a3 = a1 + a2 and b (with ai · vi =
0) for a range of ratios |a3|/|b|. We show the normalized
ratio of angular momenta emitted orthogonal to the b,v plane
(left plot) and in the b direction (right plot), normalization
is w.r.t. angular momentum emitted in the spinless case.
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and these identities are satisfied by the waveform (24).
To illustrate the waveform we consider the gravita-

tional wave memory �f(x̂) := f(+1, x̂) � f(�1, x̂).
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At 1PM order there is manifestly no dependence on either
the spins S
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i or impact parameters bµ

i , so the SUSY
identities in Eq. (26) are trivially satisfied.

Finally, the wave memory and 1PM part of the wave-
form contribute to the total radiated angular momentum
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N (q) and M(q) have a uniform power counting in q for
each spin order:

N (q) = Nµqµ + Nµ⌫qµq⌫ + Nµ⌫⇢q
µq⌫q⇢ , (19)

M(q) = Mµ⌫qµq⌫ + Mµ⌫⇢q
µq⌫q⇢ + Mµ⌫⇢�qµq⌫q⇢q� ,

and the non-spinning result involves only Nµ and Mµ⌫ .
We present full expressions for N and M in the ancillary
file attached to the arXiv submission of this Letter.
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where Pµ⌫
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i is a projector into the rest frame
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are the lengths of the shifted impact parameter b̃µ (16)
in the two rest frames. The second integral in eq. (18) is
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where we have introduced the symmetric tensor
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i |b̃|
2
i + (Pi · b̃)µ(Pi · b̃)⌫ , (23)

with the property that Kµ⌫
i vi,⌫ = Kµ⌫

i b̃⌫ = 0. Both
integrals are derived in the Supplementary Material; one
generalizes to higher powers of qµ in the numerators by
taking derivatives with respect to b̃µ.
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where the coe�cients ↵(s)
i , �(s)

i , provided in the ancillary
file, are associated with the N - and M-type contribu-
tions in Eq. (18) respectively; they are functions of ui,
bµ, vµ

i , ⇢µ, and S
µ⌫
i and bi-linear in ✏µ. The waveform f

is invariant under the SUSY transformations in Eq. (8)
to quadratic order in spin regardless of the values of CE,i.
To see this we expand the waveform at all PM orders in
powers of spin:
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N - and M-type contributions in Eq. (18) respectively;
they are functions of b, ui, vi, ⇢ and Si and bi-linear
in ✏. In the Kerr-BH case (CE,i = 0) the waveform f
is invariant under the SUSY transformations in Eq. (8):
For this we expand the waveform at any PM order in
powers of spin
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To illustrate the waveform we consider the gravita-
tional wave memory �f(x̂) := f(+1, x̂) � f(�1, x̂).
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FIG. 2. Total radiated angular momenta for the scattering of
two Kerr-BHs with v = 0.2 as a function of the angle between
the total initial spins a3 = a1 + a2 and b (with ai · vi =
0) for a range of ratios |a3|/|b|. We show the normalized
ratio of angular momenta emitted orthogonal to the b,v plane
(left plot) and in the b direction (right plot), normalization
is w.r.t. angular momentum emitted in the spin-less.
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where we have introduced aµ
3 = aµ

1 + aµ
2 with length

|a3|. For two Kerr black holes (CE,i = 0) with equal-
and-opposite spins (aµ

1 = �aµ
2 ) the result is the same as

the non-spinning; we observe this also when the spins are
mis-aligned to the plane of scattering.

There is also a 1PM (non-radiating) contribution to
the waveform consisting of single-graviton emission from
either massive body:

f (1)(x̂) =
2m1
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At 1PM order there is manifestly no dependence on either
the spins S

µ⌫
i or impact parameters bµ

i , so the SUSY
identities in Eq. (26) are trivially satisfied.

Finally, the wave memory and 1PM part of the wave-
form contribute to the total radiated angular momentum
J rad

ij . Using three-dimensional Cartesian basis vectors êi,
we choose a frame of reference with the initial velocities
vµ

i restricted to the t–x plane; b = b ê2 is orthogonal to
these. Then we find two non-zero components of J rad

ij :
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the total initial spins a3 = a1 + a2 and b (with ai · vi =
0) for a range of ratios |a3|/|b|. We show the normalized
ratio of angular momenta emitted orthogonal to the b,v plane
(left plot) and in the b direction (right plot), normalization
is w.r.t. angular momentum emitted in the spinless case.
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and these identities are satisfied by the waveform (24).
To illustrate the waveform we consider the gravita-
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FIG. 1. The four diagram topologies contributing to the 2PM
Bremsstrahlung up to O(S2), where !i = k ·vi by energy con-
servation at the worldline vertices. For diagrams (b)–(d) we
also include the corresponding flipped topologies with massive
bodies 1$2; for diagram (d) (which includes the propagating
fermion  0µ

2 ) we also include the graph with the arrow re-
versed.

where ��(!) := (2⇡)�(!) and we have used S
µ⌫ =

�2i ̄[µ ⌫]. The other worldline-based vertices required
for the 2PM Bremsstrahlung all appear in Fig. 1: the
two-point interaction between a graviton and a single zµ

mode in (b), the two-graviton emission vertex in (c), and
the two-point interaction between a graviton and  0µ in
(d). Full expressions for these vertices are provided in
the Supplementary Material.

Waveform from WQFT. — To describe the
Bremsstrahlung at 2PM order including spin e↵ects we
compute the expectation value k2

hhµ⌫(k)iWQFT. This
requires us to compute four kinds of Feynman graphs,
illustrated in Fig. 1. Explicit expressions for the first
two graphs (a) and (b) were given in the non-spinning
case [16]; these are now modified by terms up to O(S2).
Graphs (c) and (d) are unique to the spinning case — for
the latter we sum over both routings of the fermion line.

From this result we seek to obtain the waveform in
spacetime in the wave zone, where the distance to the
observer |x| = r is large compared to all other lengths.
Following Ref. [16] the gauge-invariant frequency-domain
waveform 4G Sij(kµ = ⌦ (1, x̂)) is extracted from the
WQFT via

Sµ⌫(k) =
2


k2

hhµ⌫(k)iWQFT , (12)

where ⌦ is the GW frequency and x̂ = x/r points to-
wards the observer. However, it is advantageous to study
the time-domain waveform f(u, x̂) which is given by a
Fourier transform:

✏µ⌫hµ⌫ =
f(u, x̂)

r
=

4G

r

Z

⌦
e�ik·x ✏µ⌫ Sµ⌫(k)

���
kµ=⌦ ⇢µ

,

(13)

where we have contracted with a polarization tensor
✏µ⌫ = 1

2✏
µ✏⌫ ,

R
⌦ :=

R 1
�1

d⌦
2⇡ , ⇢µ = (1, x̂) and, in a PM

decomposition f =
P

n Gnf (n), we seek the 2PM compo-
nent f (2). Note that k · x = ⌦(t � r) yields the retarded
time u = t � r, and ✏ · ✏ = ✏ · ⇢ = 0.

Integration. — Our integration procedure follows
closely that used for the non-spinning calculation in
Ref. [16], the main di↵erence being that we maintain
four-dimensional Lorentz covariance. Each diagram con-
tributing to k2

hhµ⌫(k)iWQFT carries the overall factor

µ1,2(k) = ei(q1·b1+q2·b2)��(q1 · v1)�
�(q2 · v2)�

�(k � q1 � q2) .
(14)

We integrate over qi, the momentum emitted from each
worldline (see Fig. 1). When we also integrate over ⌦ —
as in Eq. (13) — the full integration measure becomes

Z

⌦,q1,q2

µ1,2(k)e�ik·x =
1

⇢ · v2

Z

q1

��(q1 · v1)e
�iq1·b̃ , (15)

where
R

qi
:=

R d4qi

(2⇡)4 ; the delta function constraints give

⌦ = q1·v2

⇢·v2

and q2 = k�q1. The shifted impact parameter

b̃µ is

b̃µ = b̃µ
2 � b̃µ

1 , b̃µ
i = bµ

i + uiv
µ
i , (16)

which extends the original impact parameter bµ = bµ
2 �

bµ
1 along the undeflected trajectories of the two bodies.

Finally, ui is the retarded time in the i’th rest frame:

ui =
⇢ · (x � bi)

⇢ · vi
, (17)

This implies ⇢ · b̃i = ⇢ · x = u, so ⇢ · b̃ = 0.
Rewriting the integral measure as in Eq. (15) is con-

venient for performing the integrals of diagrams (b)–(d),
in the rest frame of body 1. The mirrored counterparts
to these diagrams are easily recovered after integration
using the 1 $ 2 symmetry of the waveform. To inte-
grate diagram (a) we insert the partial-fraction identity
q�2
1 q�2

2 = �q�2
1 (2k ·q1)�1

�q�2
2 (2k ·q2)�1 (which is valid

for k on-shell) and focus on the first term.
The full 2PM waveform is then written schematically

as (dropping the subscript on q1)GM: fix margin
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the N - and M-contributions corresponding to diagrams
(b)–(d) and (a) in Fig. 1 respectively. The numerators
N (q) and M(q) have a uniform power counting in q for
each spin order:

N (q) = Nµqµ + Nµ⌫qµq⌫ + Nµ⌫⇢q
µq⌫q⇢ , (19)

M(q) = Mµ⌫qµq⌫ + Mµ⌫⇢q
µq⌫q⇢ + Mµ⌫⇢�qµq⌫q⇢q� ,

FIG. 1. The four diagram topologies contributing to the 2PM
Bremsstrahlung up to O(S2), where !i = k ·vi by energy con-
servation at the worldline vertices. For diagrams (b)–(d) we
also include the corresponding flipped topologies with massive
bodies 1$2; for diagram (d) (which includes the propagating
fermion  0µ

2 ) we also include the graph with the arrow re-
versed.

Next we consider the worldline vertices. The simplest
of these is the single-graviton emission vertex:
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(11)

where ��(!) := (2⇡)�(!) and we have used S
µ⌫ =

�2i ̄[µ ⌫]. The other worldline-based vertices required
for the 2PM Bremsstrahlung all appear in Fig. 1: the
two-point interaction between a graviton and a single zµ

mode in (b), the two-graviton emission vertex in (c), and
the two-point interaction between a graviton and  0µ in
(d). Full expressions for these vertices are provided in
the Supplementary Material.

Waveform from WQFT. — To describe the
Bremsstrahlung at 2PM order including spin e↵ects we
compute the expectation value k2

hhµ⌫(k)iWQFT. This
requires us to compute four kinds of Feynman graphs,
illustrated in Fig. 1. Explicit expressions for the first
two graphs (a) and (b) were given in the non-spinning
case [16]; these are now modified by terms up to O(S2).
Graphs (c) and (d) are unique to the spinning case — for
the latter we sum over both routings of the fermion line.

From this result we seek to obtain the waveform in
spacetime in the wave zone, where the distance to the
observer |x| = r is large compared to all other lengths.
Following Ref. [16] the gauge-invariant frequency-domain
waveform 4G ✏µ⌫Sµ⌫(kµ = ⌦ (1, x̂)) is extracted from the
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
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hhµ⌫(k)iWQFT , (12)

where ⌦ is the GW frequency and x̂ = x/r points to-
wards the observer. However, it is advantageous to study
the time-domain waveform f(u, x̂) which is given by a
Fourier transform:
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r
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r
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(13)
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position f =
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n Gnf (n) we seek the 2PM component
f (2). Note that k · x = ⌦(t � r) yields the retarded time
u = t � r, and ✏ · ✏ = ✏ · ⇢ = 0.

Integration. — Our integration procedure follows
closely that used for the non-spinning calculation in
Ref. [16], the main di↵erence being that we maintain
four-dimensional Lorentz covariance. Each diagram con-
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the undeflected trajectories of the two bodies. Finally, ui

is the retarded time in the i’th rest frame:

ui =
⇢ · (x � bi)

⇢ · vi
, (17)

This implies ⇢ · b̃i = ⇢ · x = u, so ⇢ · b̃ = 0.
Rewriting the integral measure as in Eq. (15) is con-

venient for performing the integrals of diagrams (b)–(d),
in the rest frame of body 1. The mirrored counterparts
to these diagrams are easily recovered after integration
using the 1 $ 2 symmetry of the waveform. To inte-
grate diagram (a) we insert the partial-fraction identity
q�2
1 q�2

2 = �q�2
1 (2k ·q1)�1

�q�2
2 (2k ·q2)�1 (which is valid

for k on-shell) and focus on the first term.
The full 2PM waveform is then written schematically

as (dropping the subscript on q1)
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the N - and M-contributions corresponding to diagrams
(b)–(d) and (a) in Fig. 1 respectively. The numerators
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N (q) and M(q) have a uniform power counting in q for
each spin order:

N (q) = Nµqµ + Nµ⌫qµq⌫ + Nµ⌫⇢q
µq⌫q⇢ , (19)

M(q) = Mµ⌫qµq⌫ + Mµ⌫⇢q
µq⌫q⇢ + Mµ⌫⇢�qµq⌫q⇢q� ,

and the non-spinning result involves only Nµ and Mµ⌫ .
We present full expressions for N and M in the ancillary
file attached to the arXiv submission of this Letter.

To lowest order in qµ, the first integral in eq. (18) is

4⇡

Z

q
��(q · v1)

e�iq·b̃

q2

qµ

q · v2 + i✏

=
Pµ⌫

1 v2,⌫

(�2 � 1)|b̃|1

�
bµ

|b|2

 
1p

�2 � 1
+

u2

|b̃|1

!
,

(20)

where Pµ⌫
i := ⌘µ⌫

�vµ
i v⌫

i is a projector into the rest frame
of the i’th body, |b| = �

p
bµbµ (the impact parameter is

spacelike) and

|b̃|1,2 :=
q

�b̃µPµ⌫
1,2 b̃⌫ =

q
|b|2 + (�2 � 1)u2

2,1 (21)

are the lengths of the shifted impact parameter b̃µ (16)
in the two rest frames. The second integral in eq. (18) is

4⇡

Z

q
��(q · v1)

e�iq·b̃

q2

qµq⌫

q · v2 q · ⇢

=
Kµ⌫

1 v2 · K1 · ⇢ � 2(v2 · K1)(µ(⇢ · K1)⌫)

(�2 � 1) (⇢ · v1)2 |b|2 |b̃|2 |b̃|1

,

(22)

where we have introduced the symmetric tensor

Kµ⌫
i := Pµ⌫

i |b̃|
2
i + (Pi · b̃)µ(Pi · b̃)⌫ , (23)

with the property that Kµ⌫
i vi,⌫ = Kµ⌫

i b̃⌫ = 0. Both
integrals are derived in the Supplementary Material; one
generalizes to higher powers of qµ in the numerators by
taking derivatives with respect to b̃µ.

Results. — The 2PM waveform takes the schematic
form

f (2)

m1m2
=

2X

s=0

1

|b̃|
2s+1
1

"
↵(s)

1 +
�(s)

1

|b̃|2s+2

#
+ (1 $ 2) , (24)

where the coe�cients ↵(s)
i , �(s)

i , provided in the ancillary
file, are associated with the N - and M-type contribu-
tions in Eq. (18) respectively; they are functions of ui,
bµ, vµ

i , ⇢µ, and S
µ⌫
i and bi-linear in ✏µ. The waveform f

is invariant under the SUSY transformations in Eq. (8)
to quadratic order in spin regardless of the values of CE,i.
To see this we expand the waveform at all PM orders in
powers of spin:

f = f0+
2X

i=1

Si,µ⌫fµ⌫
i +

2X

i,j=1

Si,µ⌫Sj,⇢�fµ⌫;⇢�
ij + O(S3) ,

(25)
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where the non-spinning result involves only Nµ and Mµ⌫ .
We present full expressions for N and M in the ancillary
file attached to the arXiv submission of this Letter.
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where Pµ⌫
i := ⌘µ⌫

� vµ
i v⌫

i is a projector into the rest
frame of the i’th body; b2 = |b|2 = �bµbµ (the impact
parameter is spacelike) and

|b̃|1,2 :=
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�b̃µPµ⌫
1,2 b̃⌫ =
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are the lengths of the shifted impact parameter b̃µ (16)
in the two rest frames. The second integral in eq. (18) is
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where we have introduced the symmetric tensor

Kµ⌫
i := Pµ⌫

i |b̃|
2
i + (Pi · b̃)µ(Pi · b̃)⌫ , (23)

with the property that Kµ⌫
i vi,⌫ = Kµ⌫

i b̃⌫ = 0. Both inte-
grals are derived in the Supplementary Material; versions
with higher powers of qµ in the numerators are derived
by taking derivatives with respect to b̃µ.

Results. — The 2PM waveform takes the schematic
form

f (2)

m1m2
=
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�(s)

1
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where the coe�cients ↵(s)
i , �(s)

i are associated with the
N - and M-type contributions in Eq. (18) respectively;
they are functions of b, ui, vi, ⇢ and Si and bi-linear
in ✏. In the Kerr-BH case (CE,i = 0) the waveform f
is invariant under the SUSY transformations in Eq. (8):
For this we expand the waveform at any PM order in
powers of spin

f = f0+
2X

i=1

Si,µ⌫fµ⌫
i +

2X

i,j=1

Si,µ⌫Sj,⇢� + O(S3) (25)

where SUSY links higher-spin terms to lower ones

1

2

@f0

@bi,⌫
= vi,µ f [µ⌫]

i ,
1

4

@fµ⌫
i

@bj,⇢
= vj,� fµ⌫;[⇢�]

ij . (26)

To illustrate the waveform we consider the gravita-
tional wave memory �f(x̂) := f(+1, x̂) � f(�1, x̂).
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FIG. 2. Total radiated angular momenta for the scattering of
two Kerr-BHs with v = 0.2 as a function of the angle between
the total initial spins a3 = a1 + a2 and b (with ai · vi =
0) for a range of ratios |a3|/|b|. We show the normalized
ratio of angular momenta emitted orthogonal to the b,v plane
(left plot) and in the b direction (right plot), normalization
is w.r.t. angular momentum emitted in the spin-less.

The constant spin tensors are decomposed in terms of
the Pauli-Lubanski vectors aµ

i as S
µ⌫
i = ✏µ⌫

⇢�v⇢
i a�

i ; they
satisfy ai · vi = 0. In the aligned-spin case where
ai · b = ai · vj = 0, i.e. the spin vectors are orthogo-

nal to the plane of scattering. Writing li =
p

�a2
i the

wave memory is proportional to the non-spinning result:

�f (2) =

 
1 +

2vl3
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l23
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�2 � 1(⇢ · v1)2

+ (1 $ 2) , (27)

where we have introduced aµ
3 = aµ

1 + aµ
2 with length

|a3|. For two Kerr black holes (CE,i = 0) with equal-
and-opposite spins (aµ

1 = �aµ
2 ) the result is the same as

the non-spinning; we observe this also when the spins are
mis-aligned to the plane of scattering.

There is also a 1PM (non-radiating) contribution to
the waveform consisting of single-graviton emission from
either massive body:

f (1)(x̂) =
2m1

⇢ · v1
(✏ · v1)

2 +
2m2

⇢ · v2
(✏ · v2)

2 . (28)

At 1PM order there is manifestly no dependence on either
the spins S

µ⌫
i or impact parameters bµ

i , so the SUSY
identities in Eq. (26) are trivially satisfied.

Finally, the wave memory and 1PM part of the wave-
form contribute to the total radiated angular momentum
J rad

ij . Using three-dimensional Cartesian basis vectors êi,
we choose a frame of reference with the initial velocities
vµ

i restricted to the t–x plane; b = b ê2 is orthogonal to
these. Then we find two non-zero components of J rad

ij :

FIG. 2. Total radiated angular momenta for the scattering of
two Kerr-BHs with v = 0.2 as a function of the angle between
the total initial spins a3 = a1 + a2 and b (with ai · vi =
0) for a range of ratios |a3|/|b|. We show the normalized
ratio of angular momenta emitted orthogonal to the b,v plane
(left plot) and in the b direction (right plot), normalization
is w.r.t. angular momentum emitted in the spinless case.
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and these identities are satisfied by the waveform (24).
To illustrate the waveform we consider the gravita-

tional wave memory �f(x̂) := f(+1, x̂) � f(�1, x̂).
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Finally, the wave memory and 1PM part of the wave-
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FIG. 2. Plots of the wave memories �f+,⇥ for v = 0.2. For a
visualisation of the complete waveforms as they evolve with
retarded time u see f+(u, ✓, �)|v=0.2 and f⇥(u, ✓, �)|v=0.2.

beauty of our result (26) lies in the fact that the memo-
ries only receive contributions from the second term, and
read

�f+,⇥ = �2G2m1m2

bi
N

i
+,⇥

b2
+ O(G3) . (28)

Diagrammatically they exclusively emerge from diagram
(b) of Fig. 1. So they are manifestly insensitive to grav-
itational self-interactions — this was also pointed out in
Ref. [22].

Radiated Energy and Angular Momentum. — One
may now use our result for the waveform (26) to com-
pute the total radiated momentum and angular momen-
tum. Expressions for these quantities in terms of the
asymptotic waveform are given in Refs. [22, 33]:

Pµ
rad

=
1

32⇡G

Z
dud�[ḟij ]

2⇢µ , (29)

J rad

ij =
1

8⇡G

Z
dud�

✓
fk[iḟj]k �

1

2
x[i@j]fklḟkl

◆
, (30)

where ḟij := @ufij and d� = sin ✓d✓d� is the unit sphere
measure.

We first concentrate on J rad

ij as it contributes at lead-
ing order O(G2) and was recently obtained in the center-

of-mass frame [22]. The static nature of f (1)

ij (27) allows
one to trivially perform the u-integration and express the
radiated angular momentum in terms of the wave mem-
ories �f+,⇥. Inserting the basis of polarization tensors

(15) (and using f (1)

⇥ = 0) gives

J rad

xy =
1

8⇡

Z
d�

h sin �

sin ✓
f (1)

+
�f⇥ �

1

2
cos � @✓f

(1)

+
�f+

i

+ O(G3) . (31)

The spherical integral is elementary and yields

J rad

xy

J init
xy

=
4G2m1m2

b2

(2�2
� 1)p

�2 � 1
I(v) + O(G3) , (32a)

I(v) = �
8

3
+

1

v2
+

(3v2
� 1)

v3
arctanh(v) , (32b)

where we have normalized our result with respect to the
initial angular momentum in the rest frame of black hole

1: J init

xy = m2|v2||b| = m2�vb. We find perfect agree-
ment with Ref. [22].3

Similarly, Pµ
rad

of Eq. (29) should reproduce the recent
result of Ref. [30] contributing at O(G3). So far we have
only been able to perform the integral in the PN expan-
sion recovering the result of Ref. [30] to order v6. Yet it is
straightforward to obtain di↵erential quantities derived
from the integrand of Eq. (29). The di↵erential power
spectrum (total energy radiated per unit frequency) as
well as the total energy radiated per unit solid angle are
collected in the supplementary material to this letter.
These results go well beyond Kovacs and Thorne [4] and
may be expanded to any desired order in v.

Conclusions. — Searching for GWs from scattering
events over the full range of impact velocities requires
precision predictions in the PM approximation. While
the potential and radiation of bound systems was calcu-
lated to high PN order [34] (see Refs. [35] for spinning
bodies), a resummation of PN results in the strong-field
and fast-motion regimes is essential for building accu-
rate waveform models [8]. The PM resummation is one
promising recent attempt [21, 36, 37].

Our results provide a stepping stone for higher-order
calculations, where a repertoire of advanced integration
techniques can be put to use [17, 24, 30, 38]. In fact the
3PM integrand has essentially been presented in Ref. [29].
The present challenge lies in the multi-scale integrals,
which despite their tree-level structure are of higher loop
three-momentum type as the worldline only preserves en-
ergy. Generalizations to spin and finite-size e↵ects are
possible and lead to the same families of integrations at
2PM. Also the extensions to bound systems using map-
pings between bound and unbound orbits [24, 39] would
be of great utility.
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SUPPLEMENTAL MATERIAL

Integrals. — We begin with the simpler integral in
Eq. (22), corresponding to diagram (b) in Fig. 1. Work-
ing in Cartesian components with b = (b1, b2, b3) (in the

main text we replace b ! eb) and q = (q1, q2, q3) it is
su�cient to show
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3 As the two frames are related by a boost in the x direction this
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FIG. 1. The four diagram topologies contributing to the 2PM
Bremsstrahlung up to O(S2), where !i = k ·vi by energy con-
servation at the worldline vertices. For diagrams (b)–(d) we
also include the corresponding flipped topologies with massive
bodies 1$2; for diagram (d) (which includes the propagating
fermion  0µ

2 ) we also include the graph with the arrow re-
versed.

where ��(!) := (2⇡)�(!) and we have used S
µ⌫ =

�2i ̄[µ ⌫]. The other worldline-based vertices required
for the 2PM Bremsstrahlung all appear in Fig. 1: the
two-point interaction between a graviton and a single zµ

mode in (b), the two-graviton emission vertex in (c), and
the two-point interaction between a graviton and  0µ in
(d). Full expressions for these vertices are provided in
the Supplementary Material.

Waveform from WQFT. — To describe the
Bremsstrahlung at 2PM order including spin e↵ects we
compute the expectation value k2

hhµ⌫(k)iWQFT. This
requires us to compute four kinds of Feynman graphs,
illustrated in Fig. 1. Explicit expressions for the first
two graphs (a) and (b) were given in the non-spinning
case [16]; these are now modified by terms up to O(S2).
Graphs (c) and (d) are unique to the spinning case — for
the latter we sum over both routings of the fermion line.

From this result we seek to obtain the waveform in
spacetime in the wave zone, where the distance to the
observer |x| = r is large compared to all other lengths.
Following Ref. [16] the gauge-invariant frequency-domain
waveform 4G Sij(kµ = ⌦ (1, x̂)) is extracted from the
WQFT via

Sµ⌫(k) =
2


k2

hhµ⌫(k)iWQFT , (12)

where ⌦ is the GW frequency and x̂ = x/r points to-
wards the observer. However, it is advantageous to study
the time-domain waveform f(u, x̂) which is given by a
Fourier transform:

✏µ⌫hµ⌫ =
f(u, x̂)
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where we have contracted with a polarization tensor
✏µ⌫ = 1

2✏
µ✏⌫ ,

R
⌦ :=

R 1
�1

d⌦
2⇡ , ⇢µ = (1, x̂) and, in a PM

decomposition f =
P

n Gnf (n), we seek the 2PM compo-
nent f (2). Note that k · x = ⌦(t � r) yields the retarded
time u = t � r, and ✏ · ✏ = ✏ · ⇢ = 0.

Integration. — Our integration procedure follows
closely that used for the non-spinning calculation in
Ref. [16], the main di↵erence being that we maintain
four-dimensional Lorentz covariance. Each diagram con-
tributing to k2

hhµ⌫(k)iWQFT carries the overall factor

µ1,2(k) = ei(q1·b1+q2·b2)��(q1 · v1)�
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We integrate over qi, the momentum emitted from each
worldline (see Fig. 1). When we also integrate over ⌦ —
as in Eq. (13) — the full integration measure becomes
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which extends the original impact parameter bµ = bµ
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1 along the undeflected trajectories of the two bodies.

Finally, ui is the retarded time in the i’th rest frame:

ui =
⇢ · (x � bi)

⇢ · vi
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This implies ⇢ · b̃i = ⇢ · x = u, so ⇢ · b̃ = 0.
Rewriting the integral measure as in Eq. (15) is con-

venient for performing the integrals of diagrams (b)–(d),
in the rest frame of body 1. The mirrored counterparts
to these diagrams are easily recovered after integration
using the 1 $ 2 symmetry of the waveform. To inte-
grate diagram (a) we insert the partial-fraction identity
q�2
1 q�2

2 = �q�2
1 (2k ·q1)�1

�q�2
2 (2k ·q2)�1 (which is valid

for k on-shell) and focus on the first term.
The full 2PM waveform is then written schematically
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the N - and M-contributions corresponding to diagrams
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servation at the worldline vertices. For diagrams (b)–(d) we
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bodies 1$2; for diagram (d) (which includes the propagating
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2 ) we also include the graph with the arrow re-
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Next we consider the worldline vertices. The simplest
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where ��(!) := (2⇡)�(!) and we have used S
µ⌫ =

�2i ̄[µ ⌫]. The other worldline-based vertices required
for the 2PM Bremsstrahlung all appear in Fig. 1: the
two-point interaction between a graviton and a single zµ

mode in (b), the two-graviton emission vertex in (c), and
the two-point interaction between a graviton and  0µ in
(d). Full expressions for these vertices are provided in
the Supplementary Material.

Waveform from WQFT. — To describe the
Bremsstrahlung at 2PM order including spin e↵ects we
compute the expectation value k2

hhµ⌫(k)iWQFT. This
requires us to compute four kinds of Feynman graphs,
illustrated in Fig. 1. Explicit expressions for the first
two graphs (a) and (b) were given in the non-spinning
case [16]; these are now modified by terms up to O(S2).
Graphs (c) and (d) are unique to the spinning case — for
the latter we sum over both routings of the fermion line.

From this result we seek to obtain the waveform in
spacetime in the wave zone, where the distance to the
observer |x| = r is large compared to all other lengths.
Following Ref. [16] the gauge-invariant frequency-domain
waveform 4G ✏µ⌫Sµ⌫(kµ = ⌦ (1, x̂)) is extracted from the
WQFT via

Sµ⌫(k) =
2


k2

hhµ⌫(k)iWQFT , (12)

where ⌦ is the GW frequency and x̂ = x/r points to-
wards the observer. However, it is advantageous to study
the time-domain waveform f(u, x̂) which is given by a
Fourier transform:
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f (2). Note that k · x = ⌦(t � r) yields the retarded time
u = t � r, and ✏ · ✏ = ✏ · ⇢ = 0.

Integration. — Our integration procedure follows
closely that used for the non-spinning calculation in
Ref. [16], the main di↵erence being that we maintain
four-dimensional Lorentz covariance. Each diagram con-
tributing to k2

hhµ⌫(k)iWQFT carries the overall factor
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We integrate over qi, the momentum emitted from each
worldline (see Fig. 1). When we also integrate over ⌦ —
as in Eq. (13) — the full integration measure becomes
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1 along
the undeflected trajectories of the two bodies. Finally, ui

is the retarded time in the i’th rest frame:

ui =
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This implies ⇢ · b̃i = ⇢ · x = u, so ⇢ · b̃ = 0.
Rewriting the integral measure as in Eq. (15) is con-

venient for performing the integrals of diagrams (b)–(d),
in the rest frame of body 1. The mirrored counterparts
to these diagrams are easily recovered after integration
using the 1 $ 2 symmetry of the waveform. To inte-
grate diagram (a) we insert the partial-fraction identity
q�2
1 q�2

2 = �q�2
1 (2k ·q1)�1
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2 (2k ·q2)�1 (which is valid

for k on-shell) and focus on the first term.
The full 2PM waveform is then written schematically
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), where !i = k ·vi by energy con-

servation at the worldline vertices. For diagrams (b)–(d) we
also include the corresponding flipped topologies with massive
bodies 1$2; for diagram (d) (which includes the propagating
fermion  

0µ
2 ) we also include the graph with the arrow re-

versed.

where ��(!) := (2⇡)�(!) and we have used Sµ⌫ =
�2i ̄[µ ⌫]. The other worldline-based vertices required
for the 2PM Bremsstrahlung all appear in Fig. 1: the
two-point interaction between a graviton and a single zµ

mode in (b), the two-graviton emission vertex in (c), and
the two-point interaction between a graviton and  0µ

in
(d). Full expressions for these vertices are provided in
the Supplementary Material.

Waveform from WQFT. — To describe the
Bremsstrahlung at 2PM order including spin e↵ects we
compute the expectation value k2hhµ⌫(k)iWQFT. This
requires us to compute four kinds of Feynman graphs,
illustrated in Fig. 1. Explicit expressions for the first
two graphs (a) and (b) were given in the non-spinning
case [16]; these are now modified by terms up to O(S2).
Graphs (c) and (d) are unique to the spinning case — for
the latter we sum over both routings of the fermion line.

From this result we seek to obtain the waveform in
spacetime in the wave zone, where the distance to the
observer |x| = r is large compared to all other lengths.
Following Ref. [16] the gauge-invariant frequency-domain
waveform 4G Sij(kµ = ⌦ (1, x̂)) is extracted from the
WQFT via

Sµ⌫(k) =
2


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2
hhµ⌫(k)iWQFT , (12)

where ⌦ is the GW frequency and x̂ = x/r points to-
wards the observer. However, it is advantageous to study
the time-domain waveform f(u, x̂) which is given by a
Fourier transform:
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n Gnf (n), we seek the 2PM compo-
nent f (2). Note that k · x = ⌦(t � r) yields the retarded
time u = t � r, and ✏ · ✏ = ✏ · ⇢ = 0.

Integration. — Our integration procedure follows
closely that used for the non-spinning calculation in
Ref. [16], the main di↵erence being that we maintain
four-dimensional Lorentz covariance. Each diagram con-
tributing to k2hhµ⌫(k)iWQFT carries the overall factor
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We integrate over qi, the momentum emitted from each
worldline (see Fig. 1). When we also integrate over ⌦ —
as in Eq. (13) — the full integration measure becomes
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This implies ⇢ · b̃i = ⇢ · x = u, so ⇢ · b̃ = 0.
Rewriting the integral measure as in Eq. (15) is con-

venient for performing the integrals of diagrams (b)–(d),
in the rest frame of body 1. The mirrored counterparts
to these diagrams are easily recovered after integration
using the 1 $ 2 symmetry of the waveform. To inte-
grate diagram (a) we insert the partial-fraction identity
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where ��(!) := (2⇡)�(!) and we have used Sµ⌫ =
�2i ̄[µ ⌫]. The other worldline-based vertices required
for the 2PM Bremsstrahlung all appear in Fig. 1: the
two-point interaction between a graviton and a single zµ

mode in (b), the two-graviton emission vertex in (c), and
the two-point interaction between a graviton and  0µ

in
(d). Full expressions for these vertices are provided in
the Supplementary Material.

Waveform from WQFT. — To describe the
Bremsstrahlung at 2PM order including spin e↵ects we
compute the expectation value k2hhµ⌫(k)iWQFT. This
requires us to compute four kinds of Feynman graphs,
illustrated in Fig. 1. Explicit expressions for the first
two graphs (a) and (b) were given in the non-spinning
case [16]; these are now modified by terms up to O(S2).
Graphs (c) and (d) are unique to the spinning case — for
the latter we sum over both routings of the fermion line.

From this result we seek to obtain the waveform in
spacetime in the wave zone, where the distance to the
observer |x| = r is large compared to all other lengths.
Following Ref. [16] the gauge-invariant frequency-domain
waveform 4G ✏µ⌫Sµ⌫(kµ = ⌦ (1, x̂)) is extracted from the
WQFT via
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where ⌦ is the GW frequency and x̂ = x/r points to-
wards the observer. However, it is advantageous to study
the time-domain waveform f(u, x̂) which is given by a
Fourier transform:
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Integration. — Our integration procedure follows
closely that used for the non-spinning calculation in
Ref. [16], the main di↵erence being that we maintain
four-dimensional Lorentz covariance. Each diagram con-
tributing to k2hhµ⌫(k)iWQFT carries the overall factor
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The di↵ering conventions between how slowly evolving and rapidly evolving signals

are plotted can be problematic for stellar origin black hole binaries (SOBHBs). For

example, if a GW150914 type system was 20 years from merger when LISA started

observations, it would be emitting at a gravitational wave frequency of 9.5 mHz, and

four years later it would be emitting at 10.4 mHz, producing a track that runs for just

� ln f = 0.09. Since the frequency range is so short, the questions becomes do we treat

the system as evolving, and plot a track as we do for massive black holes, or do we treat

the system as non-evolving, and plot a point as we do for galactic binaries? Figure 7

shows that the two choices paint an inconsistent picture. If the track is longer, such as

for a system that is 5 years from merger, the two representations look more consistent.

To arrive at consistent representations, where sources appear at almost the same height

when shown as evolving tracks or non-evolving points, we recommend switching from

tracks to points when � ln f < 0.5.

2.1. EMRIs and other complicated signals
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Figure 8. The characteristic strain produced by a 20M� - 106M�,� = 0.5 EMRI
at 4 Gpc.

Some sources produce signals that can not be accurately described by simple

frequency domain models. Extreme Mass Ratio Inspirals and rapidly precessing spinning

black hole binaries fall into that category. The inclination and polarization averaging

we used for quasi-circular binaries is not applicable these systems, but for simplicity we

still plot these signals against the standard sky and polarization averaged sensitivity

curve. Writing the sky and polarization averaged signal-to-noise squared as

⇢2

⌦, = 4
Z |h̃(f)|2

Sn(f)
df =

Z 1

f=0

4f 2|h̃(f)|2

(fSn(f))
d(ln f) , (28)
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• Solving non-linear Einstein field equations:

Waveform modeling techniques

Unbound SystemBound System

LO

NLO

Time domain 
waveforms
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Collider physics: 

State-of-the-art Feynman 
integration technology  

Diff Eqs & IBPs

Classical Gravity: 

Resummation techniques, 
geodesics, self-force 
expansion

String Theory: Point particle 
limit & spin from oscillators

Mathematics: 

Calabi-Yau 3-fold periods



SUMMARY

•„Quantize“ world-line degrees of freedom  

• One-point functions = observables, Classical theory = tree-level diagrams  

• Rich function space @ 5PM: First time CY3 appears in nature!

WQFT: Highly efficient quantum field theory technology for classical scattering in 

classical gravity

55

Challenges ahead:

•Ongoing: 5PM-2SF. Non-planar integrals, extended CY3 sector.  

•Make contact to bound state problem 

•Resummation strategies, EOB & contact to gravitational self-force expansion



                    BIG THANKS TO THE GREAT 5PM TEAM!



                    THANK YOU!



BACKUP



IBPS, MIS & DES: THE GENERAL IDEA

<latexit sha1_base64="R+meFynvKSrJtuIRdwlNDfZef38="></latexit>

d~I(x)

dx
= ✏A(x) ~I(x)



IBPS & MIS

60

Bubble family:

206 4 Loop Integration Techniques and Special Functions

6. Choose a good integral basis (cf. sections 4.5.4 and 4.6). 
7. Transform the differential equations to canonical form (cf. Sect. 4.5.4). 
8. Fix the boundary values (cf. Sect. 4.5.5). 
9. Solve the differential equations (cf. Sect. 4.5.5). 

4.5.1 Organisation of the Calculation in Terms of Integral Families 

Let us illustrate how to organise a general calculation using the massive bubble 
integrals (cf. Fig. 4.3a) as an example. As explained in Chap. 3, it is sufficient to 
consider scalar integrals. Given a Feynman diagram, it turns out to be useful to 
define an integral family, where the propagators are raised to arbitrary (integer) 
powers: 

.Ga1,a2(s,m
2;D) =

∫
dDk
iπD/2

1
[−k2 +m2]a1[−(k + p)2 +m2]a2 , (4.121) 

where we omitted the . i0 prescription, and we recall that .s = p2. It turns out that 
integrals with different values of propagator powers .(a1, a2) satisfy linear relations. 
One can define a (finite-dimensional) basis in this space. The basis elements are 
called master integrals. 

Integration-by-Parts Identities in Momentum Space We have that 

.

∫
dDk
iπD/2

∂

∂kµ

{
vµ

1
[−k2 +m2]a1[−(k + p)2 +m2]a2

}
= 0 , (4.122) 

for any four-vector . vµ. This follows simply from integrating by parts the total 
derivative. The boundary terms at infinity vanish, at least for some range of 
.a1, a2,D, and, by analytic continuation, everywhere. Writing this equation for 
.vµ = kµ yields the following integration-by-parts (IBP) relation: 

.

0 = (D − 2a1 − a2)Ga1,a2 − a2Ga1−1,a2+1

+ 2m2a1Ga1+1,a2 + (2m2 − s) a2Ga1,a2+1 .
(4.123) 

A second relation follows from .v = k + p or, equivalently, from noticing that 

.Ga1,a2 = Ga2,a1 , (4.124) 

by symmetry. 

Master Integrals and Basis Choice From the IBP relation (4.123) and its symmetric 
version it follows that there are two master integrals (MIs). In practice, one generates 
a system of identities for a range of values .(a1, a2), and then performs a Gauss
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elimination procedure (with some ranking, e.g. preferring integrals with lower 
indices . ai , or with lower .a1 + a2) [21]. 

The master integrals can be chosen for example as 

.{G1,1,G0,1} . (4.125) 

The statement that these two integrals are master integrals, or basis integrals, means 
that for any .a1, a2 there exist some .c1, c2, such that 

.Ga1,a2 = c1G1,1 + c2G0,1 . (4.126) 

The . ci are rational functions in .m2, s,D. 
For example, we have (setting .D = 2 − 2ϵ without loss of generality) 

.G2,0 =
ϵ

m2 G0,1 , . (4.127) 

G2,1 =
ϵ

m2(4m2 − s) 
G0,1 + 

1+ 2ϵ
4m2 − s 

G1,1 . (4.128) 

A number of comments are due. 

• There exist several computer algebra implementations and publicly available 
codes for generating and solving IBP relations. See Exercises 4.12 and 4.16 for 
examples. 

• The number of master integrals can be determined in various ways [22,23]. Note 
however that what is counted exactly, i.e. what is meant by the number of master 
integrals, may differ depending on the reference. In general it is advisable to 
compute this number, and then compare with the result obtained from analysing 
the IBP relations. 

• It is useful to organise master integrals according to their number of propagators. 
One speaks of integral “sectors”. One useful feature is that integral sectors 
correspond to certain blocks in the differential equations satisfied by the integrals. 
For example, the “tadpole” integrals form a subsector within the bubble integral 
family. We will see this explicitly in Sect. 4.5.2. 

• The choice of master integrals is important, and can significantly impact how 
easy or complicated a calculation is. In Sect. 4.6 we introduce a method for 
choosing the master integrals wisely, motivated by the properties of transcen-
dental functions discussed in Sect. 4.4.
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Exercise 4.11 (The Massless Two-Loop Kite Integral) Consider the fol-
lowing massless two-loop Feynman integral, 

. (4.129) 

All propagators are massless, and .s = p2. Define the corresponding integral 
family. Write down the integration by parts identities for one of the triangle 
sub-integrals, and use them to express .Fkite (s;D) in terms of one-loop bubble 
integrals. Use the formula (4.16) to rewrite the latter in terms of . Γ functions, 
and show that 

.Fkite (s; 4 − 2ϵ) = 6 ζ3

−s
+ O (ϵ) . (4.130) 

For the solution see Chap. 5. 

4.5.2 Obtaining the Differential Equations 

We know that for the bubble integral family (4.121) there are two master integrals, 
which can be chosen as in Eq. (4.125). We wish to know the derivatives of 
these integrals, as this would amount to knowing the derivative of any integral in 
the family. 

For any integral of the form (4.121), it is straightforward to compute the 
derivative w.r.t. . m2. For example, we have 

.∂m2Ga1,a2 = −a1Ga1+1,a2 − a2Ga1,a2+1 . (4.131) 

Applying this for the two master integrals, we simply have 

.∂m2

(
G0,1

G1,1

)
=
( −G2,0

−2G2,1

)
. (4.132) 

Then, using the IBP relations (4.127), we find 

.∂m2

(
G0,1

G1,1

)
=
[(

0 0
0 −2

4m2−s

)

+ ϵ

( −1
m2 0
−2

m2(4m2−s)
−4

4m2−s

)]

·
(
G0,1

G1,1

)
. (4.133) 

Similarly, one can obtain the differential equations w.r.t. s by using . ∂s =
1/(2s)pµ∂pµ . One finds
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.∂s

(
G0,1

G1,1

)
=
[(

0 0
0 s−2m2

s(4m2−s)

)

+ ϵ

(
0 0
2

s(4m2−s)
1

4m2−s

)]

·
(
G0,1

G1,1

)
. (4.134) 

4.5.3 Dimensional Analysis and Integrability Check 

There are two simple consistency checks we can perform of the differential equation 
matrices just obtained. 

1. Scaling relation. The integral .Ga1,a2(s,m
2;D) has overall (mass) dimension . D−

2a1 − 2a2. In other words, one can write 

.Ga1,a2(s,m
2;D) = mD−2a1−2a2 g(s/m2;D) , (4.135) 

for some function g. This implies the differential equation (dilatation relation) 

.

[
s ∂s +m2∂m2

]
Ga1,a2 = (D/2 − a1 − a2)Ga1,a2 . (4.136) 

Indeed, applying this differential operator to the massive bubble example, and 
using Eqs. (4.133) and (4.134), we find 

.

[
s ∂s +m2∂m2

](
G0,1

G1,1

)
=
(−ϵ 0

0 −1 − ϵ

)
·
(
G0,1

G1,1

)
. (4.137) 

Equation (4.137) is as expected. It is a diagonal matrix, with the diagonal entries 
corresponding to the scaling dimensions, measured in units of the dimension of 
. m2, cf.  Eq. (4.135). The latter can be verified by dimensional analysis of the 
original definition in terms of loop integrals. 

We remark that one could modify the definition of the master integrals, by 
simply rescaling them with a dimensional prefactor, to set their overall scaling 
dimension to zero. In our case .(m2)ϵ and .(m2)1+ϵ would achieve this. This would 
allow us to talk about single-variable differential equations in the variable .s/m2, 
as in Eq. (4.135). However, in general we prefer not to include fractional terms 
such as .(m2)ϵ in the definition, as this may obscure physical properties, e.g. when 
considering a limit .m → 0 or .m → ∞. Moreover, as we shall see, within the 
setup proposed here, dealing with multiple variables is not substantially more 
complicated as acompared to one variable. 

2. Integrability conditions. A second check follows from the commutativity of 
partial derivatives, in our case .∂s∂m2 − ∂m2∂s = 0. Applying this to our basis 
of master integrals, we get 

.
(
∂sAm2 − ∂m2As + Am2 · As − As · Am2

)
·
(
G0,1

G1,1

)
= 0 . (4.138)
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One can verify indeed that the matrix appearing in Eq. (4.138) vanishes identi-
cally. 

We close this subsection with a comment. Whenever one of the two checks 
discussed here fails, e.g. when one gets a non-vanishing matrix on the RHS of 
Eq. (4.138), this most likely points to some mistake in a calculation or implemen-
tation step. However, note that Eq. (4.138) also admits solutions for non-vanishing 
matrices on the right-hand side if the master integrals are not linearly independent. 
It can indeed happen in practice that there are “hidden” IBP relations (that would 
e.g. be discovered by considering a larger set of IBP relations). In this case these 
checks may give hints for such missing relations. Note however that the converse 
is not true: successful scaling and integrability tests do not guarantee that one has 
found all IBP relations. 

4.5.4 Canonical Differential Equations 

The differential equations (4.133) and (4.134) are already rather simple, however 
by comparing to Eq. (4.118) we see that they are not yet quite in canonical form. 
In particular, they contain a . ϵ0 term. We will see in Sect. 4.6 how to directly find 
canonical differential equations but, for now, let us proceed in a more pedestrian 
way. We may attempt to “integrate out” the unwanted . ϵ0 term, by changing basis 
from 

.g =
(
G0,1

G1,1

)
(4.139) 

to 

.f = T · g , (4.140) 

for some suitable invertible matrix T . The differential equations for the new basis . f
are governed by Eq. (4.83). Demanding that this matrix is free of . ϵ0 terms leads us 
to the following auxiliary problem: 

.∂m2T = −T ·
(
0 0
0 −2

4m2−s

)

, ∂sT = −T ·
(
0 0
0 −2m2+s

s(4m2−s)

)

. (4.141) 

This leads to the transformation matrix 

.T =
(
1 0
0
√
(−s)(4m2 − s)

)

, (4.142)
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and hence to the following new basis9 

.f =
(

G0,1√
(−s)(4m2 − s)G1,1

)

. (4.143) 

Assuming .s < 0,m2 > 0, one finds 

.∂m2 f = ϵ

( −1
m2 0
−2

m2
√

1−4m2/s

−4
4m2−s

)

· f . (4.144) 

There is a similar equation for . ∂s . 
So, structurally we have two differential equations 

.∂m2 f = ϵ Am2 · f , ∂s f = ϵ As · f . (4.145) 

The two partial derivative equations can be combined in a single equation using the 
total differential .d = ds ∂s + dm2 ∂m2 . Then we have 

.d f = ϵ (dÃ) · f , (4.146) 

provided that . Ã satisfies 

.∂m2 Ã = Am2 , ∂s Ã = As . (4.147) 

We find the following . Ã solves these equations, 

.Ã =

⎛

⎝
− logm2 0

−2 log
(√

1−4m2/s−1√
1−4m2/s+1

)
− log(4m2 − s)

⎞

⎠ . (4.148) 

Equations (4.146) and (4.148) are an example of canonical differential equations 
for Feynman integrals [11]. The specific form (4.148) is an instance of the general 
case (4.118), with .N = 2. There are three alphabet letters, namely 

.

{

m2,

√
1 − 4m2/s − 1

√
1 − 4m2/s + 1

, 4m2 − s

}

. (4.149)

9 In Sect. 4.6 we will see that this basis can be motivated in an entirely different way, without the 
need to analyse differential equations. 
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.d f = ϵ (dÃ) · f , (4.146) 

provided that . Ã satisfies 
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.∂m2 Ã = Am2 , ∂s Ã = As . (4.147) 

We find the following . Ã solves these equations, 
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4.5.5 Solving the Differential Equations 

General Solution to the Differential Equations Here we discuss how to solve the 
canonical differential equations. We had already seen in Sect. 4.4.2 that the general 
solution takes the form of a path-ordered exponential, cf. (4.86). Adopting this 
equation to the present case, we have 

.f(x; ϵ) = P exp
[
ϵ

∫

C
dÃ(x′)

]
· f(x0; ϵ) , (4.150) 

with . Ã from Eq. (4.148), and where . x refers collectively to the set of kinematic 
variables .x = (s,m2), and . x0 is an arbitrary base point for the integral, which takes 
the value .f(x0; ϵ) there. This corresponds to the fact that the system of first-order 
equations uniquely fixes the answer up to a boundary condition. We will discuss this 
presently. 

There are simplifications thanks to the fact that the matrix in the exponent 
on the RHS of Eq. (4.150) is proportional to . ϵ. Therefore we can expand the 
exponential perturbatively in . ϵ. Moreover, due to the fact that the matrix on the 
RHS (cf. Eq. (4.148)) contains only logarithmic integration kernels, the answer are 
iterated integrals with the alphabet of Eq. (4.149). In fact, we shall see presently 
that the answer up to the finite part is written in terms of much simpler functions. 
But this is not essential. The main message is that the class of special functions 
at our disposal is large enough to express the general solution to Eq. (4.146) with 
Eq. (4.148). 

In Eq. (4.150), .f(x0; ϵ) is a boundary vector at a given base point . x0. As such, 
Eq. (4.150) expresses the general solution to the differential equations. In most 
cases, one is interested in the specific solution that corresponds to the Feynman 
integrals at hand. This means that it is necessary to provide a boundary condition. In 
other words, for a Feynman integral depending on multiple variables . x, one needs 
to know its value at one specific point . x0.

! Fixing the Boundary Conditions from Physical Consistency Conditions 
One might naively think that a completely separate calculation is 
needed for this. However, experience shows that one can obtain 
the boundary information from physical consistency conditions. 
This approach is well known in the literature, but turns out to be 
especially easy within the canonical differential equations approach, 
which moreover offers additional insights [12]. As a result, in most 
calculations this allows one to fix all integration constants, up to an 
overall normalisation. 

The key is to consider the behaviour near singular points (or rather singular 
kinematic subvarieties) of the differential equations. The singular points are easily 
identified from the alphabet (4.148). They correspond to kinematic configurations

4.5 Differential Equations for Feynman Integrals 213

where alphabet letters tend to zero or infinity. In our case, this corresponds to 
s = 0, s  = m2, s  = ∞,m2 = 0,m2 = ∞. 

In the present case, it turns out that s = 0 is a suitable boundary configuration. 
The reason is that, physically, one knows that this limit is non-singular (due to 
the presence of the internal mass). In other words, we can simply set p = 0 in  
Eq. (4.33). This reduces the bubble integral to a tadpole integral. However, since its 
normalisation factor in Eq. (4.143) vanishes, we do not even need to know its value. 
This fixes the boundary constant at s = 0, up to the value of the tadpole integral. 
The calculation of the latter is elementary, with the result 

.G0,1 = Γ (ϵ)
(
m2)−ϵ

, (4.151) 

which follows from Eq. (4.6) with a = 1 and D = 2 − 2ϵ. Therefore the boundary 
condition is 

.f(s = 0,m2;D = 2 − 2ϵ) =
(

Γ (ϵ)(m2)−ϵ

0

)
. (4.152) 

This fixes the answer of the differential equation to all orders in ϵ. 

Solution in Terms of Multiple Polylogarithms The alphabet Eq. (4.149) can be 
rationalised using a simple change of variables. Indeed, setting s = −m2(1−x)2/x, 
and assuming 0 < x  <  1, Eq. (4.149) becomes 

.

{
m2, x,m2 (1+ x)2

x

}
, (4.153) 

i.e. the alphabet, written in the independent variables m2 and x is simply 

.

{
m2, x, 1+ x

}
. (4.154) 

This means that the answer can be written in terms of a special subclass of iterated 
integrals, called harmonic polylogarithms.10 Moreover, the dependence on m2 in the 
new alphabet becomes trivial, as it corresponds to the overall scale. We can therefore 
set m2 = 1 without loss of generality, and solve the equations as a function of x only. 
Equivalently, we could multiply all integrals by (m2)−ϵ . 

With this in mind, let us make the following final basis choice (the normalisation 
is motivated by Eq. (4.152)): 

.f(x; ϵ) := 1
(m2)−ϵΓ (ϵ)

(
G0,1√

(−s)(4m2 − s)G1,1

)

. (4.155)

10 For more information on particular classes of special functions, and how to handle them 
efficiently, we refer interested readers to [18] and references therein. 
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It satisfies the differential equations 

.d f(x; ϵ) = ϵ d

(
0 0

−2 log x log x
(1+x)2

)

· f(x; ϵ) , (4.156) 

with the boundary condition 

.f(1; ϵ) =
(
1
0

)
. (4.157) 

More explicitly, Eq. (4.156) is  

.∂xf(x; ϵ) = ϵ

[
1
x

(
0 0

−2 1

)
+ 1

1+ x

(
0 0
0 −2

)]
· f(x; ϵ) . (4.158) 

We can now solve this equation, together with the boundary condition (4.157), order 
by order in ϵ. To do so,  we  set  

.f(x; ϵ) =
∑

k≥0

ϵkf(k)(x) , (4.159) 

up to some order in ϵ. The key point is that the equations (4.156) decouple order 
by order in ϵ, when expressed in terms of f(k) (x). For the first few orders, we 
straightforwardly find 

.f(0)(x) =
(
1
0

)
, and f(1)(x) =

(
0

−2 log x

)
, (4.160) 

and 

.f(2)(x) =
(

0
4Li2(−x)+ 4 log x log(1+ x) − log2 x + π2/3

)
. (4.161) 

Recalling the definition (4.155), this gives 

. F2
(
s,m2;D = 2 − 2ϵ

)
= Γ (1+ ϵ)(m2)−ϵ

√
(−s)(4m2 − s)

×
[

−2 log

(√
1 − 4m2/s − 1

√
1 − 4m2/s + 1

)

+ O(ϵ)
]

. (4.162)
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where alphabet letters tend to zero or infinity. In our case, this corresponds to 
s = 0, s  = m2, s  = ∞,m2 = 0,m2 = ∞. 

In the present case, it turns out that s = 0 is a suitable boundary configuration. 
The reason is that, physically, one knows that this limit is non-singular (due to 
the presence of the internal mass). In other words, we can simply set p = 0 in  
Eq. (4.33). This reduces the bubble integral to a tadpole integral. However, since its 
normalisation factor in Eq. (4.143) vanishes, we do not even need to know its value. 
This fixes the boundary constant at s = 0, up to the value of the tadpole integral. 
The calculation of the latter is elementary, with the result 

.G0,1 = Γ (ϵ)
(
m2)−ϵ

, (4.151) 

which follows from Eq. (4.6) with a = 1 and D = 2 − 2ϵ. Therefore the boundary 
condition is 

.f(s = 0,m2;D = 2 − 2ϵ) =
(

Γ (ϵ)(m2)−ϵ

0

)
. (4.152) 

This fixes the answer of the differential equation to all orders in ϵ. 

Solution in Terms of Multiple Polylogarithms The alphabet Eq. (4.149) can be 
rationalised using a simple change of variables. Indeed, setting s = −m2(1−x)2/x, 
and assuming 0 < x  <  1, Eq. (4.149) becomes 

.

{
m2, x,m2 (1+ x)2

x

}
, (4.153) 

i.e. the alphabet, written in the independent variables m2 and x is simply 

.

{
m2, x, 1+ x

}
. (4.154) 

This means that the answer can be written in terms of a special subclass of iterated 
integrals, called harmonic polylogarithms.10 Moreover, the dependence on m2 in the 
new alphabet becomes trivial, as it corresponds to the overall scale. We can therefore 
set m2 = 1 without loss of generality, and solve the equations as a function of x only. 
Equivalently, we could multiply all integrals by (m2)−ϵ . 

With this in mind, let us make the following final basis choice (the normalisation 
is motivated by Eq. (4.152)): 

.f(x; ϵ) := 1
(m2)−ϵΓ (ϵ)

(
G0,1√

(−s)(4m2 − s)G1,1

)

. (4.155)

10 For more information on particular classes of special functions, and how to handle them 
efficiently, we refer interested readers to [18] and references therein. 
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First three orders:



Open bosonic string mode exansion:  
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SPINNING WQFT AS TENSIONLESS LIMIT OF THE BOSONIC STRING 
[Haddad,Jakobsen,Mogull,JP]

Commutators:   

Virasoro algebra:  

3 String Spectra

Consider an observer looking at a string moving through space time. The string will have
a center-of-mass motion, around which it moves around. The motion around the center-
of-mass can be decomposed in normal modes of vibration. When the string is in one of
these modes, the observer will view the energy of the mode as the mass of a particle.
There is an infinite number of modes of vibration, and when we quantize the theory, each
of these modes will have its own harmonic oscillator wave function.

3.1 Mode Expansion

3.1.1 Closed Strings

Now we have to make this intuitive notion precise. Let us first consider closed strings.
The world sheet of a closed string is a cylinder. On this cylinder the action is, in conformal
gauge,

S = � 1

4⇡↵0

Z
d2�@aX

µ@aXµ , (3.1)

where d2� ⌘ d�d⌧ . The fact that the fields X live on a cylinder implies that they satisfy
periodic boundary conditions:

Xµ(0, ⌧) = Xµ(2⇡, ⌧) (3.2)

The point � = 2⇡ is the standard choice, but one may show that if we would take any
other choice, the spectrum does not depend on it. Any field satisfying these boundary
condition can be Fourier expanded

Xµ(�, ⌧) =
1X

n=�1
ein�fµ

n
(⌧) (3.3)

The classical equation of motion for X is

[@2

�
� @2

⌧
]Xµ(�, ⌧) = 0 (3.4)

For the Fourier modes of a classical solution this implies

@2

⌧
fµ

n
(⌧) = �n2fµ

n
(⌧) . (3.5)

The solution is
fµ

n
(⌧) = aµ

n
ein⌧ + bµ

n
e�in⌧ , n 6= 0 (3.6)

and
fµ

0
(⌧) = pµ⌧ + qµ . (3.7)

Putting all this together, and introducing a few convenient factors, we may write the
result as

Xµ(�, ⌧) = qµ + ↵0pµ⌧ + i

r
↵0

2

X

n 6=0

⇢
1

n

�
↵µ

n
e�in(⌧+�) + ↵̄µ

n
e�in(⌧��)

��
, (3.8)

24

<latexit sha1_base64="dp7O8xWMSWec+xKwYZoWeFJ5sa4="></latexit>

ω→ inv. string tension

Non-local fermionic kinetic operators S(n) can be defined recursively as

S(n+1) = S(n) +
1

n(2n + 1)

∂2

!
S(n)′ →

2

2n + 1

∂

!
∂ · S(n) , (89)

with the understanding that, as in the bosonic case, the iteration procedure stops when the
gauge variation

δS(n) = →2i n
2n

!n−1
ε/ [n−1] (90)

vanishes due to the impossibility of constructing the corresponding higher trace of the gauge
parameter. The key fact shown in [3,4] is that, as in the bosonic case, the Bianchi identities
are similarly modified, according to

∂S(n) →
1

2n
∂ S(n) ′

→
1

2n
"∂S/ (n) = i

∂ 2n

! n−1
ψ/ [n] , (91)

and lack the anomalous terms when n is large enough to ensure that the field equations
are fully gauge invariant. Einstein-like operators and field equations can then be defined
following steps similar to those illustrated for the bosonic case.

4 Triplets and local compensator form

4.1 String field theory and BRST

String Theory includes infinitely many higher-spin massive fields with consistent mutual
interactions, and it tensionless limit α↑ → ∞ lends itself naturally to provide a closer view
of higher-spin fields. Conversely, a better grasp of higher-spin dynamics is likely to help
forward our current understanding of String Theory.

Let us recall some standard properties of the open bosonic string oscillators. In the
mostly plus convention for the metric, their commutations relations read

[αµ
k ,αν

l ] = kδk+l,0η
µν , (92)

and the corresponding Virasoro operators

Lk =
1

2
Σ+∞

l=−∞α
µ
k−lαµl, (93)

where αµ
0 =

√
2α↑pµ and pµ → i∂µ satisfy the Virasoro algebra

[Lk, Ll] = (k → l)Lk+l +
D
12

m(m2 → 1) , (94)

where the central charge equals the space-time dimension D.
In order to study the tensionless limit, it is convenient to rescale the Virasoro generators

according to

Lk →
1√
2α↑

Lk, L0 →
1

α↑
L0. (95)
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ωµ
0 =

→
2ω→ pµ

<latexit sha1_base64="jZj5gbrNJ7o2YOKbUh1yrcjub8g="></latexit>

pµ = →iωqµ
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Ln =
1

2

∑

m

ωn→m · ωm

where A(m) is a c-number, i.e. it commutes with the Ln’s (such a contribution is called
a “central charge” of an algebra). Obviously A(�m) = �A(m). Furthermore we know
already that A(2) is non-zero:

h0|L2L�2 |0i = 1

2
D

h0|L�2L2 |0i = 0

�
! h0| [L2, L�2] |0i =

1

2
D , (3.50)

using h0|L0 |0i = 0. Hence A(2) = 1

2
D. In a similar way one finds that A(0) = A(1) = 0.

An elementary property of commutators is the Jacobi-identity

[A, [B,C]] + [B, [C,A]] + [C, [A,B]] = 0 (3.51)

which should hold independent of what A, B and C are. In the case it yields, for A,B,C
= L1, L�1�n and Ln

(2n+ 1)A(1)� (n+ 2)A(n)� (1� n)A(n+ 1) = 0 (3.52)

This is a recursion relation for the coe�cients. Since A(1) = 0 the equation becomes

A(n+ 1) =

✓
n+ 2

n� 1

◆
A(n) (3.53)

The solution is

A(n) =
1

12
cn(n+ 1)(n� 1) , (3.54)

and c can be fixed by means of the special case n = 2: this gives c = D. The final result
is a famous commutation relation,

[Lm, Ln] = (m� n)Lm+n +
1

12
c(m3 �m)�m+n , (3.55)

which is called the Virasoro algebra.

3.10 The Virasoro Algebra

The Virasoro algebra is an example of a Lie-algebra, just as the familiar angular momen-
tum algebra [Ji, Jj] = i✏ijkJk. Strictly speaking the Virasoro algebra given above is not
really a Lie-algebra. One of the properties of a Lie-algebra is a “product” that closes
and satisfies the Jacobi identities. For physicists, that product is usually a commutator.
However, if we regard the Ln’s as the elements, then the product does not close unless
c = 0. The solution is to add one extra element to the algebra, C, which commutes with
all the other elements and whose eigenvalues are c. An element that commutes with all
others but appears on the right hand side of commutators is called a central charge.

The Virasoro algebra has appeared here in a theory of D free bosons, with c = D. It
appears in fact in all two-dimensional field theories that have conformal invariance, but
with di↵erent values of c. Field theories with conformal invariance are called conformal
field theories.
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Spectrum:   
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ωµ1
→n1

. . .ωµl
→nl

|kµ→ carries spin  and mass ∑ ni M2 =
∑ ni − 2

α′￼

Tensionless  limit:   (α′￼ → ∞)

Rescale

Non-local fermionic kinetic operators S(n) can be defined recursively as

S(n+1) = S(n) +
1

n(2n + 1)

∂2

!
S(n)′ →

2

2n + 1

∂

!
∂ · S(n) , (89)

with the understanding that, as in the bosonic case, the iteration procedure stops when the
gauge variation

δS(n) = →2i n
2n

!n−1
ε/ [n−1] (90)

vanishes due to the impossibility of constructing the corresponding higher trace of the gauge
parameter. The key fact shown in [3,4] is that, as in the bosonic case, the Bianchi identities
are similarly modified, according to

∂S(n) →
1

2n
∂ S(n) ′

→
1

2n
"∂S/ (n) = i

∂ 2n

! n−1
ψ/ [n] , (91)

and lack the anomalous terms when n is large enough to ensure that the field equations
are fully gauge invariant. Einstein-like operators and field equations can then be defined
following steps similar to those illustrated for the bosonic case.

4 Triplets and local compensator form

4.1 String field theory and BRST

String Theory includes infinitely many higher-spin massive fields with consistent mutual
interactions, and it tensionless limit α↑ → ∞ lends itself naturally to provide a closer view
of higher-spin fields. Conversely, a better grasp of higher-spin dynamics is likely to help
forward our current understanding of String Theory.

Let us recall some standard properties of the open bosonic string oscillators. In the
mostly plus convention for the metric, their commutations relations read

[αµ
k ,αν

l ] = kδk+l,0η
µν , (92)

and the corresponding Virasoro operators

Lk =
1

2
Σ+∞

l=−∞α
µ
k−lαµl, (93)

where αµ
0 =

√
2α↑pµ and pµ → i∂µ satisfy the Virasoro algebra

[Lk, Ll] = (k → l)Lk+l +
D
12

m(m2 → 1) , (94)

where the central charge equals the space-time dimension D.
In order to study the tensionless limit, it is convenient to rescale the Virasoro generators

according to

Lk →
1√
2α↑

Lk, L0 →
1

α↑
L0. (95)

14

<latexit sha1_base64="N02rKRqP/35pzzZB2tmwDKe9V5Y="></latexit>

L±1 → 1↑
2ω→

L±1

in  limit has reduced generatorsα′￼ → ∞
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l0 = p2
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l±1 = p · ω±1

that obey SL(2,R) algebra. Phase space  is as in our

spinning worldline model.

{qμ, pμ, α−1, α+1}

[Bonezzi; Bouatta, Campere, Sagnotti]
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hOiWQFT =

Z
D[h, z]O e�

i
~S[z,h] Tree-level one-point functions             


solve classical equations of motion
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CLASSICAL DYNAMICS FROM ONE-POINT FUNCTIONS
Action:  with fields  and coordinates S[ΦA] ΦA(xA) = {hμν(x), zμ(τ)} xA = {xμ, τ}
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Partition function in the 
presence of sources 
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Z[JA] =

Z
D[�A] exp


i

~

✓
S[�A] +

X

A

Z
dxAJA(xA)�A(xA)

◆�

Well defined classical limit only for n=1 and L=0:   Tree-level one-point functions

Scalings of connected n-point functions:

   (L-loop connected n-point diagrams)⟨ΦA1
…ΦAn

⟩conn ∼ ∑
L

ℏ−1+n+L

[Boulware,Brown‚‘68]
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Factorization   lim
ℏ→0

Consequence for Schwinger-Dyson equations:    (  Ehrenfest Thm in  QM) =̂
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+
= 0
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~ ! 0
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�S[h�Aitree]
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= 0

Tree-level one-point functions solve classical equations of motion
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h�A1�A2 . . .�Anidiscon = h�A1itreecon h�A2itreecon . . . h�Anitreecon

[Boulware,Brown‚‘68]

Importantly  must be independent of  (not the case in amplitudes approach - 
massive field!)   Advantage of WQFT approach (no „super classical“ terms)

S[ΦA] ℏ
⇒

WQFT approach yields clean separation between  and G expansion!ℏ

Need non-trivial background field configurations for non-vanishing one-point functions


