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Coupled semiconductor lasers exhibit novel nonlinear dynamics. Due to their fast internal gain-photon
dynamics, the propagation times between the lasers become essential, even over short distances and
govern the overall behavior. Experimental studies so far covered only a few active lasers (mostly two)
with comparatively weak and passive connections so that the network aspect is only sparsely developed.
The investigation of larger laser arrays is faced by immense experimental difficulties as complex and
costly setups are required. We intend to focus on alternative systems where the laser action itself is
generated by the cooperative coupling in an optical network.

Random lasers (RLs) [1] constitute such a network. The feedback is here not provided by an external
resonator, but by scatterers which are randomly distributed in an active medium or which by themselves
act as optical amplifiers. The theory of RL is still developing [2]. We intend to contribute a new
perspective by considering the RL as a complex random network. The scatters constitute the nodes and
connections are formed through mutually impinging scattered light fields.

Figure 1: Schematic view of a sample with scatterers (black
dots). Blue: unpumped region. White: pump spot with opti-
cal amplification. Lasing starts, if the amplification between
scatterers compensates the scattering losses, forming a net-
work of connections between scatterers.

Planar ZnO-based semiconductor quantum structures have been studied experimentally, where random
lasing is of direct practical relevance [3]. Defects in the semiconductor act as scattering centers. The
separation d between scatterers is typically much larger than the wavelength, d� λ, which regime differs
from most RLs investigated so far and also from regular Photonic Crystals (d ≈ λ ) and Metameterials
(d � λ) . The sizes and distributions if scatterers can be manipulated by the growth process or by
external nanostructuring, even producing regular arrays. Using optical pumping, gain of adjustable mag-
nitude is generated in a certain region of the semiconductor defined by the excitation geometry. In this
way, a somehow configurable network is created where number, separation, strength, and arrangement
of the nodes can be controlled.

Theoretical models can certainly help to explore the wide field opened for tailoring the properties of
such lasing networks. A stationary 2D model of a random scatterer laser has been presented in Ref. [3].
Here we generalize it to include the carrier-photon dynamics. Feedback from mirrors is disregarded.

1 Basic Equations

The light is represented by slowly varying amplitudes Ess̄(t) impinging from scatterer s̄ on scatterer s
(cf. Fig.2). They are the superposition of all scattered waves outgoing from s̄ a travel time τss̄ = rss̄/c
before:

Ess̄(t) = exp
(
χss̄(t)

)
G(k, rss̄)

[∑
s′

′
Ass̄s′Es̄s′(t− τss̄) + Fss̄(t− τss̄)

]
(1)

The bracket measures the amplitude of the wave outgoing from s̄ excited by all partial waves impinging
from other scatterers s′ (sum in the first term). Ass̄s′ denotes the corresponding scattering ampli-
tudes (e.g. of Mie scattering). Second term: a possible stochastic Langevin contribution modeling
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Figure 2: Illustration of an elementary
scattering event. A partial wave coming
from scatterer s′ arrives at scatterer s̄
with amplitude Es̄s′. It creates a scat-
tered wave with circular phase fronts.
The amplitude Ess̄ arriving at another
scatterer s depends on the scattering an-
gle between the broken lines.

Figure 3: Illustration of domains. Circles: Scat-
terer. Colored lines: links between scatterers. Dif-
ferent domains are indicated by different colors on
the links.

spontaneous emission. The far-field 2D Green function G(k, r) = exp(ikr + iπ/4)/
√

8πkr describes
amplification and phase shift of the wave according to a constant complex reference wave number
k = 2πn̄/λ − i(ḡ − α0)/2 (n̄, ḡ, α0: reference values of refractive index, gain, background losses).
Temporal and spatial modifications of phase shift and amplification accumulated on the travel from s̄
to s are described by the first factor whose exponent is

χss̄(t) =
1

2
(1− iαH)

∫ rss̄

0

[
g
(
t− r′/c, ~rs − ~ess̄r′

)
− ḡ

]
dr′.

αH : Henry factor (amplitude-phase coupling). This quite involved quantity depends non-locally on the
inversion distributions during all the travel time, which in turn are governed by the intensities of all
scattered waves in all points of the pathway. To avoid this complexity, the following simplifications are
made. The gain stripe is partitioned into domains of scatterers, which contain all points that are closer
to the given scatterer than to every other one (cf. Fig.3). Inversion is assumed spatially constant in
each domain, represented by dimensionless excess inversions Ns(t) = (gs(t) − ḡ)L, which obey usual
rate equations

τn ∂tNs(t) = Ns0 −Ns − (ḡL+Ns)Ss. (2)

Ns0: unsaturated excess inversion (pump term), N̄ = ḡL: reference inversion, τn: inversion life time,
L: normalization length (size of the pump spot). Ss represents the intensity averaged over the domain.
It is approximated just by the intensity at the scatterer,

Ss = |
∑
s̄

′
Ess̄|2. (3)

The corresponding dynamical excess-chi is

χss̄ =
1

2
(1− iαH)

∑
s′

Ns′(t− τ ss̄s′ )lss̄s′ /L. (4)

lss̄s′ : length of the path from s̄ to s within domain s′. τ ss̄s′ : mean travel time from this piece of path to
scatterer s.



2 Discussion

Eqs. (1) to (4) represent a model for the dynamics of scatterer lasers. Let us point to some properties
of this model.

1. modes
Eq. (1) yields the mirror-free version of mode equation (2) of Ref. [3] when regarding k as a
complex unknown, supposing Ess̄ independent of time and setting χss̄ = 0, Fss̄ = 0. Thus, this
dynamical model is a generalization of that static model.

2. delayed map
Eq. (1) is a noise-driven delayed dynamical map. Dynamical means: the map depends on time via
the χ in the first factor. The time scale of this dynamics is expected to be long compared with
the delays τss̄.

3. interference
Eq. (1) describes the coherent superposition of multiple scattering events. Thus, interference
effecst play an important role. Since rss̄ � λ, already small changes of k and /or rss̄ can cause
noticeable phase shifts of G, leading to a completely different optical field. Furthermore, dynamical
phase shifts appear via χss̄ when αH 6= 0. This might cause dynamical instabilities (bifurcations).

4. new type of network?
When considering this dynamical model as a network, we have simple linear nodes (scatterer)
connected by nonlinear links whose status depends on the (slow) dynamics of other species, namely
the inversions in the domains which the link goes through. This seems different from networks
typically considered in literature where linear links connect nonlinear nodes. Furthermore, in
literature, already the uncoupled nodes typically exhibit self-sustaining oscillations, whereas our
single link does not exhibit self-sustaining oscillations but the laser oscillation is a collaborative
effect of the whole network.

5. weak scattering
In experiment, we seem to be limited to weak scatterers (small Ass̄s′). In this case, large am-
plification is required and the strength of a link increases exponentially with its length. As a
consequence, the two scatterers with largest separation dominate the whole network. May be
this situation prevents a lot of instabilities and interesting dynamics. It could be interesting to
systematically study the transition to stronger scatterers, at least theoretically.

6. hierarchical configurations
It is well known that regular configurations of several weak scatterers (finite pieces of a photonic
crystal, so to say) can have strong resonances in the overall scattering amplitude. As a whole,
they act as a strong scatterer. This might open the way to study neworks of strong scatterers
each of which being composed of smaller ones. It could be interesting to check whether such
a case cab be described by the present dynamical network model, where each node stands for a
whole composed scatterer, represented only by its specific strong scattering amplitude Ass̄s′ .
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