M. Bordag, D. Hennig, D. Robaschik, K. Scharnhorst, E. Wieczorek: Delta potentials on planes in QED. In: H.D. Doebner, W. Scherer, F. Schroeck, Jr. (Eds.): Classical and Quantum Systems: Foundations and Symmetries, Proceedings of the II. International Wigner Symposium, Goslar, Germany, July 16-20 1991. World Scientific, Singapore 1993, pp. 571-576.

empty page inserted

Delta Potentials on Planes in QED

M. Bordag^{(1)}, D. Hennig^{(2)}, D. Robaschik^{(1)}, K. Scharnhorst^{(1)} and E.Wieczorek^{(3)}

University of Leipzig (1), Humboldt University Berlin (2), IfH Zeuthen (3), Germany

Abstract

QED is considered in the presence of delta shaped external gauge potentials with support on one or two planes. Using the propagators determined in these special field configurations the parameter dependence of the vacuum energy (similar to the Casimir effect) is calculated. Thereby, it turns out that also in the case of massive fields nonrelativistic field theory is unable to approximate the results of relativistic field theory. Surprisingly, a parallel calculation using the zeta function method leads to a wrong result if one does not investigate the nonleading terms carefully. First loop calculations exhibit an unexpected renormalization behaviour which may be typical for certain singular background fields.

Introduction δ-functions are broadly used idealized elements of theoretical physics. With its help it is possible to formulate models which in many cases can be solved explicitly. In quantum mechanics quite a number of such investigations exists [1] whereas in quantum field theory investigations of this kind are just at the beginning. Here, we consider the case of δ-functions with support on (parallel) planes so that they effectively depend on one coordinate only:

eA = 0 , eA_0 = n∑ i=1 a_iδ(x_3 − d_i) . (1)

With such a procedure we in fact introduce a more general type of boundary conditions in field theory which generalizes the mostly used Dirichlet boundary condition. In physical terms, such a δ-function may be seen as a model of a penetrable boundary. From another point of view, it can be considered as a generalized potential pot which contains at most one bound state for each degree of freedom.

Quantized Fields in External Delta Potentials The most simple case seems to be the charged scalar field, described by the Klein- Gordon equation [(∂_μ −ieA_μ)^2 +m^2]ϕ(x) = 0. Inserting (1) for the potential A_μ there a difficulty connected with the product of two δ-functions appears. One possible solution consists in the choice of

[□ + m^2 − 2 n∑ i=1 b_iδ(x_3 − d_i)]ϕ(x) = 0 (2)

as new field equation. The drawback of this equation is that due to the simple coupling 2b^iδ(x_3 − d_i)ϕ(x) (resulting from the term (eA_0)^2 ) the charge sensitivity has been lost. Nevertheless, we will study this equation because it is much simpler than the Dirac equation which will be considered later. The δ-potential leads to the additional boundary condition for the scalar field at the position of the δ-function ∂_3ϕ|_{x3=di+ϵ} − ∂_3ϕ|_{x3=di−ϵ} = −2b_iϕ|_{x3=di} . (3) The positive (negative) energy solutions of this field equation consist of one bound state, symmetric, and antisymmetric scattering states. The quantum field can be constructed with the help of a mode decomposition containing creation a^+, b^+ and destruction operators a^−, b^−.

For later calculations we need the Feynman propagator. It can be written as follows: sD^c(x, y) = D^c(x − y) + D̄(x, y) (4) D^c(x − y) = i 2 ∫ d^3p̃ (2π)^3 1 Γ eip̃(x̃ − ỹ) + iΓ|x^3 − y^3| (5) D̄(x, y) = − b 2 ∫ d^3p̃ (2π)^3 1 Γ − ib 1 Γ eip̃(x̃ − ỹ) + iΓ(|x^3| + |y^3|) (6)

(the unusual notations are p̃ = (p_0, p_1, p_2), x̃ = (x_0, x_1, x_2) and Γ = √ p̃^2 − m^2 + iϵ), where D^c(x − y) is the standard propagator of free field theory and D̄(x, y) an additional term containing the correction due to the δ-function potential. This unusual representation is quite appropriate for all further calculations. The second part of the propagator explicitly contains the bound state Γ = ib for b > 0 as pole in the physical sheet Im Γ > 0. For b → −∞ the propagator satisfies the Dirichlet boundary condition.

Generalizations If we want to discuss Casimir-like configurations with two planes represented by δ-functions then we have to repeat the same construction like above for the field equation with i = 1, 2 and b_1 = b_2. Here, the field modes are much more complicated. Again, they contain bound states, symmetric, and antisymmetric scattering states. Without going into detail [2],[3] we quote the result for the propagator only D̄(x, y) = − b 2 ∫ d^3p̃ (2π)^3 eip̃(x̃ − ỹ) Γ 1 (Γ − ib)^2 + b^2e^{2iΓd} ·

· { (Γ − ib)e^{iΓ(|x3−d1|+|y3−d1|)} + ibe^{iΓ(|x3−d1|+|y3−d2|+d)} + (d_1 ↔ d_2) } . (7)

Note that also here the discrete eigenstates (bound states) appear as zeros of the denominator. In addition, there zeros of the denominator exist which do not lie on the real axis in the p_0-plane (so that they do not belong to the spectrum) and which could be interpreted as resonance states.

Let us now turn to the more interesting case of the Dirac equation which looks for the special potential as follows

[iγ^μ∂_μ − m + γ^0a^iδ(x_3 − d_i)]ψ(x) = 0 . (8)

The substitution of the δ-function by a boundary condition for the Dirac spinor is also nontrivial. We have to take into account that the field itself cannot be continuous at the position of the δ-function. So, the following boundary condition can be derived [2],[3]: ψ|_{x3=di+ϵ} = Rψ|_{x3=di−ϵ} , R = exp ( iγ^0γ^3Θ ) , sin Θ = a (1 + a^2/4) (9) Again, the energy eigenstates are found. In opposition to the approximated Klein- Gordon equation the charge sensitivity is preserved. As it should be, there are either bound states for the particle or for the antiparticle. For simplicity, we write down the propagator^sS^c(x, y) = S^c(x − y) + S̄(x, y) corresponding to one δ-function only where S̄(x, y) = a 4 ∫ d^3p̃

(2π)^3 eip̃(x̃ − ỹ) + iΓ(|x^3| + |y^3|) Γ^2

(p̃γ̃ + m − ϵ(x_3)γ^3Γ) (γ^0Γ − (ia/2)(p̃γ̃ − m) λ_−Γ − iap^0 (p̃γ̃ + m + ϵ(y_3)γ^3Γ) . (10)

The energy eigenfunctions as well as the propagators for one or two delta functions can be found in [2],[3].

Vacuum energy As the simplest quantity of physical interest we calculate the vacuum energy per unit area corresponding to two δ-potentials separated by the distance d. This is a slight generalization of the classical Casimir problem where the plates are now idealized by δ-functions. We illustrate the procedure for the scalar field. The vacuum energy per unit area is given by E_{vac} = +∞∫ −∞ dx_3 < 0|T_{00}|0 >, T_{00} = P (∂_x, ∂_y)ϕ̄(x)ϕ(y)|_{x→y} (11)

where T_{μν} is the energy momentum tensor for the scalar field written here in a symbolic notation containing a point splitting procedure (useful for the regularization process) and the differentiation operator P . So, by formally taking the vacuum expectation value we arrive at an expression containing the Feynman propagator as an essential element. E_{vac} = −i +∞∫ −∞ dx_3 ∂_{xo} ∂_{yo} [ D^c(x − y) + D̄(x, y) ] |_{x→y} (12)

The aim of our calculation is to determine the distance dependent part of the vacuum energy, therefore all other distance independent contributions will be omitted. Obviously, this concerns the contribution from the free field propagator D^c as well as further parameter independent contributions. After some algebra we obtain an expression which for large distances leads to

E_{vac} = −b^2 8(m − b)^2 ( m πd )_{3/2} e−2md , m ≠ 0, b < m − π^2 720 1 d^3 , m = 0 . (13)

The spinor case which corresponds to the field equation

[iγ^μ∂_μ − m + γ^0a(δ(x_3 − d_1) + δ(x_3 − d_2))]ψ(x) = 0 (14)

can be treated in the same manner but the algebra is much more involved. The result is

E_{vac} = 1 4 a^2 λ_− ( m πd )_{3/2} e−2md , λ_− = 1 − a^2 4 , m ≠ 0 1 6π^2 a^2 d^3 , m = 0 . (15)

The conclusions following from these calculations are: for large distances (which is the physically interesting limit in any case) the contributions of massive fields to the Casimir effect (electrons contained in metallic plates etc.) are exponentially suppressed. For massless scalar fields, the well-known Casimir result is recovered. In the spinor case, opposite to the scalar theory the resulting Casimir force is repulsive. One further interesting point concerns a corresponding nonrelativistic calculation. Usually one believes that the essential impact of metallic plates is to change the low energy spectrum of the fluctuations of the electromagnetic field, therefore the Casimir effect is considered as an infrared effect. If this would be true for the case of massive fields in the presence of delta functions then a nonrelativistic calculation should be possible. An explicit nonrelativistic calculation [3] shows that this is not the case, the distance dependent part of the vacuum energy (at least for a < 0) vanishes. This means that the deformation of the energy spectrum caused by a nonrelativistic approximation is so serious that it leads to a wrong approximation for the Casimir energy.

Zeta Function Method The ζ-function method is a very powerful method for calculating effective actions and vacuum energies. The mathematical background is as follows: Let K be a selfadjoint operator with a discrete spectrum Kϕ_n = λ_nϕ_n and nonzero eigenvalues λ_n corresponding to the normalized eigenfunctions ∫ dx ϕ̄_n(x)ϕ_m(x) = δ_{nm}. Then, we define the ζ-function of the operator K as

ζ_K (s) = T r[K]^{−s} = ∫ dxdy δ(x − y) ∞∑ n=1 λ^{−s}_n ϕ̄_n(x)ϕ_n(y) (16) = ∞∑ n=1 λ^{−s}_n < ∞ for Re s > s_o . (17) In physics, however, discrete eigenvalues of operators are not the rule. As an example, we study a complex scalar field under the influence of two δ-potentials. First we have to turn to Euclidean field theory. The operator is K = −(∂^2_4 + △) + m^2 − 2b(δ(x_3 − d_1) + δ(x_3 − d_2)) where with the help of the generalized boundary conditions the δ-functions determine a self-adjoint operator. If we choose b < 0 then this operator possesses a continuous spectrum with no discrete eigenvalue. So, we cannot expect to obtain a physically meaningful result using the ζ-function method. To have discrete eigenvalues we introduce one further boundary condition in x_3-direction namely we are considering a finite interval of lenght L with Dirichlet boundary conditions at its ends. It turns out that this is sufficient for a successful application of the ζ-function method in the present case. In [4] we obtained the following result for the ζ-function:

ζ_K (s) =

V_2T_E 2π^2

Γ(3/2)Γ(s − 1/2) Γ(s) { 1 π ∞∫ 0 dκ(κ^2 + m^2)^{(3/2−s)} [ 2L − b (b^2 + κ^2) ]

+ 2b^2 π ∞∫ m dκ(κ^2 − m^2)^{(3/2−s)} ( d +^1_{κ−b} ) e^{−2dκ} (κ − b)^2 − b^2e^{−2dκ} } (18)

The vacuum energy can be extracted using the formula

V_2T_E E_{vac} = T r lg K = − d ds ζ_K (s)|_{s=0}. (19)

where the infinite quantities V_2 (volume of a two-dimensional Euclidean space) and T_E (volume of a one-dimensional Euclidean space, imaginary time) reflecting the symmetries of the problem will drop out for the vacuum energy per unit area by definition. However, the first term in the curly bracket which contains one further infinite contribution (2L → ∞) is unexpected. This is an untypical contribution for ζ-function calculations and it can be omitted by hand because it is parameter independent. This first term would be the result of a naive calculation without imposing additional boundary conditions. The second term describes the dependence of the vacuum energy on the coupling constant and the third term leads to the distance dependent contribution to the vacuum energy already calculated earlier.

Interacting QED Here we discuss quantum electrodynamics at the one loop level containing a δfunction as an external potential (a_1 = a) [5]. In perturbation theory the standard Feynman rules are valid with the one exception that we have to use the more complicated spinor propagator^sS^c. Let us calculate the mass operator for this configuration. Because^sS^c is a summed-up propagator we expect that besides the standard divergences of free field theory the self-energy diagram also contains contributions from the triangle diagram (with one external field insertion) which exhibit infinities. According to conventional wisdom that the inclusion of electromagnetic background fields does not change the divergences of QED we would expect no further divergences. This however is not the case here. A direct calculation of the divergent part of the mass operator (using Feynman gauge and a UV cut-off Λ) yields the result that the self-energy part containing the second part S̄ of the spinor propagator leads to the expected structure of the divergency however with an unexpected complicated coefficient function of the dimensionless coupling constant a Σ(x, y)|_{div.} = −i e^2 8π^2 γ^0f(a) δ(x_3) δ^{(4)}(x − y) ln Λ^2 (20) f(a) = 1 a [ 3 ( λ_+ a arctan a λ_− − 1 ) + a^3 4 ( λ_+ a arctan a λ_− + 1 )] , λ_± = 1 ± a^2 4 . Such a function can appear only if each insertion of the δ-function in this diagram produces an additional divergent term. Loosely speaking, the reason is that the δ-function fixes external lines (corresponding to the external field) onto the same point x_3 = 0. However, the theory remains renormalizable but one has to use some complicated nonlinear parameter renormalization.

References

[1] D.C. Khandekar, S.V. Lawande, Phys. Rep. 137(1986)115;

S. Albeverio et al., Solvable Models in Quantum Mechanics (Springer Verlag, Berlin 1988).

[2] D. Hennig, D. Robaschik, Phys. Lett. A 151(1990)209,

Wiss. Zeitschr. der FSU Jena, Naturwiss. Reihe 39(1990)65.

[3] M. Bordag, D. Hennig, D. Robaschik, Univ. of Leipzig Preprint: Quantum Field Theory with External Potentials Concentrated on Planes II, KMU-NTZ-89-16.

[4] M. Bordag, D. Robaschik, E. Wieczorek, IfH Zeuthen Preprint: Problems with the Zeta Function Method, PHE 90-13.

[5] D. Hennig, D. Robaschik, K. Scharnhorst, Proceedings Conf. ’Quarks - 90’, p.

218-222 (World Scientific, Singapore 1991).